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Abstract

We prove that there is a unique Levi-Civita connection on the one-forms of the
Dabrowski-Sitarz spectral triple for the Podle$ sphere 5’3. We compute the full cur-
vature tensor, as well as the Ricci and scalar curvature of the Podles sphere using
the framework of [MRLC|. The scalar curvature is a constant, and as the parameter
q — 1, the scalar curvature converges to the classical value 2. We prove a generalised
Weitzenbock formula for the spinor bundle, which differs from the classical Lichnerowicz
formula for ¢ # 1, yet recovers it for ¢ — 1.
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1 Introduction

As an example of the constructions presented in [MRLC|, we compute the Levi-Civita con-
nection and curvature of the Podle§ quantum sphere qu. The geometry of the Podles sphere
has been investigated by numerous authors [BM2l DS KW, M, INT, RS, IS, SW| [W]|. One
important feature is that the classical (¢ = 1) version has positive curvature, and there is
no zero curvature metric, so this represents an example outside the conformally flat setting.
Our results are broadly in line with those of the existing algebraic works [BM2, M|, with the
principal difference being the starting point and the techniques.

We work with the differential one-forms built from the spectral triple [DS| for the Podles
sphere. As is known [SW| W], this differential calculus agrees with the usual abstract
differential calculus of [P]. The bimodule of one-forms in this case has trivial centre, putting it
outside of the scope of techniques developed in [BGJ2| to construct a Levi-Civita connection
for it. The general theory of [MRLC| IMRC]| can be applied in this context and the first main
result of the paper reads

Theorem 1. The module of differential one-forms on the Podles sphere Sg equipped with the
quantum metric defined in Section [3.9 admits a unique Levi-Civita connection whose scalar
curvature equals r = [2],(1 + (¢~ — ¢*)?).

The relevance of this example goes beyond being able to compute junk, exterior derivative
and Levi-Civita connection. Unlike classical and #-deformed manifolds, both the uniqueness
of the Levi-Civita connection and the Weitzenbock formula for the Podle$ sphere hold with
a non-trivial generalised braiding. Indeed to view the Podles sphere as two-dimensional
requires a non-trivial twisting of its Hochschild homology and we utilise this fact in our
constructions [HKl K| RS, [S]. Thus our approach starting from connections on modules
and spectral triples, is entirely compatible with the known algebraic theory, where braidings
appear naturally from the quantum group structure and to deal with dimension drop.

To state a Weitzenbock formula requires a special setting. The Dirac spectral triple of the
Podles sphere involves the Dirac operator D acting on a spinor module 8§ = 8" @ 8. The
generalised Weitzenbock formula relates D? to the spinor Laplacian A®. Our second main
result establishes a close relationship between these operators and the Clifford representation
of the curvature of the spinor bundle.



Theorem 2. The Dirac operator D and spin Laplacian AS for the Podles sphere Sg are
related by the Weitzenbock formula

1 2.0
2 _ A8 q
D = A + q_2+q2 (0 q2> 9

and the spin Laplacian A% is a positive operator.

The matrix operator appearing in the Weitzenbdck formula is to be interpreted as acting on
the graded module 8§ = 8T @ 8. Thus, the close relationship between the curvature of the
spinor module and the curvature of the module of one-forms breaks down for ¢ # 1. Whilst
a Weitzenbéck formula holds, the specific Lichnerowicz relationship that D? = A + ir where
r is the scalar curvature does not hold for ¢ # 1. That said, as ¢ — 1, we do recover the
classical formula.
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2 Background

We present a summary of the theoretical framework from [MRLC| [MRC|] which we use to
define and compute the Levi-Civita connection and curvature.

2.1 Differentials and junk

Throughout this article we are looking at the differential structure provided by a spectral
triple. See [MRLC] Examples 2.4-2.6].

Definition 2.1. Let B be a (C*-algebra. A spectral triple for the unital x-algebra B is
a triple (B,H,D) where B C B is a dense x-subalgebra, H is a Hilbert space equipped
with a unital s-representation B — B(H), and D an unbounded self-adjoint operator D :
dom(D) C H — H such that for all a € B

a-dom(D) C dom(D) and [D,a] is bounded,

and (D +i)~! is compact.

It is worthwhile to point out that the constructions of this paper do not require the compact
resolvent condition.



Given a spectral triple (B, H, D), the module of one-forms is the B-bimodule
Q5 (B) := span {a[D,b] : a,b € B} C B(H).
We obtain a first order differential calculus d : B — Q5L,(B) by setting d(b) := [D,b]. This

calculus carries an involution (a[D,b])" := [D,b]*a* induced by the operator adjoint. Thus
(Q4(B), 1) is a first order differential structure in the sense of [MRLC].

We recollect some of the constructions of [MRLC] for (Q4(B), ). Write Tx(B) := Qi (B)®=*
and QL (B)* = span{bo[D,b1]---[D,by] : b; € B}. The universal differential forms 7 (B)
[L96] admit representations (with §(b) =1®b—b® 1 for b € B)

Tp : Q(B) — Th(B)  7wplagd(ay)---6(ar)) = ao[D,a1] @p --- @3 [D, ax], (2.1)
momp : QF(B) = Q5 (B) momp(apd(ay)---8(ar)) = ao[D,a] - [D, a], (2.2)

where m : TF(B) — QF (B) is the multiplication map. Neither 7g nor m o mp are maps of
differential algebras, but are B-bilinear maps of associative x-B-algebras, [Lan, MRLC]. The
s-structure on Q4 (B) is determined by the adjoint of linear maps on H, while the x-structure
on @;TF(B) is given by the operator adjoint and

(W1®Bw2®ﬂs"'®3wk)T =Wy, Qp - Qp wy Qp wi.

We will write w' := w* for one forms w as well.

The maps mp : QF(B) — T4 and 6 : QF(B) — QFF1(B) are typically not compatible in the
sense that 0 need not map ker mp to itself. Thus in general, 75 (B) can not be made into
a differential algebra. The issue to address is that there are universal forms w € Q"(B) for
which 7p(w) = 0 but mp(d(w)) # 0. The latter are known as junk forms, |[C, Chapter VIJ.
We denote the B-bimodules of junk forms and junk 2-tensors by

JE(B) = {momp(d(w)): momp(w) =0} and JTh(B) = {np(d(w)) : mp(w) = 0}.

Observe that the junk submodules depend only on the representation of the universal forms.
In particular, the bimodule JT%&(B) C T3(B) is exactly the module that one needs to quotient
out in the construction of the so-called "maximal prolongation" of a given first order calculus,
see [BM2, Lemma 1.32].

Definition 2.2. A second order differential structure (Qi,, 1, ¥) is a first order differential
structure (Q5(B), 1) together with an idempotent ¥ : T2 — T2 satisfying W ot = to W
and JTZ(B) C Im(¥) € m~Y(J3(B)). A second order differential structure is Hermitian if
Q1 (B) is a finitely generated projective right B-module with right inner product (- |-)g, such
that U = W2 = U* is a projection, and the left action of B is adjointable.

A second order differential structure admits an exterior derivative dy : Q3,(B) — T3(B) via
dy(p) = (1 —W)ompodony'(p). (2.3)

The differential satisfies dy([D,b]) = 0 for all b € B. A differential on one-forms allows us
to define curvature for modules, and formulate torsion for connections on one-forms.
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For an Hermitian differential structure (Q4(B), T, ¥, (- | -}), the module of one-forms Q,(B)
is also a finite projective left module [MRLCl Lemma 2.12] with inner product g(w | p) =
(wh| p")p. Thus all tensor powers T (B) carry right and left inner products. In particular,
the inner product on T%(B) is given by

waplner)s = {p|{w]ns7)s.

Inner products on Q% (B) do not arise automatically, but see [MRLC, Lemma 3.5].

The two inner products on Q}(B) give rise to equivalent norms on Q}(B), and using results
of [KPW], Q4,(B) is a bi-Hilbertian bimodule of finite index. To explain what this means for
us, recall [FLO2] that a (right) frame for Q3,(B) is a (finite) collection of elements (w;) that

satisfy
p=> wilw;|ps
J

for all p € Q5 (B). A finite projective bi-Hilbertian module has a “line element” or “quantum
metric” [BM2| given by

G= ij ® w}. (2.4)
J

The line element G is independent of the choice of frame, is central, meaning that bG' = Gb
for all b € B, and

spang{ Z w; ® w; : for any frame (wj)}
J
is a complemented submodule of T%. The inner product is computed via

—g9w®p) = (Glwap)s = (W' p)s. (2.5)
Such bilinear inner products appear in [BM2, BGJ2, [BGJ1]. The element
=) a(w|w) = —g(G) € B (2.6)
J

is independent of the choice of right frame, and is central, positive and invertible (provided
the left action of B on QL (B) is faithful [KPW]| Corollary 2.28|), and we define the normalised
version of G by Z = e P2y w; © w.

2.2 Hermitian torsion-free connections

Our standard references for connections on modules are [BM2| Lan|. A right connection on
a right B-module X is a C-linear map

VXX ®p Qf, such that ?(aza) = ?(m)a +z® [D,al.

There is a similar definition for left connections on left modules. Connections always exist
on finite projective modules, [Lanl.



Given a right inner product B-module X we have sesquilinear (},-valued pairings

X @3 Qp x X = Qp, (xdDd)]|y)s =db) (z|y)s, (2.7)
T x X @n O — O, (z]yod®)s = (2] y)sd().

A connection ¥ on a right inner product B-module X is Hermitian [Lan, Equation (7.42)],
IMRLC|, Definition 2.23] if for all z,y € X we have

%ﬂlyzﬂr 95\6?/93— D, (x| y)s).

For left connections we instead require (with the pairings (2.7 appropriately modified)
5(Vz |y) = a(z| V) = [D,n(z | 9)]
If furthermore X is a t-bimodule [MRLC] Definition 2. 8] such as X = T% then for each right

connection ? on X there is a conjugate left connection % given by V = —fo ? o 1 which
is Hermitian if and only if V is Hermitian.

Example 2.3. Given a (right) frame v = (z;) C X for a f-bimodule X we obtain left- and
right Grassmann connections via

V(a) = [D, (x| 2 ® «l, V@) =2, 0D, (z; | 2)s), zeX.

The Grassmann connections are Hermitian and conjugate, that is %“ =—}o ?” ot. A pair
of conjugate connections on X are both Hermitian if and only if for any right frame (z;)
IMRLC], Proposition 2.31]

?(1‘]) ® x;r +1z;® %(mj) = 0. (2.8)

The differential (2.3)) allows us to ask whether a connection on Q4 (B) is torsion-free, meaning
IMRLC] Section 4.1] that for any frame

1®(1- \Il)(e(wj) ® wj- +w; ® dq,(wj)) =0.
For a Hermitian right connection, being torsion-free is equivalent to (1 —¥)o v = —dy. For
the conjugate left connection this becomes (1 — V) o V- dy, [MRLC] Definition 4.3].
Definition 2.4. A frame (w;) for Qf,(B) is exact if there exist b; € B such that w; = [D, b;].

The existence result we will employ for Hermitian torsion-free connections is tied to the
existence of an exact, or even closed, frame for the one-forms.

Theorem 2.5. [MRLC, Corollary A.3, Corollary A.4] Let (Q%, 1,9, {(-|-)s) be an Hermitian
differential structure. Suppose there is an exact frame v = (w;) for Q. Then for the

)
Grassmann connection V' : Q3 — Qp ®5 Q5 of the frame (w;) there is an equality of
B-bimodules
JT2 =B . V(d(B)) - B. (2.9)

Moreover the Grassmann connection ?” 1s Hermitian and torsion-free.
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For uniqueness, which we discuss in the Appendix, we need the definition of a special kind
of bimodule connection.

Definition 2.6. Suppose that o : T3(B) — T3(B) is an invertible bimodule map such that
oo =o0"!ot and such that the conjugate connections ?, % satisfy

O'Og:%.

Then we say that o is a braiding and that (?, o) is a f-bimodule connection.

Under some further technical assumptions on the Hermitian differential structure [MRLC],
Sections 4,5], an Hermitian torsion-free o-bimodule connection is unique if it exists. See
Theorem in the Appendix for details on uniqueness.

2.3 Curvature and Weitzenbock formula

Given a second order differential structure, the curvature of connections can be defined in the
well-known algebraic manner. For Hermitian differential structures, can also define Ricci-
and scalar curvature. Curvature and the square of the Dirac operator are related via a
Weitzenbock formula on a class of Dirac spectral triples which encode the key features of
Dirac bundles over manifolds.

Definition 2.7. Given a second order differential structure (Q4(B),, ) we set

A2(B) = (1 — U)T2(B).

To define curvature, we require the second order differential dy : Q) — A%, but not any
higher degree forms. Then the classical definition of curvature is available.

Definition 2.8. If (Q4(B), t, V) is a second order differential structure, define the curvature

of any right connection ? on a finite projective right module Xg to be
RV(1)=(1®(1-0)o(Veltlody)oV(r)eXosAd(B), zciX.
For a connection % on a left module X we define the curvature to be
RV@) = (1-1@1)o(10V —dg®1)oV(z) e A2(B) 05X, X

Lemma 2.9. If v = (z;) is a right frame for X and ?x = ?“ the associated Grassmann
connection then

B (2) = 1@ (1 - 0) (2 @ [D, (x| 25)] @ [D, (& | 2)s){y | 7))
Similarly if v = (z;) is a left frame for a left module X and %x = %” then
BT () = (1= 0) @ 1(nfe | 2,)[D, nlzy | 27)] @ [D, (e | )] @ 31).
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If X is a T-bimodule, the corresponding elements in X @5 A2 @5 X are

R?x =1, ® (1 =) ([D, (v | $j>%] ® [D, (z; | xp>3]) ® x;’

and
R = 2l @ (1- ) (1D, 5z, | 2;)] @ [D, n{x; | 24)]) ® 24

Proof. This follows directly from [MRC| Proposition 3.3]. O

Definition 2.10. Let (Q3,(B), 1, ¥, (-|-)) be a Hermitian differential structure and Va right
connection on 2}, with curvature RY e QL(B) ® A2(B) ® Q1 (B). The Ricci curvature of
is
RicY = 5(RY | G) € T2(B)
and the scalar curvature is - S
rY = (G |Ric")s.
These definitions mirror those of [BM2| and references therein, and agree when both apply.

We now recall from [MRC] a class of spectral triples for which the Weitzenbock formula
holds. Given a left inner product module X and a positive functional ¢ : B — C, the Hilbert
space L*(X, ¢) is the completion of X in the scalar product (z,y) := é(s(z | y)).

Definition 2.11. Let (B,H,D) be a spectral triple equipped with a braided Hermitian
differential structure (Q4(B), 1, ¥, (-|-),0). Then (B, H, D) is a Dirac spectral triple relative
to (QID(B)v Tu \117 < ‘ '>70-) if

1. for w,n € QL(B) we have
(moW)(p@n) =e'm(G){p | n)s = —e~"m(G)g(p @n); (2.10)

2. there is a left inner product module X over B and a positive functional ¢ : B — C such
that H = L*(X, ¢) and the natural map ¢ : Q1 (B) ®g L*(X, ¢) — L*(X, ¢) restricts to
amap c: Q5(B) @5 X — X;

3. there is a left connection V¥ : X — QL (B) @4 X such that D = co AT L*(X, ¢);

4. there is an Hermitian torsion free {-bimodule connection (?G, o) on Q3 such that
D(wz) = co V¥(c(w @) = co(moo @ )(Vo(w) @ +we Vi(z)  (2.11)
We note that for spectral triples of Dirac-type operators on Riemannian manifolds we have
e Pm(G) = 1d, [MRC, Lemma 4.4]. A spectral triple satisfying the conditions has a natural
connection Laplacian A, [MRC|, Definition 4.3|, defined on z € X by
AX(@) = e Pm(@)G | (VE @1+ 10 VY o V¥(x))s, (2.12)

and there is a Weitzenbock formula relating D? and AY.
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Theorem 2.12. Let (B, L*(X,¢), D) be a Dirac spectral triple relative to the braided Her-
mitian differential structure (Q4(B), 1, U, (- |-),0), and let A* be the connection Laplacian

of the left connection %x IfmoocoW =moV and V(G) = G then

D2(z) = A¥(x) + co (moo @ 1) (R (2)). (2.13)

In Section [5| we will check that these conditions hold for the Podles sphere spectral triple,
and then derive the Weitzenbock formula in that case. We also use [MRC|, Corollary 4.9| to
show that AX > 0.

3 The Levi-Civita connection for the Podle$ sphere

For the remainder of this paper we will study connections on the one-forms QL (B) =
{3°a'[D,b'] : a', b € B} of a specific spectral triple (B,7, D). Here B is the (coordi-
nate algebra of) the Podles sphere, which we describe along with the spectral triple below.
In the Appendix we will require a completion of B to use the framework of [MRLC] to address
the uniqueness of the algebraic Hermitian torsion-free connection we construct below.

3.1 Coordinates, spectral triple and inner product for the Podles sphere

We start with the polynomial algebra A := O(SU,(2)) on quantum SU(2) spanned by the
matrix elements t!., with [ € %N and i, j € {—-l,—l+1,...,1—1,1}. While the coproduct

YR
A(ty;) = Ztik ® th,
k

is easy to describe in this picture, the product involves (quantum) Clebsch-Gordan coeffi-
cients. We summarise the basic algebraic relations we require using the conventions of |RS].
The generators and relations of O(SU,(2)) are

ab = gba, ac=qca, bd=qdb, cd=qdc, bc=cb

ad =1+ gbc, da =1+ q lbc, (3.1)
with adjoints
at=d, b*=—qgc, ¢=—-q'h, d'=a. (3.2)
The relation to the matrix elements of the defining corepresentation is
1 1 1 1
a=t* ., b=t ,, c=1i d=17 ;. (3.3)
27 2 272 27 2 272

The C*-algebra C'(SU,(2)) and polynomial algebra O(SU,(2)) carry a one parameter group
of automorphisms which for s € R is given by U,(t,;) = gVt t};. The one parameter group
is periodic and thus gives an action of the circle T. The fixed point C*-algebra C(SU,(2))"
for this circle action is the C*-algebra C'(S?) of the Podles sphere,

C(S2) = C(SU,(2))T C C(SU,(2)).
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For future reference we recall the definition of the ¢g-numbers

q—x o qx

¢t —q

The Podles sphere B := O(S?) C C(S2) is the polynomial dense *-subalgebra of C'(S?)
spanned by the matrix elements t},. The generators of the Podle$ sphere are

2]y =

R 1/2 9,12 1/2% lra1—1.1
A=—q bc=cc= o 12t1iy2, 12 = 4 Tt pa0t 1000 = 4 (2] oo
* — 1/2 1/2x% _
B=ac" = —q lab=t /1/2 1/2t1;2 12 = T4 1/2[2]11 Y2,
* _ g 41/2 1/2 —1/2,1/2 1/2x% —1/2,1/2,1
B =cd = ta—1/2t172,1/2 = 4 / a2t 1212 = = [2], g 1o

The equalities with matrix elements ¢, come from Clebsch-Gordan relations summarised in
[S, Appendix A]. The generators A, B, B* obey the relations

BA=@AB, AB'=¢B'A, B'B=A— A2, BB"=¢A— 'A%
The spinor module S = ST @ S~ is realised as the direct sum of the finitely generated

projective modules S* := P.C (Sg)@Z. In our conventions [S, Section 4.3| the projections Py
are given by

/2 ,1/2+ 12 ,1/2+
P, = (tl 212072172 tipayetlieaye ) (1 -A -B° )

1/2 1/2% 1/2 1/2% _ 2
o aotiyenye tlijensat e e B A
and
1/2 1/2+ (172 f1/2% .
P —1_p, — ta, 12t 72,212 172,212t -1, 2y (A B
-=l=Be= |k 1/x / [ “\B 1-¢4)
—-1/2,— 1/2t1/2 —-1/2 1/2 1/2 1/2 1/2 q

Observe that Py + P_ = Idy and P, P~ = 0. Hence Endg(sz) (St @ S7) = My(C(S})).
The (smooth sections of the) spinor bundle over the Podles sphere is the module
§=8"®8 = Span{<t§,1/2b+vti,71/2b7)T t by € B},
with (right) B-valued inner product
((we,w )" | (2, 20)T)p = whap +wlz.

The formula for the multiplication in terms of Clebsch-Gordan coefficients shows that § is
also a left B-module. Together with the Haar state h : C'(SU,(2)) — C we can then build a
Hilbert space H = L*(S, h) which carries a left representation of B (see [S] for formulae in
our conventions).

The natural Dirac operator yielding a spectral triple (B, 3, D) is [DS, NT]

0 0.
b= (5f 0)
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where 0.t} = /14 1/2]3 — [j + 1/2]3 t,;,y and 9ptl; = [+ 1/2 = [j — 1/2]2 ¢ .

We will abbreviate the coefficients in 8., d; as ki = \/[l +1/2]2 — [k — 1/2]2.

With 9 (t};) := ¢’tl;, and a,b € O(SU,(2)) we have

Oc(ab) = 0c(a)0k(b) + O (a)0e(b)  Of(ab) = Op(a)Or(b) + 0" (a)0y(b). (3.4

For b € B we have 0.07(b) = 070.(b). For b € B, the commutator of D with the left
multiplication by b is

~1/2
1w =10 = (g o). (3.5)

We denote by Cp(B) C B(H) the “Clifford algebra” generated by B and commutators [D, B].
We define an operator-valued weight ® : Cp(B) — B by

w-o((; 2))

The functional ® gives a right inner product (p|n)s := ®(p*n) on the Clifford algebra which
restricts to one-forms as

(D, blar | [D, balas)s = a’ Tr ((g qol) [QD,bl]T[Q,bz}) as

= a’{(q26f(b1)*8f(b2) + q_20e(b1)*3e(bg))a2. (3.6)

Remark 3.1. This metric reduces to the round metric on S? for ¢ = 1. Our main reason for
this choice of metric is that, like the classical round metric, the metric (3.6]) enjoys an exact
frame, see Lemma . The inner product is a right SU,(2)-comodule map, see remark

below.
Remark 3.2. For ¢ = 1 we should consider ®(T) = % Tr(T) for T € End}(S) so that ®(b) = b

for b € B. This is to access the actual (inverse) rnthric via &((dx*)*dz”) = ¢g"”. This means
that our current definition scales the inverse metric by 2, and so the metric g, by % This
is compatible with using the Dolbeault Laplacian (v/2(0 + 0))?, [H05, Section 3.1]. The
combined effect of not normalising ® and using the Dolbealt Dirac cancel out, and we will

see that the inner product on one-forms corresponds to the metric of radius 1 when ¢ = 1.

We recall the following facts as we will use them extensively in the computations to come:

1\ % —1 41 l j—i (4l *
(t) = (—af 7ty and = (—gV (L, )" (3.7)
! !
0ij = Z@éi)*t;oj = Z ti,(t',)"  Orthogonality relations. (3.8)
p=—1 p=—1

A=k = = Vi = 39)
Lemma 3.3. Using the spectral triple (B, H,D), we define d : B — Q5(B) as d(b) = [D, b].
Then Q(B) is a first order differential structure and a t-bimodule.
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3.2 Frame and quantum metric for the Podle$ sphere

We now define a finite exact frame for Q}(B). We will use this frame in all our computations.

Lemma 3.4. A frame for the right B-module Q3,(B) is given by the three module elements

c= g 2 (kD7D ¢! — g2t 0 q71/2t1—2+g1 3.10
Wi =4¢q (k1) D, —2+j,0] =49 1/2t1 pi 1 0 (3.10)
s
» 0 q1/2(t1_-_ )* ‘
= —113( . 2=j—1 , 7=1,2,3. 3.11
(—1) q 1/2(7%_].’1) 0 ( )

Proof. We first compute ij- using the formula for adjoints (3.7) and the orthogonality rela-
tions (3.8]), finding that

—1/241
o (_1\1-d 0 q Tty
w; = (—1) (ql/Qt%j,l 0 : (3.12)
Then for p = ( po_ v) € Q5(B) the orthogonality relations (3.8) and definition of the adjoints
1) yield

Z%‘ (wj|p)s = Zqufzﬂ'(qg/z(tl—%g’,—l)*Pf + q73/2(t1—2+j71)*,0+)
J J

2t1 71{/_1

— Z g ( 0 ) qt1—2+j,1(t 244,— )P ‘|1‘ q2t1—2+j,1(t1—2+j,1)*p+>
—24j, —1(t—2+j,—1)*P— +q o l(t—2+j,1)*10+ 0

— Zq4+2j( oo q(_611)4_2j(t%—j,—ll)*tQ—jipo—'_|Iq_2(_1Q)6_2j(t%—j,—l)*t%—j,—lpﬁ-)
(—q) ](t2—j,1)*t2—j,1p— +q (=) P (tgj1) e 10t 0

_ Z ( t2 i) ty —j 1PI + (%Ij,—l)*t%—j,—ler)
tz ]1 tz japP—taq (tQ—j,1)*t2—j,—1P+ 0

_ (0 p) _
_<,0 O)—p. O

Corollary 3.5. The Watatani index e’ := > 5w |wy) [KPW] of Q3(B) is efi=q¢*+q7?
and the line element (or quantum metric [BM2]) is

_ } T 0 (t%—j,—l)* 0 0 ~1 0 0 0 t%_jJ
j j ) ,

Normalising gives Z := e~ %/2G and z := m(Z) = e P/? <g 01>_

q

Proof. The first statement comes from Equations (3.11)) and (3.12) for the frame elements,
and the orthogonality relations (3.8). For instance, the cross-term vanishes because for any
j.k=1,2,3, we have tj_, _,(t; ; ;)* € B and so

0 (té—j,—l)* 0 t%—j,l _ 0 (t%—k,—l)*t%—k,—l(t%fj,fl)* 0 t%—j,l
Z(o 0 )ele ) =20 0 “\o o

J J.k
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t% k 1 * O t%—k,—l(t%—j,—l)*t%—j,l _
>0 ) e (o ;
k
(3.13)

the last line following from the orthogonality relations. The other cross-term vanishes simi-
larly. Applying the multiplication map gives

Z i_(a 0

ijj - <O —1> )

Z q

and applying @ gives > s (w; | w;) = @ +q 2 ]

2
Observe that (7 | Z);D =1, so that |Z)(Z| is the orthogonal projection onto span G.
Using the orthogonality relations as in (3.13]), we see that

Zt (th)°[D, tho] = g 27172 (8 tg), (3.14)

and similarly

oui 0O O
S D ) = 0 (o) (3.15)

j7_1

Remark 3.6. One can now deduce the well-known result that Q3,(B) is a direct sum of two
noncommutative line bundles given by the 1 spectral subspaces of the circle action defining
B (see [AALL [AKL]). Indeed, O(SU,(2)) = DreizLr 1s a sum of line bundles and we have
shown that Q(B) = £, ® £_4, and by definition Sy = L11/2. We deduce from Equations
and that the inner product is a linear combination of the standard inner
products on the line bundles £, £L_; where Q%J(B) = L1 ® L_;. Therefore, the metric is an
SU,(2)-comodule map.

3.3 Existence of an Hermitian torsion-free connection

Since our frame consists of exact one-forms (i.e. of the form [D,b] for b € B), Theorem
applies to Q% (B). Hence the junk two-tensors are given by the bimodule generated by

V&od(B) where ?G is the Grassmann connection of the exact frame. Moreover, since ?G is
Hermitian, in order to establish that it is also torsion-free, it suffices to show that JT3 C T2
is a complemented submodule. Thus our immediate aim is to compute the Grassmann

connection on exact forms, and determine the junk bimodule and its complement.

Since Q) = L, & L we find that T2 2 B & B ® Ly & L 5. Thus a two-tensor of the form

G([D,b]) will be a sum of degree 0, 2 and -2 components. In fact the splitting of B @ B is
not the most obvious one, and the next result picks out a component proportional to G.

13



Lemma 3.7. The Grassmann connection ?G of the frame from Lemma applied to an
exact form [D,b] is

$(D.8) = Ga.0,(b Z( G (p o) e

E 0 0) 2 oo
<t2 i) ) (t%—gﬂ(tz,g) O) k207 (b) (3.16)

Proof. From the proof of Lemma [3.4]

(wj | [D,b])s = q (q2t1*2+] _107(b) + ¢ 2t1*2+] 10e (b)),
or after computing adjoints of matrix elements

(wj | [D,b])s = (_1)1_j (qté—j,laf(b) + q_lt%—j,—1ae(b)>~

Using Equation (3.4), the relations d.(t},,) = 9y(t}, _;) = 0, and the formulae for adjoints,
we get

O ((w; | [D,b])z) = (=1)'t5_;,0:05(b) + (=1) gty o0e(b) + (=1) 55 1 02(D)
and

Op((wi | D, b])s) = (1) 5 _1050.(0) + (=1)' ity 005 (b) + (1) It5_;,07(b).
Thus

—1/2(_1\1—j4+1 2
(D, {w; [ [D, b])s] = w]0edy (b) + (1) 7 rirty_jo[D, 0] + <q192(—1q)1—jt(§_j1382(22) ’ 01(9 v )> .

Next observe that

(_1>17jw,: 0 ) q._l/Q(_l)l_jq_Q—i_jtl—Z-kj,l — 0 1/22%*] 1
J q1/2(_1)1—jq—2+]t1 0 q_1/2t1* 0

—2+j5,—1 2—j5,1

and so the orthogonality relations (3.8)) yield

Z(_Dlijwjt%fj,o =0.
j
As 0.0¢(b) = 070.(b) for b € B, and using orthogonality to remove cross terms as in ([3.13)
we find that ?G([Q, b)) is

0 ¢ Y2(=1)t_. 0%(b)
ij w] | 'D b ij @ w; <0 8f( )—I—wj ® (ql/Q(—l)ljt%_jyl(f)J%(bQ) J—=1 ;

1 2 *
= G0.9;(b) Z ( (2 e ) ® (8 t“:l(()t“) )ti,ﬁf(b)
0 0\ .o -2
+ & . t7 ,0%(b).
Z ( t2 g1 ) (t%—j,l(tz,z) O) 2 f( )

the last equality followmg from the orthogonality relations (3.8)), with k = —2,—-1,0,1,2. O
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The two families

0 By (0 oanfa)) (" ey %)
) ® 7 ) , . ® .
Z (0 0 0 0 2]: (t%—j,l) 0 t%—j,l(tzg) 0

J

are mutually orthogonal and are contained in ker(m : T2 — Q2 (B)). Both families of two-
tensors are orthogonal to the line element G as well, and we will now use them to construct
a frame for JT3.

We may identify Endg(8) with a subset of My(A), where A C C(SU,(2)) is the coordinate
algebra of SU,(2). This is done by identifying Q3,(B) with off-diagonal matrices, with the Fjs
component of degree 1 with respect to the circle action defining B, and the F5; component
of degree -1. We can also identify 0, ®g Q1 with sums of tensor products of off-diagonal
matrices in My (A) @5 Ma(A), but now the degrees can be —2,0, 2.

Lemma 3.8. The B-bimodules X,Y C T% of degree —2,2 elements respectively have frames

_ 0 (ty ;1) 0ty ; (o)
Y’f“-’z(o o )%l 7o
0 0 0 0
X, =q ! . ®( i )
= (0l o) (et o

For any two-tensor p@n = (,. %)@ (,. ") € T we have

Yi[p@n)s = qti,f2<E12 ® LEia | p@n)s = q_lti772p+n+ and

(Xi|p@n)s = ¢ i o(En ® En | p®n)s = gt pp—1)- (3.17)
where E;j are standard matriz units, and on the right we take the inner product on My(A)®s
M (A) to be the inner product arising from the inner product on My(A) defined by Equation

(3.6). Moreover (Yy | X;)5 =0 for each k,l. Hence the junk bimodule JT% is the B-span of
G and the X.,Y}.

Proof. The vectors X}, Y}, are in T3 by Equation , and the inner product calculations
are straightforward, as is (Y, | X;) = 0. The Clebsch-Gordan relations tell us that T3
breaks up as homogenous components of degrees —2,0,2. Let p®n = p_FEs ®n_Fs be an
element of degree -2. Then since t%_j’l p— € B we have

2

Z Xi(Xe | p@m)s
k=—2
2
_ 2 0 0 0 0\ .

_Zg< ’ 0)®< ; O)tQ,On
— (t%—j,l)* 0 t%—j;(ti,z)* 0) k2T
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M-

( 0 0)® < 0 0)
= (t%—j,l)* 0 t%—j;ﬂ—n— 0

0 0 0 0 0 0 0 0
* ® - ® .
— ((téj,l) ta_j1p- 0) (77— 0) (P— 0) (77— 0)

J

]

A similar calculation proves the result for Y. O

The next Proposition identifies the orthogonal complement of JT3. In particular, we produce
a two-tensor C' such that the copy (up to isomorphism) of B & B in T2 is provided by B-
span(G) @ B-span(C'). Our method for obtaining C' utilises the non-trivial modular structure
of the Podles sphere and its Haar state.

The spectral triple for the Podles sphere we are using has spectral dimension 0, and the
Podles sphere has Hochschild and cyclic homological dimensions zero. When considered as
a modular spectral triple, the spectral dimensions is 2 [KW, RS|, and likewise when the
modular automorphism of the Haar state is used to define twisted Hochschild and cyclic
homologies of the Podles sphere, the homological dimension is 2, [H, HK] [K].

We will use Chern character techniques, due to Wagner in this setting [W], to find a two-
tensor which will have non-trivial twisted Hochschild class, and so provide a sensible starting
point for finding a non-trivial two-form.

Proposition 3.9. The two-tensors T can be decomposed as an orthogonal direct sum
Ts = X @Y @ span(G) @ span(C)
where the two-tensor C' satisfies that (C'| C)g = « is a scalar. The differential dy is defined
using the projection 1 — ¥ = é[C’}(C’\, and is given by
dy(a]D, b)) = gC’(q_lﬁe(a)af(b) — 01(a)0,(b)),  a,beB.

In particular, (Q5(B),1,(-|-), V) is an Hermitian differential structure.

Proof. To find a non-trivial non-junk two-form, we follow Wagner [W| and construct a non-
trivial two-form from the twisted (by the modular group action) Chern character Chy(Py)
of the projection defining positive spinors P,. According to [S, Section 4.3],

1
Chy(Py) = -2 Z g
ko,k1,ka=0
1/2 1/2% 1 1/2 1/2x 1/2 1/2%
<t1/2—k0,1/2t1/2—k1,1/2 - idko,kl) ® t1/2—k1,1/2t1/2—k2,1/2 ® t1/2—k2,1/2t1/2—k0,1/2'
Using the definitions we can compute

_ 1/2t1/2 t1/2* b

1/2 1/2x o 4 Vo k1/2b1/2-m,-1/2
ab(tl/Q—k,1/2t1/2—h,1/2> - { _1/2751 2 / t{/2* /
q 1/2—k,—1/2Y1/2—h,1/2

=€

b s (3.18)
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A computation using the orthogonality relations (3.8]) and Equation (3.5 shows that

1 i 0 t1/2 i t1/2*k 0 —t1/2 i t1/2*k
—2 1/2—ko,1/271/2—ko,—1/2 1/2—k2,1/271/2—ko,—1/2
mo(Cha(P)) = 3, a7 | up TR @ |y M )

ko, ka=0 1/2—k0,—1/2t1/2—k2,1/2 0 1/2—k2,—1/2tl/2—k0,1/2 0

(3.19)

Since, for example, tig,;@7,1/27%;;071/2@’6_]‘,_1 € B, we can use the orthogonality (3.8]) and

adjoint (3.7)) relations to see that

O 0 0\ (0 0y_/0#H,,
W@(Chg(P+)>—(0 0 & t%_j7_1 0 q t%ijJ 0 & 0 0 . (320)

To obtain a non-trivial two-form orthogonal to Z, we define
1
C=mp(Chy(Py)) — Z({Z | mp(Cha(P})))s = mp(Cha(Py)) — e Wil 1 p)) s,
where we have written mp(Chy(Py)) = > pa)y ® p(2) in Sweedler notation. Since we have
1
T
—qQ q? <P(2) ’PL)>B<P(1) | P(2)>B

we need to compute some inner products. Using (3.20) the first is given by

0 _ _
(ol | s = Tr ((3 q—l) P<1>P<2>> =q¢ ¢ —q?),

(C1C)s = (pe) | {pw) | P))BPE2))B —

which yields

—2 _ 2
C = mp(Chy(Py)) + q_lﬁwl ® w]

2qt (0t 0 0 0 0 0 t3 4,
_q_2—|—q2(q (0 0 ®© ty 1 0 — 4 ty' i1 0 “lo o ) (3:21)

The remaining inner products are computed similarly, and

1 4q~2
a={C g =q¢ (P +¢H) - ——q¢ (P —-q ) =—— 3.22
(C1C)s=q"(q q)q2+q,ﬂ(q q ") o (3.22)
is a scalar. Hence )
—|CHY{C
~je)(cl

is a rank one projection, and of course C' is orthogonal to Z. Note that a« — 2 as ¢ — 1.

To complete the proof it suffices to show that C' is orthogonal to the kernel of the multipli-
cation map. With X}, Y, as in Lemma [3.8 a direct computation shows that

Y [ Cha = (Xi | Cha =
The formula for dy follows from the definition ([2.3]). O
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When computing the inner product, we can apply the orthogonality relations and perform
the sums to see that inner products with C' are the same, in the sense of Lemma |3.8] as inner

products with
~ 2q_1

C=——
¢ +q?
Likewise inner products with GG are the same as inner products with

(7' Er2 ® By — qFy © Eiy). (3.23)

G =qFE1® Ey +q 'En ® Eip (3.24)

Neither C nor G is in T2, though the shorthand is useful for computations of inner products
with C' and G.

Combining Theorem [2.5] and Proposition [3.9] proves

Theorem 3.10. The right Grassmann connection ?G of the frame from Lemma is
Hermatian and torsion-free.

To prove uniqueness, we need to prove concordance and f-concordance, as well as have a
suitable bimodule connection. We will leave most of the uniqueness proof to the Appendix,
but the braiding which yields a {-bimodule connection is presented next.

3.4 Braiding and bimodule connection
Next we show that the left and right Grassmann connections are a {-bimodule connection.
Definition 3.11. Define o : T3 — T3 by

c(Yi) =q Y, o(Xy) = ¢* X,

0 (5, ) 0 0\,  of 0 0\_ [0t
"((0 o )%, o) T @y 0)® o)
0 0\ _ (0 .\, 2(0 (H, ) 0 0
O(<(t%—j,1>* 0)®(0 0 ) =4 0 0 ® t%—j,—l 0/’

and extend as a bimodule map. Observe that 02 #1on X @Y.

Remark 3.12. In |[KLS, Lemma 3.6] a braiding on tensor powers of holomorphic line bun-
dles/modules on the Podles sphere is introduced. It would be of interest to see if restricting
their braiding to these particular modules coincides with the braiding o of Definition [3.11]

Using Equation (3.16|) we determine that

VE(D, bla) = GO (b)a+ g~ Vit2_ »02(b)a+ qXit2_,0%(b)a + [D, 0] ® [D, ]
= G005 (b)a+ ¢ 'Vit3_y _,02(b)a+ qXyt5_; 207 (b)a (3.25)
0 0u(0)0u(a) + P Xald 40 (D)s(a)
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(5 B e (0 Navaras (0 e () B awaw
(3.26)

using the frame { Xy, Yy, Z} described in the last section.
Proposition 3.13. The conjugate left connection %G =—To ?G o7 is given by

VE(ID,ba) = [D, (D, ba | w)] ® !
= GOs0:(b)a + ¢° Xyt5_ k2af( Ja+ g Yts_ k, 282(b)a+q4th§_k,28f(b)8f(a)

rrmidoamaa e (o @) e (0 Oemaw

t%*j,fl
—2 0 0 0ty
o <(t%_j,1)* 0) “ (0 0 ) 0 (b)0 (a). (3.27)

Proof. We start with computing %G on exact forms. First, the definition yields

5([D, 8] |w]) = (1) (9e(b) (t3—;0)" + 35 (D) (1 1)").

Next using the twisted derivation rule (3.4) and the orthogonality relations (3.8)) in the same
way as in Section we find

[‘Da ’B<[®7 b] | (U;>] ® w}
_ 0 ¢PRWO) o (0 Y (0 200;()) (0 0
— \ ¢ Y20;0.(b) 0 0 0 ¢*/203(b) 0 ¢/ 0
= GO70.(b) + ¢’ Xty 1207 (0) + ¢ Yty 202 (b),
where we also used 0.0¢(b) = 0¢0,(b) for b € B. Now use the Leibniz rule to find
VD, bla) = VE([D, ba)) — VE(b[D, a)
— (D, ba)) — bV E([D, a]) — [D,b] @ [D, d]

= G(é?fﬁ (ba) — b0sO (a)) +q th?—kﬂ ((?f(ba) — b@fc(a))
+ g Yts . 2(82(()61) — b@g(a)) —[D,b] ® [D,al.

Using the twisted derivation rule (3.4)) yields the three relations

00c(ba) — b0; 0, (a) = 0rOc(b)a + g0 (b)e(a) + ¢~ 0.(b) 9y (a)
07 (ba) — bdf(a) = 9F(b)a+ (q+q )0r(b)0y(a)
0z (ba) — b0; (a) = D7 (b)a+ (¢ + ¢~ ")0e(b) e (a).

Together with expanding the [D,b] ® [D, a] term

[D,0]® [D, a] = ¢ *Yits_r_20c(0)0e(a) + ¢° Xyt_1 ,07(0)0s(a)
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Yoo, o (g o 3 oo

we find that

VE(ID, ba) = GO0 (b)a + ¢ Xt ,02(b)a+ ¢ Vit _,02(b)a
+ G(qO0s(b)0c(a) + ¢~ 0(b)0s(a)) + ¢* Xyt5_s o(q + q~ 1) 0r(b)0s(a)
+q Bthz k, INUE ) e (0)0c(a) —q*2th2 k, _50e(b)0c(a )_QQthz kQaf(b

_<0 (t2_j7_1)*) ( 0 o ( 0 0) <0 t3 i1
0 0 t2 —j3,—1 6 (t% ]1)* 0 0

= GO0 (b)a+ ¢° Xyt5 kQaf( ) +q 3thz k, 02 (b)a + ¢" Xyt5_ 1207 (0)0f(a)

rrmid oo+ (o B e (0 Deama

lo_j_1
r (0o (0 ) e

This completes the proof. O

Comparing Equations (3.26) and (3.27) we obtain

Proposition 3.14. The conjugate pair of connections ?G and %G satisfy o o ?G %G

Remark 3.15. It is worth noting that o(G) = G, but

1=
o(C)=-C+2¢ ——G. 3.28
(©) e (3.28)
Since we only require that (1 — O’?G @)?G for compatibility with the torsion-

free condition. To see that 1} is compatlble with the torsion-free condition, we need
only check that |C)(C|o(C) = —C. This in turn follows from the definition of the inner
product, and the orthogonality of C' and G. Moreover on span(C, G) we have o2 = Id.

In Theorem of the Appendix, we prove that in fact the pair (?G,U) is the unique
Hermitian torsion-free o-f-bimodule connection.

4 Curvature of the Podles sphere

We now have all the requisite structure to compute the curvature of the unique Hermitian
torsion-free connection V& on the Podles sphere.
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4.1 The Riemann tensor

We first compute the full Riemann tensor following Definition 2.8 in Section [2.3] Since we
are dealing with a Grassmann connection, we will use the exphclt formulae of Lemma [2.9]

Theorem 4.1. The Riemann tensor of the Podle$ sphere is

_[2]11 g? 0 T_[2]q T —¢ 0
R—qui@)C@ 0 —¢? wi—qui@)C@wi 0 ¢2)

Proof. We start by computing inner products of frame elements and their differentials. First

(Wi [ w)s
— q’4+j+k Tr <<g 01) ( 1/201* q1/2t1 2+7, —1) ( 1/2 10 _I/Qt—2+k 1>)
q q 40 0 ok 0
q74+j+k(q2tl*2+g ity )
- ( ) 7'q71+kt2fj,1t172+k,—1 + (_1)1 jq73+kt27j,71t172+k,1- (4-1)

Then we apply the twisted Leibniz rule and 0. (t;, ;) = d¢(tL _;) = 0 to find

(D, (wj | wr)s] = (_1)1_jq_l+k[Daté_j,1t1—2+k,—1] + (=)' gDty -, —lt—2+k 1

— (—1)tdg i ( 0 ) ¢ 20ty 1t gy, —1))
ql/zaf(t%fj,lt—2+k:,—1) 0
. 0 g V20, (ts . t! )
+ (=1 1*1q73+k < 2—j,—1"—2+4k,1
- q1/2af(t%—j—lt£2+k,1) 0
= (=1t ( —3/24(2k q5/2+k/{1t%—j71t12+k,0>
q Kity Jot—2+k 0

q 3 Kita—j 1l 910 0

o \1—j 1, —2+k 0 qfl/Q(t%_j 1t£2+k,0+t%—j,0t£2+k,1)
= (—1) kg 1/2
¢ty jott ok 1 Hth i 1o ko) 0

1—j 141 2+k
= (-1 ]“1t2—j,owk+’f1q * Tt—2+k0

Thus we find that
[D, {wi | wj)s] ® [D, (W) | w)s]
= (’11)2<( )"ty 0wi +q 2+jw;rt1—2+y 0) @ ((—1)1_‘7‘755_]-’0@% +q Ttl 24k, 0)
= (’fi)Q ((_1)i+jt5—i,owj ® t%—j,owk + (—1)%5—1‘,0%' ®q ok jt1—2+k 0

+ (_1)jq72+jwjtl—2+j,0 ® t%—j,owk +4q AN Ttl —24j,0 O W; ! —2+k 0)
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Summing over j, using the B-centrality of G = > Wi ® w} and Equation (3.11]) gives

D ID, {wi | wy)s] @ [D, (w; | wi)s]

J

= (’*&)2 ( Z(_l)iﬂt%—w%t%—jp ® Wy + (_1)iq_2+kté—i,otl—2+k,oG
J

twl @uwp + ¢l @ Z ) (wjts— 4, 0)Tt£2+k,0>

where the explicit form of w; and the orthogonality relations Equation (3.8]) give the vanishing
of the two terms. From Equation (4.1]) we also have

<Wi | ch>i% = i — <_1)Z+kt2 20t2 k,0

SO

D D, (wi | wy)s] @ [D, (wj | wi)s] = (k1) (din Zwl ®w — (wi|wi)s > w @ wf +w @ wy),
J l

and writing

=—w; & Z wz | w] ® [®7 <wj | wk>{B] & wl];

:(ff%) ( ikwi®zwz®w;—wk®zwl®w;+wi®wj®wk)®wl
! !

= (mi)Q(wk(@Zwl@w;—wk®2wl®w;+wi®wj®wk)®wl
1 1

= (k])’w; @ W] ®w @ W] = [2ywi ®w! ® W ® W,

we have R = (1 ® (1 — ¥) ® 1)(R). to obtain the curvature tensor

) 2
=210 00wl @u)s @ ol = 2 u® C o (| CasCo)
2
2 a0\ i
= Stawece (Y o)l O

4.2 The Ricci and scalar curvature

We now have the pieces in place to compute the Ricci and scalar curvature of Sq2.

Proposition 4.2. The Ricci curvature is given by

: [2], (9_4 0> f 2], f (q4 0 )
Ric = 5(R| Q) = —39__ (. et B ) ")
ic=3(R|G) q2+q*2w 0 ¢ w q2+q*2w wi | p
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Proof. We start by expanding the inner product Ric = 4(R | G) defining the Ricci curvature
to obtain
-2

2
Ric = %q w; Q C(1)3<C(2) & (qo

= BB (T2, ] 0B | B
TP+ q 128{E21 8| ¢ w; | 4L21 12

0 _
—q2> WZT | qF12 ® B9y + ¢ ' By @ E1)

-2

_ 0 _
+q 'Eips(En B<<q0 _qz) w! | ¢ Es) | Eay)

-2

0
— qlo B<E12B<(q0 —q2) w) | ¢Ba) | Ena)

-2
0 _
—qEy B<E123<(q0 _q2) wJ | q 1E12> | E21>>.
where we have abbreviated the computation by taking inner products using

G = qE12 ® Egy + q—1E21 ® Eis.

First, two of the four terms in our expression for Ric are zero as F5 and Ey; are orthogonal
for the left inner product as well. Next

¢ 0 Tl ) = (—1)ig3/24
3 0 e wi | Ba1) = (=1)'q 2—4,—1

-2 i
B<(q0 —q2) wl | E) = (—1)"q 3/2755—1',1

) 2 i - i
Ric= % w; @ <<—1)1+ q Pty 1 Bras(Ex | Ba)+(=1)"q"Pty , By p(E | Ew))'

q
Since
g(E1a | Er2) = q, 5(Eay | Far) = ¢
we find that
. 2 _ ) )
Ric = ﬁ wi @ (q 9/2(_1)1“@4,15712 + qg/z(_wlﬂt%q,flEﬂ)
[2](1 q74 0 T [2]11 T q4 0
¢ +q? 0 ¢ 2+ q? 0 ¢4

Observe that if ¢ = 1 then the Ricci curvature is proportional to the line element G =
YW ® wiT . When g # 1, this relation breaks down and the metric on the Podles sphere is
not Einstein in the classical sense.

Proposition 4.3. The scalar curvature r = (G | Ric)g is constant, given by

r= %WG +4°) =21+ (¢ = ¢)"),

and as ¢ — 1 the scalar curvature converges to 2.
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Proof. Again, this is a computation, with

2 -4 0 -4
"= %(qu@ﬂ | (B2 |wi)s (qo q4> %-T)B + (Era | (B | wi)s (qO q4) WDB)
2], ~1/2 1+4i (41 (a0 T
= q2+q,QQ<E21 K / (=1) (tQ—i,—l) 0 ¢ w;)s
2, 1/2 igr e (40 0 i
22! (Bro | g2 (=)t 4) 0 4t w;)s
2] \ _ \
TP +Z_2 <q6(t%—i,—1) ty i 1 +q  (ta ) t;m)
[2] 6, —6
:q2+;72(q +q )

The last expression follows from (¢ %+ ¢%) (¢ 2+ ¢*) ' = (¢ *+¢") -1 =(¢2—¢*)*+1. O

Remark 4.4. One may ask whether there is an inner product on the one-forms for which the
scalar curvature is precisely [2],. In [BM2], Section 8.2.3| such a construction is presented. It
depends on a choice of embedding of the abstract two-forms into the two-tensors T, which
is necessary to define the Ricci tensor. The choice made by Beggs-Majid yields an Einstein
metric with scalar curvature [2],. However, our constructions depend on the additional
constraint that ¥ : T2 — T3 be a self-adjoint idempotent with the two-forms isomorphic to
(1 —W)T2Z = A% and so cannot be modified in a manner similar to [BM2, Section 8.2.3].

5 Weitzenbock formula

5.1 Dirac spectral triple

We will establish that (B, L2(ST@® S, k), D) is a Dirac spectral triple by verifying conditions
1-4 of Definition [2.11} The first of these conditions is straightforward.

Lemma 5.1. For p®n € JT3 we have the equality
moU(p@n) = e m(G)(p" [ n)s.

Moreover we have 0(G) = G and moo oWV =mo V.

Proof. We have that W73 = X &Y @ span(G), and X &Y C ker m whereas the projection
onto span(Q) is given by e ?|G)(G/|. Therefore

moU(p@n) =m (e ’G(G|pan)s) = "m(G)NG | p@n)s =e"m(G)(p" |n),

as claimed. The equality 0(G) = G was noted in Remark |3.15| By definition of o, we have
o(X@Y)=XaY. Therefore moog oWV =mo V. O
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We give the spinor bundles S* the left inner products
st | te) = P(lsi)(te]) = aseth, w(s-[t-) = D(|s-)(t-|) = ¢ 's-t7,

and observe that they restrict to B-valued inner products on 8*. Now let %Si be the

left Grassmann connections of the bundles S* for the left frames s41/5_ := ¢"/ Qti/f 12,123

St1/24 = q’1/2t1i/12/2’1/2, and V® := V8" @& V® . Moreover the action of the Clifford algebra

Cp(B) on L3(S, h) restricts to an action
c:Cp(B)@p (8T D8 ) = 8T S,
of the Clifford algebra on spinors, which establishes condition 2 of Definition 2.11] We now
verify condition 3 of Definition [2.11]
Lemma 5.2. The Dirac operator D satisfies D = coV® : 8 — L*(S, h).

Proof. As Grassmann connections are always Hermitian, we use [MRLC, Proposition 2.24|
in the computation

D (5) = S0ials 5] (%57) +ts1siim (%)

%

- ;0(93(%&(5) | si4) (516+>> _ c<3<3 175 (s11)) (51'(,)+)>+ n(s | 5i4)D <56+>
=20 v (0) —e(nls I si) (%0) )+ s 54D (Si{;)

_ o &t (O)

and one can check the final equality by checking that co %S and D agree on frame elements
using the formulae ([5.3)) below. The same argument holds for S~ as well, and we obtain

‘D:CO($S++$87>:CO$S. O

Next we must check compatibility of the connections, meaning that for a one form w and
spinor s we have

%S(c(w ®s))=como(c® 1)(?G(w) Rs+tw® %‘S(s))

where ?G is the right Levi-Civita connection on one forms. Here o is the generalised braiding
from Definition B.111

We will compute connections and their squares on the module 8, prove the compatibility
with the connection on 2} and then prove the Weitzenbock formula. In all of these tasks
we use the formulae

_ 1/2t1/2 t1/2* b

1/2 1/2x o 4 o k12t /2-m,-1/2
ab(tl/Q—k,1/2t1/2—h,1/2> - { _1/2t1 2 / t{/2* /
q 1/2—k,—1/2Y1/2—h,1/2

=€

b_ g (5.1)
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1/2t1/2 2,1_1/2* b —

1/2 1/2% ) @ e g2t 0—h—1/2 €

8b(t1/27k,71/2t1/27h,71/2) - { _1//2t1/2/ / t1/2*/ b — (52)
—4q 1/2—k,~1/2%1/2—-h,1/2

and
1/2 1/2 1/2 1/2 1/2 1/2
ae(ti,/l/Z) =0, 88(751,/71/2) - ti,/l/Q? 8f<ti,/1/2) = ti,/fl/27 af(ti,/q/z) = 0. (5.3)
1/2 1/2 1/2 1/2
aeaf(til/Q) - ti1/27 afae(tz‘,—1/2) = ti,—1/2

1/2 1/2 \%\ . —1,1/2 /,1/2 \& 1/2 ,1/2  \«

3681”(751-1/2(7511/2) )=4q 751'1/2(7511/2) - qtz’l/2(tl,fl/2) :

Using these formulae we can obtain the Grassmann connections on 8.

Lemma 5.3. The left Grassmann connections %5_ and $5+ are given by

biSi S; * S,
v ( Ov*) =[D,b]® ( é*) +0:[D, £, (t,)] @ < 6*)

1/2 ,,1/2 s
_ ( 0 q_1/286<bi)) 2 <5i,+) s 0 _ti,/l/Q(tl,/—1/2) ® (Sl,+)
q'%0;(b;) 0 0 82 )" 0 0

and

- 0 0 12 ,1/2 s« 0
o (0 )=t () aattte ()

_ /2 ,,1/2 *
_ ( 0 q 1/28e(01)) ® < 0 ) 1 0 tl,l/Q(tp,fl/2) ® ( 0 )
q1/2@f (c1) 0 81— _tll,/—21/2 (t;,/12/2>* 0 Sp,—

Using the formulae for the connections we can check condition 4 of Definition [2.11]

Theorem 5.4. For [D,bla € Q3, we have the compatibility

(0.0 (1)) = (¥ (.0 (7))
_ c((m 00)® 1([@, baw VS (bisﬁ) )) + c((m 00)® 1(36‘([@, bla) <bis"v+) ))

C1S),— Ci1S1,—
(5.4)

Proof. Let b,a € B and define a one-form by

B 0 ~1/29,(b)a

We compute the left hand side of Equation (5.4)), ignoring elements of ker(m) C TZ(B) as
they act by zero on the spinor bundle. We obtain

(5 (e (5)))
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_ q0.0¢(b)a 0 bisi+ N ?0¢(0)De(a)b;si + + G205 (b)ade(bi)si +
0 ¢ '0.0¢(b)a) \asi - q20:.(0)0s(a)crs,— + g 20e(b)ads(cr) s —

the last line following since O (t;,—1/2) = Oc(ti1/2) = 0. Again omitting elements of ker(m)
(which we recall is preserved by o), the second term on the right hand side of Equation ([5.4)
is

como) o1 (T o (1))

C1S1,—

= co(moo) @ 1((Ga.d;(b) (iljlj) )+ (8 (t%fv—l)*) ® (té(j,l %) 0.(0)2(0))

teo(moo)®1 (<( t%jl)* 8) % (8 ’5569‘,1) af(b)aem)) (il;j) |

Applying the braiding o (recalling that o maps ker(m) to itself) and then implementing the
action of forms on § gives

c ((m oo)®1 (?G([@, bla) ® (i;:)))
= c(Ga.0;(b)a (i;:) ) +e <q-2 ((tég,l)* 8) ® (8 t%Oj,l) (96(5)81‘(@))
e (qz (8 <t;_6_1>*) . (to g) afa))ae(a)) (iii’f)

_ (90:0¢(b)a + q*0¢(b)0c(a) 0 bisi+
- 0 q’laeaf(b)a + (]7286(6)8]0(&) C1Sy,— '
The first term on the right hand side of Equation (5.4)) is
D, bla® os (bisi,-i-)
C1S]
( g 120.(b)a ) o 0 1/236(Cltl,—1/2)75;_1/2) - ( 0 )
1/28]6 0 1/ 8f(cltl 1/2tp 1/2) 0 Sp,—
N —1/28 ( ) ) 0 1/28 (biti,l/Qt;l/Q)) 2 (Skﬂ_)
Waf 0 g0 (bt 1/2) "1/ 0 0

0 0 . 0
+ ( ) & (t%_j7_1 0 &(b)aﬁf(cl)tl’_l/ﬂp,1/2> ® (Sp’>
0 ty j, 5. (Dad (b )
! t2 ]1 ® 0 0 f( )a 6( i>ti,1/2tk’1/2
0 0 0 * Sk,
+ (0 ) ® (t%_j7_1 0 8e(b)aﬁf(biti,m)tk,m) ® < /6-1-)
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where simplification occurs in two terms due to orthogonality, the derivation rule, and
Of(ti,—1/2) = Oc(ti1/2) = 0. Applying o ® 1 yields

c®1 ([@,b o ¥ (ilzl+))

0 0 0 ~ )
(q <0 )® (t% - o) 0120y O)oa™ FOelerts o)ty 1
=0

0 0 ti_. 0
-2 2-41Y) ,—1/2 1/2 *
e ((tm,n* o) (b ) oo 3“‘”“71/2%’-1/2)@(%,_)

0 (t3—j-1)" 0 0
+ (q2 (0 2 JO 1 ) ® <t%j,1 0) ql/Qaf(b)aq 1/2 D, (bz) 11/2tk 12

- 0 0 0ty 1) -1/ Y Skt
i ((t%j,l)* 0 © 0 0 q ae(b)aaf(bltl,lﬂ)tm/z ® 0

and then applying the action gives

(monror (e (25 ) ) ) = (g pany g ) + (770,

Combining these calculations yields the result. O]

Theorem 5.5. The spectral triple (B,L*(S,h),D) is a Dirac spectral triple relative to
(QL(B),t,(-|-),0). The connection Laplacian A® of Equation (2.12) and the Dirac operator
D satisfy the Weitzenbock formula

D2=A%+como (o ® 1)(R$S).

Proof. We have verified the conditions of Definition , so (B, L*(S,h), D) is a Dirac spec-
tral triple over the braided Hermitian differential structure (2%,(B), T, (- | -), o). Therefore
the connection Laplacian A% : § — L2(S,h) of Equation (2.12)) is a well-defined operator.
By Theorem [2.12 the operators D and AS are related via the Weitzenbock formula

DQ:AS—%comoa@l(Rgg). O
Remark 5.6. By Theorem and [NT, Proposition 3.1], the operator D? concides with the

action of the Casimir element. Thus, the connection Laplacian A% differs from the action of
the Casimir precisely by the action of the curvature.

5.2 Curvature of the spinor bundle and positivity of the Laplacian

We now further analyse the Weitzenbock formula for the Podles sphere. Our first goal is to
compute the curvature term comoo ® 1(R(€S).
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Proposition 5.7. The curvature of 8t & 8~ is given by

s b 54, + - g —q_l 0 bisi’Jr
i (Cz 11/2) N 20® ( 0 q)\asi-)’ (55)

and its Clifford representation is given by

gs . 1 q2 0
COWLOO'@]_(R )—m(o q_2 .

Proof. To compute the curvature of %8 we first observe that the computation

I® %S, ([D, Cltl,fl/Ztim_l/g] ® tm,—1/2) = [D, Cltl,71/2t;kn,_1/2] ® D, tm,fl/Qt;,_yQ] X tp_1/2
= ¢[D, tl,—1/2t,*n,,1/2] ® D, tm,—l/ﬂ;,,l/g] R tp_1/2

shows that the [D, ¢;] term vanishes because it is multiplied by v*[D, pjv = v*p[D, plpv = 0
where v is the stabilisation map defined by the frame, and p = vv*. The same applies to
the %‘W part of the computation, and we use this freely below. So we start by computing
(throwing away elements of ker(m) and the [D, b;] term at the last step)

s+ st (bisip) _ 0 g ?0.(b s+ Sz—i-
1o ¥ e ¥ ( )_(1/2@(@) %0)) o G
12 ,1/2 s
0 —bit; 1/2( k, 1/2) 2 $5+ <3k,+>
bi tzl/21/2(t11g,/12/2)* 0 0
_ 12 ,,1/2 .
_ < / 0 q 1/25e(bi)) Q ; 0/ _ti,l/Q(tm,fl/Q) ® (Sm7+)
=\ 12 12 ,1/2 \4
g% (bi) 0 RYACSEY 0 0
12 (41/2 12 ,1/2 4
( / 0 / btz 1/2( 1/2) ) ® ( , 0/ _tl,l/Z(tm,71/2) ) ® <5m,+>
12 ,1/2 \« 12 ,1/2 \«
bit; 1/2<t1,1/2) 0 tl,—l/Q(tm,1/2) 0 0

(0 (@, ) 0 0\ _ [~bisis
_<o o )%\, 0% o )

Ignoring the kernel of m again (which is orthogonal to the image of 1 — W), using B-linearity
of the tensor product and the orthogonality relations gives

bisi .
NACEEN A ( %+> - ?G(['ﬂ bitz‘17/12/2(t11g7/12/2) ) ® (Sk’+)

0
* S
= Gae((?f(b t1/12/2( 11c/12/2> )® ( 18+> '

Recalling that (C'| G) = 0, we see that this term does not contribute to the curvature, and
applying 1 — VU yields

%8“' biSier _l 0 (t%—j,—l)* 0 0 _bisi’Jr
R ( 0 )_a0<0’<0 0o )%\, 0)/90 o
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1 bisi,+
oot

We continue with the negative spinors, computed much as the positive ones, and find

1®$S‘o$§"( X )

C1Sy,—
1/2 ,,1/2 N /2 /,1/2  \«
_ 0 tl,/l/Q(trr{,—l/Q) 0 t’ln/71/2(tp7/—1/2) 0
=a 1/2 1/2 v« 0 ® 1/2 1/2 \x 0 ® s
_tl,fl/Z(tm,l/Q) _tm,71/2(tp,1/2) b=
along with

G - 0 _ 0
Vee1o¥ (Clsl:)) —ee (@86(01)5[7_ +¢*?0(cr) s 4 + q10z$z,-> '

Applying 1 — ¥ and combining the 8~ and 8" computations yields (5.5). Finally, observe
that the action of o(C) is given by

_2q*1 (]3 0
P?+q2\0 —¢7°

oot ofrrs (3 S0t )

which completes the proof. O

and so

Using that

D? (bz‘Sz‘,+) — (CI@eaf(bz‘)Si,+ +q 3P0, (bi)si, - + bz'si,-i-)
asy,— q'0s0.(c)si,— + @*0p(c)sit +asi— )’

the Weitzenbdck formula now yields the explicit expression

AS (bisi,+) o 1 (q‘Q 0) (bisi,—i-) + <qaeaf(bi)5i,+ + q_g/Qae(bi>3i,— )
as,-)  @+q2\ 0 ¢) \asi- g 0r0c(cr)si,— + P 0p(cr)sis )
for the connection Laplacian. Finally we show that the Laplacian is positive, completing the

analogy with the usual Lichnerowicz formula on the sphere.

Proposition 5.8. The Laplacian A® is positive.

Proof. By [MRCl Section 4.4], the result follows provided that for all z,y € S, the divergence
term h((?G(m(%sx | y)) | G)) vanishes where h is the Haar state of SU,(2).

First we compute
(Ve (V32 | ) | G)
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=T ( (g q(—)l) (mo VOV | y) —mo VO (wy)(w | (Voz| m)s))

and so it suffices to show that for all one-forms w we have

n(me ( <g q01> (mo ?G(w)») ~0. (5.6)

Using ((3.26)) we find that

m o E([D, Ha) = (g q?l) 9,0, (b)a + (ae@af (a) 0 ) |

Since 0.0¢(b) = 050.(b) for all b € B we have
0:0¢(b)a = 0.(95(b)a) — q0;(b)e(a) = Or(De(b)a) — ¢~ 9(b)0s(a).

Thus

 (997(0.(b)a) 0
mogG([®’b]&) - <q ! 0 qlae(af(b)a))

and so

p(1e (3 ,0) (me Fe.010)) ) = Phior@.00) + (0.0 t)a)

Finally, h(t!;) = 640, and so h(0e(c)) = h(ds(c)) = 0 for all ¢ € B, and hence the divergence
(5.6) vanishes, and [MRC], Corollary 4.9] gives the positivity of AS. O

Remark 5.9. For this example the coincidence between the action of the spinor curvature
and 1/4 of the scalar curvature (which classically is » = 2) holds only in the classical limit
q=1.

A Uniqueness of Levi-Civita connection

In this appendix we present the uniqueness condition of Hermitian torsion-free o-t-bimodule
connections in the context of Grassmann connections associated to an exact frame. The
discussion of [MRLC]| simplifies substantially in this setting, and in particular becomes more
algebraic.

To prove the uniqueness of the Hermitian torsion-free connection, we need to accomplish two
tasks. First we need to prove the differential structure is concordant, which we describe and
prove next. Then we need to verify an injectivity condition, stated below in Theorem [A.7]
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A.1 Extension to the local closure

For the first task, we need to make contact with the analytic context of [MRLC]|. For this
reason we recall a natural class of dense *-subalgebras of C*-algebras. See [B98|, Section 3.1]
and [BM2, Section 3.3.1].

Definition A.1. Let B be a unital C*-algebra. A unital *-subalgebra B C B is local if B
is dense in B and if for all n € N the x-subalgebra M, (B) C M, (B) is spectral invariant.

The assumption that B C B is local holds for many algebras B, such as smooth functions
on a manifold. Given a spectral triple (B, H, D), the completion B; of the x-algebra B in
the norm ||b]|p := ||b]| + ||[D, b]|| is always local, [BC91]. We refer to By as the local closure
of B relative to D.

In this paper we study the polynomial algebra of the Podles sphere, which is not local.
However, it has a local completion constructed from the Dabrowski-Sitarz spectral triple.
The notion of local algebra is not necessary for the construction of the Hermitian, torsion-

free o-bimodule connection ?G of Theorem and Proposition . Nonetheless, locality
is needed to establish its uniqueness.

Lemma A.2. Let (B,H,D) be the Dabrowski-Sitarz spectral triple for B = O(SqQ) and
(B1,H, D) the spectral triple obtained by taking the local closure of B relative to D. The
inner product ([3.6) on QL(B) extends to Q%(B1) and the frame (w;) ([3.10) is also a frame
for QL(B,).

Proof. This follows directly from the fact any b € By can be approximated by a sequence
b, € B in the norm || - ||p and the formula for the inner product (3.6]). O

Lemma A.3. Forn > 1 the map
Bl XRp Tg(B) XRp Bl —>T£(Bl), b1®w®b2 '—>b1Wb2,
are t-bimodule isomorphisms. The maps Tp(B) — TR(B1) induced by the inclusion Q5 (B) —

QL(By) are injective.

Proof. The only non-trivial point here is the surjectivity, which follows from the fact that
for w € TH(B) we have 1 ® w ® 1 +— w, and thus a finite frame for B; @5 TH(B) @5 By gets
mapped to a finite frame for T7(B;). O

An immediate corollary is that each 77 (B;) is generated by elements bjwby with by, by € B4
and w € TH(B). The projection ¥ and the braiding ¢ thus extend canonically to bimodule
maps on T3(B;). The following is verified by direct calculation.

Proposition A.4. Any o-bimodule connection v QL (B) — T2(B) extends to a o-bimodule
connection ?1 : QL(By) — TA(By) via the formula

Vi (brbs) == by % (w)bs + biw ® [D, bo] + 0 ([D, by] @ why).

If furthermore ? 1s a -1 bimodule connection then so is ?1.
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A.2 Uniqueness

Definition A.5. Let (Q4(By),1,7,
local. Define the projections P :=
structure is concordant if T3 (B;) =
the projection onto Im(P) N Im(Q).

(-]-)) be an Hermitian differential structure with B,
U®1land @ := 1® ¥ on T5(By). The differential
(Im(P)NIm(Q)) & (Im(1 — P) +Im(1 — @Q)). Let II be

Lemma and Proposition give us a frame for the two-junk module

1
J=—-G, Xy Y k=-2-1012

The three projections on two-forms P, = |Z)(Z|, Px = >, | Xk)(Xi| and Py = >, | Vi) (Yil
are mutually orthogonal and the projection onto the junk submodule is ¥ = Pz + Px + Py.

Lemma A.6. The projections Py, Px, Py satisfy
Px®101®Pyzpy®101®PX:O,

Py®101®P;0P;®101Py =Py ®101®P;0P;®101® Px =0

Py®101®@Pxo(P®101®¥—-—Px®10l®Pyx—PrR1ol®Py)=0

Pr1ol®@Pyo(P®10l1®QV—-Py®10l1®Py—Pr®1ol1® Py)=0
PhR1ol1®PoP;01=Px®101®PxoP,®1=0
Px®10l1®QP;0PhQ1=P®101QP,0Py®1=0
P,2101®@PyoPy®1=P;0101®@P,0P,®1=0

(Px®101®Px)2:P)(®101®Px, (Py@lOl@Py)QZPy®101®Py,

q2 -2

(Pr21018 ) = i (P@1018Py),  (P@le1oR)’ = Sl (PaleloR)

1
:—2P2®101®PZ~

P,2101® P,)?
(Z Z) q2+q_

If we write Vap = Py ® 101 ® Pg then
\IJ®101®\I’:sz+VZX+sz+VZy+Vyz+Vxx+Vyy

and

(Y®1lol®@ V)" = ) (Vzz + " (Vax + Vxz) + ¢ (Vay + Wz)) + Vax + Vay.

(¢ +q72)"
Hence

I=1m(¥Y®R101V)"=PyR10l1®Px+PrR1ol® Py

n—o0

and the differential structure of the Podles sphere is concordant.
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Proof. The algebraic relations are all simple if tedious verifications.

To compute the limit lim,_,.(Pz ® 101 ® P;)", we first note that (p' | wj>93w;- = p, which
allows us to compute

PZ ®1ol® PZ(p QXN 7-) — 26_6/2 X p<nT | 7‘)736_5/2,
Repeating we find
(Pz®101®@ Py’ (p@n@r)=2Ze 2@ pln' | 7)se >,

and as e ? = (¢>+q2)7! < 1, we readily see that lim,, .. (Pz®101® Pz)" = 0. The formula
for (W® 101 ® V)" is then just a consequence of the algebraic relations. The concordance
is a consequence of [MRLC] Proposition 4.14]. n

We now turn to the injectivity condition. In this §aper we are concerned with the Hermitian
torsion-free {-bimodule Grassmann connection V¢ associated to the exact frame (w;). We
rephrase the uniqueness condition of [MRLC| Theorem 5.14] for this particular case. In order
to do this we require the bimodule isomorphisms
H*

@ T — Homy (2, T3), d(w@n@7)(p) :=wen(r|p)

& 75 - Homp(05,13), Towen)(p) = [nwer, (A.1)
where p,n, 7,w € QL.
We denote by Z(M) the centre of a B-bimodule M.

Theorem A.7. Let (Q5(B),1,V,(-|-)) be the Hermitian differential structure of the Podles
sphere. If the braiding o : T3(B) — T3(B) is such that the map

T oo Z(I(TE(B))) — Hom(QL(B), T2(B))

18 injective, then ?G is the unique Hermitian torsion-free o-t-bimodule connection on Q5,(B).

Proof. Let ?10 be the extension of V¢ to Q3,(B1) (see Proposition . We first note
that f-concordance, [MRLC| Definition 4.26], is automatic in the presence of an exact frame

IMRLC, Remark 4.27]. Now suppose that A € T:3(B) is such that & + @ (A) is another
Hermitian torsion-free o-f-bimodule connection on Q},(B). Extending to a connection on
Q4 (B1), f-concordance gives us that (1 — II)(A) = 0 in 73(B). Hence by Lemma [A.3]
(1 —TI)(A) = 0 in T3(B) as well. Since T3(B) is finite projective, the maps @ and & are
injective and the argument in the proof of [MRLC, Theorem 5.14] then shows that

(@ + o tofw)(A) =0.
The injectivity hypothesis then gives us that A = 0 and ?G is unique. O

To check the injectivity condition of Theorem [A.7] we first prove a few simple lemmas that
help us identify the centre of the bimodule IT(73(B)).
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Lemma A.8. The commutant of B in A = O(SU,(2)) is the scalar multiples of the identity.

Proof. Every element of O(SU,(2)) is a linear combination of a’/(b*)F and (a*)'b’(b*)* for
i,7,k € N. Up to scalar multiples, the generators of B are bb*, ab, b*a*. For scalars A, pijk
we have

(D X (0)F + pie (@)W (0°)F,0b°] = [hijea’ + pigea”)’, 0671 (b°)*
ijk ijk
ijk

The linear independence of the monomials a’0’(b*)F and (a*)/ (b*)* shows that the sum
vanishes only when all coefficients A;ji, pijr vanish except perhaps ¢ = 0. Then consider

[Z/\gjkbi(b*)k,a] S Do (0°)F, ab] —abz =k 1) Aol (b,
Jk jk

and again the commutator vanishes only when all Ay, = 0 except perhaps j = k = 0. Hence
only scalars in A commute with all of B. m

Since Q5(B) C O(SU,(2))%* does not intersect the scalars we have
Corollary A.9. The centre of Q5,(B) is {0}.

Lemma A.10. The linear maps X,Y : T3(B) — QL (B) given on simple tensors p@nQT €
T3(B) by

Xponer)= Y, ()" Xelp@n)s7
k=—2,-2,0,1,2
and
Ypenor)= Y. (G YlponsT
k=—2,—2,0,1,2

are bimodule maps, and so map the centre ZT3(B) to the centre ZQL(B) = {0}.

Proof. We prove the result for X as the argument for Y is the same. Let p®n® 7 be a simple
tensor and write p = (p0 v) and snmlarly for n,7. For b € B we have X(p @ n ® 7b) =
X(p ® n® 7)b by definition. Using Lemma [3.8| we have

Xponer) = > () Xelbp@n)st=q > () thbpn-7

k=—2,-2,0,1,2 k=—2,-2,0,1,2
=bpn-7=bX(p@n&T).
Hence X is a bimodule map, and so maps centres to centres. O

Corollary A.11. For g € (0,1) we have ZII(T3(B)) = {0}.

35



Proof. Let p ®n ® 7 be a simple tensor and again write p = (p(i p(;’) and similarly for n, 7.

Then, using the orthogonality relations, the projection onto Im(II) is
(0 O 0 0 0 0 0 pt 0 n4 0 74
H(P®77®T)—<p_ o)®<n_ 0)@(7_ 0)+(0 0)@(0 ey .
- ¥ < 0 0) o ( 0 0) . ( 0 0)
jk=—1,0,1 (t5)" 0 thp-n-T-(tg )" 0 th1 O
0 (tj-1)" 0 ) _1p4ns7s(thy)* 0 ty
m> (0 o )% \o 0 “\o o)

J:k=-1,0,1

Hence a linear combination II(}", p' ® n° ® 7%) is zero if and only if both Y_. p" n°. 7> = 0 and
> pinmh = 0. These observations together with Lemma prove the claim. O

Theorem A.12. The {-bimodule connection (?G,O') is the unique Hermatian torsion-free
T-bimodule connection on QL (B).

Proof. We need to show that for ¢ € (0, 1] the linear map
@ 4o ot Z(IITE(B)) — Hom(QL, T2),

is injective. For ¢ € (0, 1) this follows from Corollary |A.11] For ¢ = 1, [MRLC], Lemma 6.11]
shows that @ + o' o @ is injective. O
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