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ABSTRACT. We present an extension of the notion of in-splits from symbolic dynamics to topo-
logical graphs and, more generally, to C*-correspondences. We demonstrate that in-splits pro-
vide examples of strong shift equivalences of C*-correspondences. Furthermore, we provide a
streamlined treatment of Muhly, Pask, and Tomforde’s proof that any strong shift equivalence of
regular C*-correspondences induces a (gauge-equivariant) Morita equivalence between Cuntz—
Pimsner algebras. For topological graphs, we prove that in-splits induce diagonal-preserving
gauge-equivariant *-isomorphisms in analogy with the results for Cuntz—Krieger algebras. Ad-
ditionally, we examine the notion of out-splits for C*-correspondences.

1. INTRODUCTION

This paper studies noncommutative dynamical systems—defined as C*-correspondences over
not necessarily commutative C*-algebras— building on previous work [Pim97, Kat04a, Kat04b,
MPTO08, KK14, DEG21, CDE23]. Inspired by classical constructions of state splittings in sym-
bolic dynamics [Wi73], we introduce in-splits and out-splits for C*-correspondences. We prove
that these operations change the C*-correspondence, but leave the abstract dynamical system
invariant, up to a notion of strong shift equivalence (conjugacy) as defined by Muhly, Pask, and
Tomforde. This strong shift equivalence is reflected in the associated Cuntz—Pimsner C*-algebras
as gauge-equivariant Morita equivalence.

Symbolic dynamics [LM95] is a powerful tool in the study of smooth dynamical systems (such
as toral automorphisms or Smale’s Axiom A diffeomorphisms) that works by discretising time
using shift spaces. Every subshift of finite type can be represented by a finite directed graph.
The conjugacy problem for subshifts of finite type is fundamental: when are two shifts of finite
type the same? Williams [Wi73] showed that two subshifts of finite type are conjugate if and
only if the adjacency matrices A and B of their graph representations are strong shift equivalent.
That is, there are adjacency matrices A = Aj,..., A, = B such that for each i = 1,...,n — 1
there are rectangular matrices with nonnegative integer entries R and S such that A; = RS and
SR = Aj;1.

Williams™ motivation was the observation that state splittings of graph representations change
the graph but leave the associated shift space invariant up to conjugacy. The data of a state
splitting is reflected in matrices R and S as above, and Williams proved the decomposition
theorem: any conjugacy is a finite composition of elementary conjugacies coming from state
splittings. Deciding whether two subshifts are conjugate can be difficult in practice, and it is an
open problem in symbolic dynamics to determine whether strong shift equivalence is decidable.

2020 Mathematics Subject Classification. 46L55 (Primary); 37A55, 46L08 (Secondary).

Key words and phrases. Cuntz—Pimsner algebras, strong shift equivalence, in-splits, out-splits, topological
graphs.

K.A.B. was supported by a Carlsberg Foundation Internationalisation Fellowship and a DFF-International
Postdoc (case number 1025-00004B). A.M. was supported by ARC Project DP200100155 and University of
Wollongong RevITAlising Research Grant IV036. A.M. and A.R. thank Bram Mesland and Aidan Sims for useful
discussions. We also thank Jason DeVito for helpful advice via the Mathematics StackExchange, and Paige
Riddiford for careful proofreading.

1



2 K. A. BRIX, A. MUNDEY, AND A. RENNIE

In [CK80], Cuntz and Krieger associated a C*-algebra Oa, now known as a Cuntz—Krieger
algebra, to a subshift with adjacency matrix A and showed that it is a universal simple C*-algebra
when A is irreducible and not a permutation. The C*-algebra Oa comes equipped with an
action of the circle group T—the gauge action—and a canonical commutative subalgebra—the
diagonal. Cuntz and Krieger proved that conjugate subshifts induce Morita equivalent Cuntz—
Krieger algebras.

Recently, Carlsen and Rout [CR17] completed the picture: A and B are strong shift equivalent
if and only if there is a *-isomorphism ®: Op ® X — Og ® K that is both gauge-equivariant
and diagonal-preserving (X is the C*-algebra of compact operators on separable Hilbert space).
Cuntz—Krieger algebras have been generalised in many ways (e.g. directed graphs and their
higher-rank analogues, see [Rae05] and references therein), and we emphasise Pimsner’s con-
struction from a C*-correspondence [Pim97], later refined by Katsura [Kat04b], and applied by
Katsura to his topological graphs [Kat04a].

We mention in passing that there are other moves on graphs: Parry and Sullivan’s symbol
expansions [PS75] and the Cuntz splice both related to flow equivalence as well as more advanced
moves [ER19] which were utilised in the geometric classification of all unital graph C*-algebras
[ERRS16]. We leave open whether these moves have analogues for correspondences.

In the general setting of C*-correspondences (a right Hilbert C*-module with a left action
[Lan95]), we do not have access to a notion of conjugacy, but Muhly, Pask, and Tomforde
[MPTO8] introduced strong shift equivalence in direct analogy with Williams’ work. For regular
C*-correspondences, they showed that the induced Cuntz—Pimsner algebras are Morita equiva-
lent (we verify that this Morita equivalence is in fact gauge-equivariant in the sense of [Com84]).
It is an interesting open problem whether the weaker notion of shift equivalence introduced in
[KK14] (see also [CDE23]) also implies gauge-equivariant Morita equivalence.

For directed graphs, an in-split is a factorisation of the range map, and the range map induces
the left action on the graph correspondence. An in-split of a general correspondence is then
formulated as a factorisation of the left action subject to natural conditions. Similarly, an out-
split is a factorisation of the source map which is reflected in the right-module structure of
the graph correspondence, and we define an out-split of a general correspondence accordingly,
although this appears less natural than the in-split. Our notions of splittings of correspondences
provide examples of strong shift equivalences. They exhibit the same asymmetry as in the
classical setting (cf. [BP04]): an out-split induces a gauge-equivariant Morita equivalence, while
an in-split induces a gauge-equivariant *-isomorphism of Cuntz—Pimsner algebras. We leave open
the problem of whether an arbitrary strong shift equivalence of correspondences is a composition
of splittings.

We specialise our splittings to the case of topological graphs and in this case the analogy
with directed graphs is almost complete. For general ‘non-commutative dynamics’ defined by
C*-correspondences over not-necessarily commutative C*-algebras, the analogy is as complete as
it can be. It is unreasonable to expect complete characterisations of strong shift equivalence in
terms of Cuntz—Pimsner algebras akin to the Carlsen—Rout result, due to the lack of a diagonal
subalgebra for a general correspondence.

In Section 2 we recall what we need about C*-modules, correspondences, and their associated
C*-algebras. Along the way we provide some proofs for results that seem to be missing from
the literature. Section 3 recalls strong shift equivalence of correspondences and refines the main
result of Muhly, Pask, and Tomforde [MPT08, Theorem 3.14]. In-splits for topological graphs
and general correspondences are introduced in Section 4. Within this section we also extend
the idea of diagonal subalgebra to topological graphs and show that the gauge equivariant
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x-isomorphisms between a topological graph correspondence and any of its in-splits is diagonal-
preserving. Finally, Section 5 defines and gives the basic properties of non-commutative out-
splits.

2. CORRESPONDENCES AND CUNTZ-PIMSNER ALGEBRAS

In this preliminary section we provide background information and establish notation for what
we need to know about C*-correspondences and their C*-algebras (Toeplitz—Pimsner algebras
and Cuntz—Pimsner algebras), frames, and topological graphs.

2.1. C*-modules and correspondences. We follow conventions of [Lan95] for C*-modules,
and Pimsner [Pim97] and Katsura [Kat04b] for the algebras defined by C*-correspondences.

A right Hilbert A-module X4 is a right module over a C*-algebra A equipped with an A-valued
inner product (- | -)4 such that X4 is complete with respect to the norm induced by the inner
product. The module X4 is full if (X4 | Xa), = A. We denote the C*-algebra of adjointable
operators on X4 by End4(X), the C*-ideal of generalised compact operators by End%(X), and
the finite-rank operators by End%’(X). The finite-rank operators are generated by rank-one
operators O, satisfying O, 4(2) = x - (y | 2)a, for all z,y,z € X4.

Definition 2.1. Let Xp be a right Hilbert B-module, and let ¢x: A — Endp(X) be a
s-homomorphism. The data (¢x, aXp) is called an A-B-correspondence (or just a correspon-
dence), and if ¢x is understood we will write 4 Xp. If A = B we refer to (¢x,4Xa) as a
correspondence over A.

A correspondence (¢x, AXp) is nondegenerate if px(A)X = X, and following [MPTO08, Defini-
tion 3.1], we say the correspondence is regular if the left action is injective (i.e. ker(¢px) = {0})
and by compacts (i.e. ¢px(A) C End}(X)).

Throughout we assume that A and B are both o-unital C*-algebras and that all Hilbert modules
are countably generated, although many of our results do not critically rely on these assumptions.

There is a natural notion of morphism between correspondences.

Definition 2.2. Let (¢x, 4X4) and (¢y, pYB) be correspondences. A correspondence morphism
(o, 8): (6x,4Xa) — (¢y,BYB) consists of a x-homomorphism a: A — B and a linear map
8: X — Y satisfying:

(i) (BE) | B(m) = (& [ n)a) for all &, n € X;
(ii) B(€-a) =B(§) - ala), for all a € A and € € X; and
(iii) B(px(a)é) = oy (afa))B(E), for alla € A and € € X.

A correspondence morphism is injective if « is injective (in which case f is isometric) and it is a
correspondence isomorphism if a and 8 are isomorphisms. Composition of morphisms is defined
by (o, 8) o (¢, ") = (o, B0 8"). If (¢y, pXp) = (Idp, pBp) is the identity correspondence
[EKQRO6] over the C*-algebra B, then we call («, 5) a representation of (¢x, 4X4) in B.

A representation (o, ) of a C*-correspondence (¢x, X 4) is said to admit a gauge action if there
is a strongly continuous action v(®#) of T on C*(a, B) = C*(a(A) U (X 4))— the C*-algebra
generated by the image of (a, 3) in B—by *-automorphisms such that 7,2""5 )(a(a)) = a(a) for
all a € A, and ’yga’ﬂ) (B(z)) = zB(x) for all x € X.
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Definition 2.3. The Toeplitz algebra Tx of a C*-correspondence (¢, 4 X 4) is the universal
C*-algebra for representations of (¢x, 4X 4) in the following sense. There exists a representa-
tion (L4,tx): (¢x,4Xa) — Tx such that Tx = C*(14,tx), and for any other representation
(o, 8): (¢px,4X4) = B in a C*-algebra B, there is a unique *-homomorphism «a x g: Tx — B
such that (a x f) oty =a and (a X ) oy = f.

To a correspondence (¢x, AX4) we associate its covariance ideal

Jox = ¢x (End% (X)) Nker(¢x)",

which is an ideal in A (cf. [Kat04b, Definition 3.2]). The covariance ideal is the largest ideal of
A such that the restriction of ¢y to it is both injective and has image contained in End% (X).
We will often consider covariant morphisms (defined below) which respect the covariance ideal.

A correspondence morphism («a, 3): (¢x,4X4) — (¢y,Yps) induces a *-homomorphism of
compacts B1: End%(X) — End%(Y) satisfying 801 (04, +,) = O8(21),8(x2) for all 1,70 € X.

Definition 2.4. A morphism («a,): (¢x,aXa) = (¢y, YB) is covariant if

BW o px(c) =dy oalc) forallce Jpy-

In particular, we must have a(Js,) € Jg,. If (¢y, pXB) = (IdB, pBp) is the identity corre-
spondence over B, then we call («a, 8) a covariant representation of (¢px, 4X4) in B.

Definition 2.5. The Cuntz—Pimsner algebra Ox of a C*-correspondence (¢, 4 X 4) is the uni-
versal C*-algebra for covariant representations of (¢x, 4 X 4) in the following sense. There exists
a universal covariant representation (14, tx): (¢x,4X4) = Ox such that Ox = C*(14,tx), and
for any other covariant representation (a,f): (¢x,4Xa) — B on a C*-algebra B, there is a
unique *-homomorphism « x f: Ox — B such that (a x 8)otg = o and (a x f) ovx = 5.

The universal covariant representation (¢4, tx) admits a gauge action vX : T ~ Ox that we shall
refer to as the canonical gauge action.

Lemma 2.6. Let (o, 3): (dx,4Xa) — (¢y, BYB) be a covariant correspondence morphism, and

let (ta,tx) and (tp,ty) be universal covariant representations of Ox and Oy, respectively. Then

there is an induced gauge-equivariant x-homomorphism a x 5: Ox — Oy satisfying
(axB)owa=tpoa and (axf)orx =iy of.

If « is injective, then a X B is injective.

Remark 2.7. The relation («a x ) o L§) = Lg,l) o (3 also follows easily from the lemma and the

definition of the induced ) maps on compacts.

Proof. The composition (¢, ty)o(, 3) is a covariant representation of (¢x, X 4) on Oy, so by the
universal property (and a slight abuse of notation) there is a x-homomorphism a x : Ox — Oy
satisfying (o x f)otqa =tpoaand (a X f)oitx =ty of. If a € A, then

(@ x B) 0y (ta(a)) = tp o ala) = 7} o (a x B)(ta(a)),
for all z € T, and if x € X4, then

(@ x B) o7 (ex(2)) = 2(a x B)(1x(2)) =77 o (a x B)(wx(2)),

for all z € T. This shows that a x § is gauge-equivariant. If « is injective, then (140, tx 0 f3) is
an injective representation that admits a gauge action so « X 3 is injective by the gauge invariant
uniqueness theorem [Kat04b, Theorem 6.4]. O
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To talk about Morita equivalence we isolate a special kind of correspondence.

Definition 2.8. An A—B-imprimitivity bimodule between C*-algebras A and B is a correspon-

dence (¢, 4Xp) with an additional left A-valued inner product such that the right B action is

adjointable for the left inner product, and X is full as a left and as a right module. Moreover
Qﬁ(A(l":l/))Z =Z: (y|z)B r,Y, Z¢€ X.

If such an imprimitivity bimodule exists then A and B are Morita equivalent.

There is also a group-equivariant version of Morita equivalence due to Combes, [Com84]. To
describe equivariant Morita equivalence and the gauge action of the circle on Cuntz—Pimsner
algebras we recall some definitions and results.

Definition 2.9. Let G be a locally compact Hausdorff group and let A be a G-C*-algebra with
strongly continuous action a: G — Aut(A). An action of G on an A-module X 4 is a strongly
continuous action g — U, of G on X4 by C-linear isometries such that

(i) Ug(z - a) = Ug(x)ag(a) for all € X and a € A; and
(ii) (Ugx | Ugy)a = ag((xz | y)a) for all z, y € X.
If (¢, X 4) is a correspondence and B is a G-C*-algebra with action 8 : G — Aut(B), then U

is an action on the correspondence if U is an action on X4 and in addition Uy¢p(b) = ¢(B4(b))U,
for all b € B. The action is covariant, if in addition B4(Jx) = Jx.

Remark 2.10. The operators U, on X4 are typically not A-linear due to condition (i).

Lemma 2.11. If (U,«) is an action of G on the right module X 4, then there is an induced
strongly continuous action @: G — Aut(End% (X)) defined by a,(T) = Ady,(T) = U,TU,-1.
For rank-1 operators ag(0zy) = Ov,z,U,y-

An action of a group on a correspondence induces a “second quantised” action on both the
associated Toeplitz and Cuntz—Pimsner algebras. This is an immediate consequence of the
universal properties of both Toeplitz and Cuntz—Pimsner algebras.

Lemma 2.12 (cf. [LNO4]). If (U,«) if an action of G on an A-correspondence (¢, X 4), then
there is an induced action o: G — Aut(Tx) on the Toeplitz-Pimsner algebra such that
og(La(a)) = talag(a)) and og(ex(z)) = tx(Uyr)

forallg e G, a€ A, and x € X. If the action (U, «) is covariant, then o descends to an action
o: G — Aut(Ox).
Example 2.13. The action of the circle T on a correspondence (¢, 4 X 4) defined by

U,(x) = zx, az(a) = a, reX, acA, z€T
happens to have each U, adjointable, and induces the gauge actions on Tx and Ox.

Definition 2.14. Let A and B be C*-algebras and suppose that v4: G ~ Aandv?: G ~ B are
strongly continuous actions of a locally compact Hausdorff group G. Following Combes [Com8&4],
we say that ¥4 and P are Morita equivalent if:

(i) there is an A-B-imprimitivity bimodule 4 Xp;

(ii) there is a strongly continuous action of G on X by C-linear isometries Ugy; and

(iii) the above action of G on X restricts to an action on A = End%(X) which coincides with
74, and it restricts to an action on B = EndY%(X) which coincides with vg.
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Equivalently, ¥4 and 2 are Morita equivalent if there exists a C*-algebra C such that A and
B are (isomorphic to) complementary full corners in C, and C admits an action v such that
74 is v¢) 4 and 4B is 4¢3, cf, [Com84, Section 4].

2.2. Frames. An important technical and computational tool for Hilbert C*-modules is the
concept of a frame. This is as close as one can get to an orthonormal basis in a C*-module, and
it serves similar purposes. In fact, Kajiwara, Pinzari, and Watatani refer to frames as bases,
see [KPWO04]. In the signal analysis literature, see for instance [FL02, Luel8], what we call a
frame is also known as a standard normalised tight frame.

Definition 2.15. Let X4 be a right A-module. A (right) countable frame for X 4 is a sequence
(zj)jen in X4 such that 22, O, .. converges strictly to the identity operator in Enda(X).
Equivalently, we have z = 3772, O, ,,; for all z € X4 with the sum converging in norm.

For the strict topology, see [Lan95], but for our purposes it is enough to know that the strict
topology coincides with the x-strong topology on bounded sets.

If () jen is a frame for X 4, then X4 is generated as a right A-module by z;, so X is countably
generated. Conversely, any countably generated C*-module over a og-unital C*-algebra A admits
a countable frame, cf. [KPWO04, Proposition 2.1].

The following result is well-known to experts, but we were unable to find a reference. As the proof
is non-trivial, we include it for completeness. We thank Bram Mesland for helpful suggestions.

Proposition 2.16. Let X4 be a countably generated right Hilbert A-module and let (¢, AYB)
be a countably generated A-B-correspondence. Let (z;)ien be a countable frame for X4 and let
(yj)jen be a countable frame for Yp. Then (x; ® y;)i jen is a countable frame for X @4 Y.

To prove Proposition 2.16 we require some technical lemmas.
Lemma 2.17. Let A be a C*-algebra. Suppose a,b € A are positive elements such thata < b <1
in the minimal unitisation AT. Then for each h € A we have ||ah — h|| < ||bh — h||.

Proof. This follows from the calculation
lah — h||* = [[(a = D)A|* = |[1*(a — 1)*h|| = sup{(h*(a — 1)*h)}
< sup{g(h*(b —1)*h)} = ||bh — h||?,
where the supremum is taken over all states » on A and 1 € A™. O

Lemma 2.18. Let X 4, (¢, AYB), (%;)ien, and (y;)ien be as in the statement of Proposition 2.16.
Then for each N, M € N,

M N
H Z Z G)wi@)ijwi@yj

i=1j=1

<1

Proof. Let (2(Y) = ¢*(N) ®c Y with the standard right B-module structure. For each N € N,
we wish to define a linear, right B-linear, map ¥y : X ®4 Y — £2(Y) on elementary tensors by

o((w; [ x)a)y ifi < N;
0 otherwise.

(e ®y))i = {
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Observe that
(@ @ )l HZ (@i | 2)a) -y | ($((xi | 2)a) - 9)s
N N
= | Xl et Iwates aws| = | (o | o(e | L Onnz) ), |

< [l=*llyl1?,

N
< lzl?lyl] - O,
=1

so that |[¢n]|| < 1. Hence, ¥ extends to a bounded linear map ¢y: X ®4Y — £2(Y). Observe
that ¢y is adjointable with adjoint ¥} ((2)i) = Z?;l z; ® z;. Embedding 1y in the “bottom
left” corner of the C*-algebra Endp((X ®4Y) @ £2(Y)) shows that |[¢% | = [[vn] < 1.

Now for each M € N let Th; = Zj]\il S} Observe that Ty acts diagonally on £2(Y') and that
as an operator on Y we have || T |lgnd, vy < 1. Then for (z); € £2(Y),

YisY5°

ITar ()l = || D2 Tz | Tarz)s|) < | D2 10l oy | 2005
n=1 n=1
= v (AN EE[ERH

where the first inequality follows from [Lan95, Proposition 1.2.]. Thus, || Th[lgndge2v)) < 1.
Since we can write

M N
Z Z @931'@%,931@24]‘ = w?\f oTh oy
i=1j=1

the result follows. ]

Proof of Proposition 2.16. 1t suffices to show that (3(; jyex; Ozi@y;mi@y; ) ucone 18 an approxi-

mate identity for End% (X ®,4 Y), where the sequence is indexed by finite subsets ¥ of N2, Fix
e > 0. We first claim that for each { € X ®¢4 Y there exists M, N € N such that

M N
(2.1) 1523 vy et — €] <=

i=1j=1

It suffices to consider the case where £ = 1 ® ( for some n € X4, ¢ € Yp. Take M large enough
so that

M 13
|5 6ueana] <
=1

and take N large enough so that

|32 60t )G = (e | )] < 5
j=1
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for all 1 <3 < M. It follows that

HZZ@@@%,@@%& 5H—szxz®y] (| (2 [ M) a))s —n (|

=1 j=1

< | S s (| 6t | B—szww K

i=17=1

M
| S w @ ol(a I max —n e
=1

M N
< Z: [EA H Z:yj (i | ¢((@i [ m)a)) B — o((wi | U)A)CH + % <e.

We now claim that for each 7' € End%(X ®, Y) there is a sequence (Mj, N;)?<, in N2, with
each of (M), and (N)g strictly increasing, such that

My, Ny

(2'2) Z Z @$i®yj,$i®ij - T

i=1j=1
as k — oo. If T' is a rank-one operator, then (2.2) holds for T, as follows from the claim (2.1),
which we have proved. By taking finite sums, the claim is also true for finite-rank T'.

Fix € > 0. Suppose that T € End%(X ®g Y) is arbitrary, and take a finite rank operator S
such that |7 — S| < 5. Let M, N € N be such that || M, Zévzl Oy, 20y, — S| < §. Then
Lemma 2.18 implies that,

M N
H Z Z exi@)yj,xi@ij — TH

i=1j=1

M N
< H Z Z 6%@%7%@%‘
i=1j=1

To finish, fix € > 0, let T' € End%(X ®4 Y), and take K large enough so that

M N
I - Si|+|| 2 Y Oy oS - S|+l =8| <e.
1=1j=

My Nk

|33 Ouoymen, T~ 1 <=

i=1 j=1

Lemma 2.17 shows that for any finite set ¥ C N2 with {(i,7) |1 <i < M, 1 <j < N} C %
we have || 32 jjex Oy, aioy, T — Tl < . Consequently, (32 j)es Onoy; 0y )scene i an
approximate identity for End(X ®4Y), and (z; ® y;);,; is a frame for X ®4 Y. O

2.3. Topological graphs. Topological graphs and their C*-algebras were introduced by Kat-
sura [KatO4a] as a generalisation of directed graphs and their C*-algebras. Any (partially
defined) local homeomorphism on a locally compact Hausdorff (sometimes known as a Deaconu—
Renault system) space may be interpreted as a topological graph and, in turn, any topological
graph admits a boundary path space whose shift map gives a Deaconu—Renault system. The
(C*-algebra of the topological graph is *-isomorphic to the C*-algebra of its associated Deaconu—
Renault system, cf. [Kat21, Kat09].

Definition 2.19. A topological graph E = (E°, E' r, s) is a quintuple consisting of second
countable locally compact Hausdorff spaces E? of vertices and E' of edges, together with a
continuous range map r: E' — E°, and a local homeomorphism s: E' — E called the source.
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Two topological graphs E = (E°, E',rg,sg), F = (F°,F',rp,sp) are (graph) isomorphic if
there are homeomorphisms

p: B9 F% and v:E'— F!
such that posgp =spovand porg =rpov.

If E° and E' are countable discrete sets, then E is a directed graph.

Remark 2.20. The term topological graph is sometimes also used to refer to the more general
notion of a topological quiver (see [MTO05]). In a topological quiver the condition that s is a
local homeomorphism is weakened to s being an open map with the additional requirement of
a compatible family of measures on the fibres of s. We do not work in this generality.

In [Kat21, Section 4], Katsura studies the boundary path space Fy = (E, EL, 700, 500) Of a
topological graph E. This is again a topological graph and op = so.: EL, — EJ is a partially
defined local homeomorphism. Two topological graphs E and F are then said to be conjugate
if the Deaconu—Renault systems on their boundary path spaces are conjugate, i.e. if there is a
homeomorphism h: E;O — Folo such that hoogp =opohand h loop =0cgoh 1.

The space of paths of length n in a topological graph is the n-fold fibred product

n
E" = E! Xgp -+ Xgr E' = {6162 coeey, € I_IE1 | s(e;) = T(€i+1)}.
equipped with the subspace topology of the product topology.

Definition 2.21. To a topological graph E = (EY, E' rg, sg), Katsura [Kat04a] associates a
Co(EY)-correspondence X (E) as follows. Equip C.(E') with the structure of a pre-Co(E?)-
Co(E®)-correspondence by

for all x,y € C.(E'), a € Co(EY), e € E', and v € E°. The completion X (E) is a Co(EY)-
Co(E")-correspondence called the graph correspondence of E, and the Cuntz-Pimsner algebra
Ox(p) is called the C*-algebra of the topological graph E.

We fix some terminology to discuss regular and singular points of topological graphs.

Definition 2.22. Let : X — Y be a continuous map between locally compact Hausdorff
spaces. We consider the following subsets of Y:

o -sources: Yy g =Y \ (X)

o -finite receivers: Yy_gn = {y € Y : 3 a precompact open neighbourhood V' of y
such that 1~ (V) is compact}

o -infinite receivers: Yy_ing =Y \ Yy_fin

o -reqular set: Yy_req = Yip—fin \ Yep—src

o -singular set: Yy_ging =Y \ Yi—reg = Yopint U Yyp—src-

Remark 2.23. If E = (E°, E',r, s) is a topological graph then we use the range map r: B! — E°
to construct subsets of E? according to Definition 2.22. In this context we drop the map r and,

. N 0 _ 0
for instance, write Epe, = Eyp_eq-
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A topological graph F is said to be regular if EX = = @.

sing

We recall that the behaviour of the left action ¢: Co(EY) — Endco( poy(X(E)) is reflected in the

singular structure of E. In particular, the covariance ideal is given by J, = Cop( so that
regular topological graphs induce regular graph correspondences, cf. [Kat04a].

reg)

A frame for the graph correspondence is relatively easy to describe.

Example 2.24. Let E = (EY, E',r,s) be a topological graph. Since E! is second countable
and locally compact its paracompact; so admits a locally finite cover {U,};c; by precompact
open sets such that the restrictions s: U; — s(U;) are homeomorphisms onto their image. Let
{pi}icr be a partition of unity subordinate to {U;};c; and let z; = p3/2. We claim that (x;)er
is a frame for X (F). For each z € C’C(El) and e € B,

D (@i (i | )y o)) Z > o=@ Nx(f) =Y pile)z(e) = z(e).
i s(f)=s(e) ‘

Since x has compact support, finitely many of the U; cover supp(z). Hence,

H Z (i | ©)cy(E0)) —:UH = sup Z ‘Z (i | ©)co(E0y)(€) — x(e)

veERY s(e

2
’—>O.

Since C.(E") is dense in X (F) it follows that (x;);cs is a frame for X (E).

3. STRONG SHIFT EQUIVALENCE

Strong shift equivalence was introduced by Williams in [Wi73] as an equivalence relation on
adjacency matrices: finite square matrices with nonnegative integral entries in the context of
shifts of finite type [LMO95]. Two adjacency matrices A and B are elementary strong shift
equivalent if there exist rectangular matrices R and S with nonnegative integral entries such
that

A=RS and B=SR.

This is not a transitive relation. To amend this we say that A and B are strong shift equivalent if
there are square matrices A = Ay, ..., A, = B such that A; is elementary strong shift equivalent
to Ajqq for all i = 1,...,n — 1. The raison d’étre for this equivalence relation is the following
classification theorem due to Williams: recalling that a shift of finite type may be represented
by an adjacency matrix, a pair of two-sided shifts of finite type are topologically conjugate if
and only if the adjacency matrices that represent the systems are strong shift equivalent.

Muhly, Pask, and Tomforde [MPTO08] introduce strong shift equivalence for C*-correspondences,
which we recall below. They show that the induced Cuntz—Pimsner algebras of strong shift
equivalent correspondences are Morita equivalent. Kakariadis and Katsoulis [KK14] later intro-
duced the a priori weaker notion of shift equivalence of C*-correspondences, and similar notions
were further studied by Carlsen, Dor-On, and Eilers [CDE23].

Definition 3.1 ([MPTO08, Definition 3.2]). Correspondences (¢x, aX4) and (¢y, pYn) are el-
ementary strong shift equivalent if there are correspondences (¢r, ARp) and (¢s, pSa) such
that

X=2R®pS and Y =5®4R.

They are strong shift equivalent if there are correspondences X = X1,...,X,, =Y such that X;
is elementary strong shift equivalent to X;4q foralli=1,...,n —1.
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n [CDE23, Remark 3.6], Carlsen, Dor-On, and Eilers observe that if adjacency matrices are
strong shift equivalent in the sense of Williams, then their C*-correspondences are also strong
shift equivalent in the sense of Muhly, Pask, and Tomforde. The converse is still not known.

In this section we show that there is a gauge equivariant Morita equivalence of the Cuntz—
Pimsner algebras of strong shift equivalent correspondences in the sense of Definition 2.14. In
the process, we revisit the Morita equivalence proof of [MPTO08] and break it into a series of
instructive lemmas. The first records how Cuntz—Pimsner algebras behave with respect to direct
sums of correspondences.

Lemma 3.2. Let (¢x,4Xa) and (¢py,pYp) be correspondences. The inclusion (ja,jx) of
(¢x,4X4) into the A & B-correspondence (¢xay, aoBX ® Yaep) is a covariant correspon-
dence morphism that induces a gauge-equivariant and injective x-homomorphism jaxjx: Ox —
Oxay-

Proof. 1t is clear that (ja,jx) is a correspondence morphism, and for covariance we must show

that jg(l) o ¢x(c) = pxay o ja(c) for all ¢ € Jx. Let (z;); be a frame for X and (y;); a frame
for Y. A frame for X @Y is given by the direct sum of the frames for X and Y. Let Px denote
the projection in Endagp(X @ Y) onto X so that Px =), © (z;)» With the sum taken
in the strict topology It follows that

O ¢X Z @ ¢X C)xz 7]X (xz ¢X®Y jA Z (—) xz 7]X(I7,

= ¢>X@y(]A( ))Px = dxay o jalc),

Jx(i),jx (=

for all ¢ € Jx. Lemma 2.6 implies that the induced *-homomorphism ja X jx: Ox — Oxgy is
gauge-equivariant and injective. O

Lemma 3.3. If (¢x,1XB) and (¢y, pYc) are C*-correspondences, then Jy, .. C Jy .

Proof. Tt follows from [Pim97, Corollary 3.7] that if ¢x(a) ® Idy € End%(X ®Y), then ¢x(a) €
End% (X - ¢y (End%(Y))). Tt is clear that ker(¢x) C ker(¢x ® Idy) so ker(pxy ® Idy)* C
ker(¢x)*. The result now follows. O

Let (¢x,4X4) be a correspondence and N a positive integer. With ¢yen = ¢x ® Idy_1 the
pair (¢yon, X®N) is a correspondence over A. Given a representation («,8): (¢x, 4X4) — B
we denote by 3%V : X®N — B the induced map 8%V (21 ® - @ zy) = B(z1) - -- B(zy), for all
71® - @zy € X®N and note that (a, V) is a representation of (¢yan, X®V) in B, [Kat04b,
§2]. We let g(N) .= (@MY1) . End%(X®N) - B.

Our next lemma records how the Cuntz-Pimsner algebra of (¢ yeon, X®V) embeds in the Cuntz—
Pimsner algebra of (¢x,X4). However, we note that this embedding is not gauge-equivariant
in the usual sense.

Lemma 3.4. Let (¢x, 4Xa) be a nondegenerate correspondence and let (ta,tx): (px, 4Xa) —
Ox be a universal representation. Then for each N € N, (14,1%"): (¢xen, AXEN) — Ox is an
injective covariant representation. In particular, there is an induced injective x-homomorphism
TN : OX®N — OX such that TN Olx®N = L?}N.

Furthermore, let v: T — Aut(Ox) denote the gauge action on Ox and let 7: T — Aut(Oxeon)
denote the gauge action on O yen. Consider the N-th power 7 : T — Aut(Oyen) of the gauge
action on Oxen: 50 7Y (ta(a)) = ta(a) and 7Y (tx(z)) = 2Nix(x) for alla € A and x € X®N.
Then Ty o 7Y =~, o7x for all z € T.
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Proof. We need to verify that (¢4, L?}N ) is covariant. It follows from Lemma 3.3 that Joon ©
Jsy. Recall that a rank-1 operator in End%(X - Jo on) may be written in the form ©,.4,y
for z,y € X4 and a € o on- Then Oy ® Idy—1 € End% (X®N) since Joeon € Joyan 1

Moreover, if (z;) is a frame for Xf(N_l), then
@:cu,y & Idel - Z ®x®¢)(a)xi,y®xi'
7

We proceed by induction, the base case being covariance of (14,tx), which is given. Sup-

pose for induction that (¢ A,L?}N ) is covariant. This is equivalent to the fact that t4(a) =

> LX (@¢>x(a)ez e;) for all a € Jyow-1). (cf. [Pim97, Remark 3.9]). Using the inductive
hypothesis at the second to last equality, it follows that for any z,y € X4 and a € o on

LQW%W®RM7%”X(EXMWameZZDAQQWﬂ@WWM%Mﬂ@mm@f
:u(“”xzaﬁ%gm@ = ix(@)ea(@)ix (®)" = 1 (Oray).

It follows that for any 7' € End% (X - Jp on ) We have Lg) (T) = Y )(T ®Idy_1). Covariance of
(ta,tx) now implies that for all a € Joan

1 N
ta(@) = 1 (6x(0)) = 15" (6x(a) ® Ty 1)
so that (LA,L§N ) is covariant. The universal property of Oyen yields a x-homomorphism
v Oxenv — Ox satisfying 7y 014 =14 and 7§ 0 tyen = L?}N.

By considering local N-th roots, the fixed point algebras OVX®N and O}(];N can be seen to
coincide. Moreover, it is straightforward to see that 75y o ¥Y = v, o 7y for all z € T. With
minimal adjustments, the proof of the Gauge-Invariant Uniqueness Theorem found in [Kat04b,
Theorem 6.4] carries over to the action 3V, so since (14, L?}N ) is an injective representation it
follows that 7 is injective. O

The next theorem is the main result of [MPTO8]: strong shift equivalent C*-correspondences
(that are nondegenerate and regular) have Morita equivalent Cuntz—Pimsner algebras. Here we
simply sketch the proof to make it clear that the Morita equivalence Muhly, Pask, and Tomforde
construct in fact implements a gauge-equivariant Morita equivalence. This is certainly known
(or at least anticipated) by experts but we consider it worthwhile to mention it.

Theorem 3.5 ([MPTO08, Theorem 3.14]). Suppose (¢px, 1Xa) and (¢y, BYB) are nondegenerate
and regular correspondences. If they are strong shift equivalent, then the Cuntz—Pimsner algebras
Ox and Oy are gauge-equivariantly Morita equivalent.

Proof. 1t suffices to assume that X4 and Yp are elementary strong shift equivalent. Choose
nondegenerate and regular correspondences (¢r, aRp) and (¢g, 5Sa) (cf. [MPTO8, Section 3])
such that

A2 R®pS and Yp=ES®4R.
By Lemma 3.2 we have covariant morphisms (ja,jx): (6x,4X4) — (Oxav, 40X © Yaen)
and (jp, jy): (¢v, BYB) = (dxeyv, aepX ® Yasn).

Let Z = S® R be the correspondence over A@ B with the obvious right module structure and left
action ¢z: A® B — Endagp(Z) given by ¢z (a,b)(s,r) = (ps(b)s, ¢r(a)r) for all (a,b) € A®d B
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and (r,s) € Z.! Then Z®? is isomorphic to X @Y as A @ B-correspondences by [MPTOS,
Proposition 3.4].

By Lemmas 3.2 and 3.4 there are inclusions Ax: Ox — Oz and Ay: Oy — Oz such that the
diagram
Ox

Ax
jm
Ox@y = OZ®2 L) OZ
A
Oy ul
commutes.
As in [MPTO08, Lemma 3.12], we may construct full complementary projections Px and Py in

the multiplier algebra Mult(Oz) (using approximate identities in A and B, respectively) such
that Ax(Ox) = PxOzPx and \y(Oy) = PyOzPy are full and Py + Py = 1Mult(Oz)'

For gauge equivariant Morita equivalence (see Definition 2.14) we will produce a circle action
on Oz which restricts to to the gauge actions on Ox and Oy. The action on Oz will not be the
gauge action, as the gauge action on Oy runs at ‘half-speed’ compared to the gauge actions on
O X and Oy.

Define an action of Ton Z =S & R by
U.(s,7) = (s,21), (s,r)e Z, z€T.

Conjugation by the second quantisation of U, on the Fock module of Z gives an action on the
Toeplitz algebra of Z, which descends to Oz, [LN04] and Lemma 2.12.

Since X = R®p S and Y = S ®4 R, we see that the induced action on Z%? =2 X @Y is the
sum of the actions of T on X and Y given on z € X and y € Y by

T 2T, Y= 2y, zeT.
These actions induce the gauge actions of Ox and Oy, respectively. O

Remark 3.6. Regularity of correspondences is not required for Lemmas 3.2 and 3.4. We note
however, that regularity plays a crucial role in the proof of Theorem 3.5, namely in constructing
the projections Px and Py. There are counterexamples to Theorem 3.5 when either X or Y is
not regular (see [MPTO08]).

4. IN-SPLITS

In this section, we recall the notion of in-splits for directed graphs, and extend the notion to
both topological graphs and C*-correspondences.

4.1. In-splits for topological graphs. Let us start by recalling the classical notion from
symbolic dynamics of in-splittings. Let E = (E°, El,r s) be a countable discrete directed
graph. Fix a vertex w € E? which is not a source (i.e. 7~}(w) # @) and let P = {P;}" be a
partition of r~!(w) into a finite number of nonempty sets such that at most one of the partition
sets P; is infinite.

1Muhly, Pask, and Tomforde call Z the bipartite inflation.
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Following [BP04, Section 5], the in-split graph of E associated to P is the directed graph E,.(P)
defined by

E)(®) = {v |veEv#wyu{w,... w},
ENP)={e1|ec E' s(e) #w}U{er,...,en | e € B, s(e) = w},
L (e ifr(e) #w
ro(e) = {wj if r(e) = w and e € P,
sp(ei) = s(e)i,
for all e; € EX(P).

Remark 4.1. If E is a finite graph with no sinks and no sources, then the bi-infinite paths on E
define a two-sided shift of finite type (an edge shift). The in-split graph E,.(P) is again a finite
graph with no sinks and no sources, and the pair of edge shifts are topologically conjugate. In
fact, if A and A(P) denote the adjacency matrices of E and E,(P), respectively, then there are
rectangular nonnegative integer matrices R and S such that A = RS and SR = A(P). That is,
the matrices are strong shift equivalent, cf. [LM95, Chapter 7].

Example 4.2. Consider the directed graphs

O A
N wie N
9 N\
wei—" ev and } o
W 9 f2
w2 @

Note that the loop e is both an incoming and an outgoing edge for w. Partition 7~!(w) into
P = {P1, P2} with P; = {e,h} and Py = {g}. The right-most graph above is then the in-split
graph with respect to . The outgoing edges from w are coloured to highlight their duplication
in the in-split graph.

The adjacency matrices of the graph and its in-split are

1 01
A:(; (1)> and B=(|1 0 1],
1 10

respectively, and the rectangular matrices

1 0
e (10) wa s=(10))
11

satisfy B = RS and SR = A. This is an example of an (elementary) strong shift equivalence.

Suppose E is a graph and let E(P) be an in-split graph. Define a finite-to-one surjection
a: E9(P) — E° by a(v;) = v for all v € E?(P) (forgetting the labels) and use the partition to
define a map ¢: E' — E? by

wle) = {T(e)l if r(e) i w,

w; if r(e) =w and e € Py,
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for all e € E'. Note that since w is not a source, & maps sources bijectively to sources, and
since at most one set in P contains infinitely many edges, it also follows that o maps infinite
receivers bijectively to infinite receivers.

Our first observation is that r = « o %, so that an in-split may be thought of as a factorisation
of the range map r: E' — E° through the new vertex set E°(P). For our second observation,
consider the fibred product

E} = F' x50 E°(P) = {(e,v;) € E' x E°(P) : s(e) = v;}
The map from E*(P) to E} given by e; — (e, s(e);) induces a graph isomorphism between F(P)
and E,. These observations allow us to define in-splits for more general topological graphs.
Definition 4.3. An in-split (or range-split) of a topological graph E = (E°, E',r, s) is a triple
I = (a, EY, 1) consisting of

(i) a locally compact Hausdorff space E?,
(ii) a continuous map v¢: E' — E9, and

(iii) a continuous and proper surjection «: E(I) — EO that restricts to a homeomorphism
between E?w_smg and E°

sing>
such that o) =r.

Remark 4.4. For directed graphs the continuity assumptions of an in-split I = (a,E?,z/;) are
automatic. The properness of o can be reinterpreted as requiring that |a~!(v)| < oo for all
v € E°. In the case of directed graphs the notion of in-split introduced in Definition 4.3 directly
generalises that of [BP04, Section 5] (with source and range maps flipped).

We associate a new topological graph to an in-split.

Lemma 4.5. Let E = (E°, E',r,s) be a topological graph and let I = («,Y, %)) be an in-split of
E. Then E; = (EY, E},r1,s1) is a topological graph, where

i) B} = E'x,4 EY ={(e,v) € E' x E? | s(e) = a(v)} equipped with the subspace topology
I ) I I
of the product E' x EY; and
(ii) rr(e,v) = 9(e) and sr(e,v) = v, for all e € E* and v € EY.

0 0
Moreover, Ej . _ g, and Eg,,

are homeomorphic via «.

Proof. The space E} is locally compact as a closed subspace of E! x EI0 and the maps r; and sy
are clearly continuous. To see that s; is open, take open sets U in E* and V in E(I) and consider
the basic open set W = (U x V)N E} in E}. Then s;(W) = a~!(s(U)) NV which is open in
E9 so sy is open.

To see that sy is locally injective, fix (e,v) € E}. Since s is locally injective, there exists an open
neighbourhood U of e in E' such that s|¢ is injective. Let V be any open neighbourhood of v in
EY. Then W = (U x V) N E} is an open neighbourhood of (e,v) in Ef. If (¢/,0'), (e”,v") € W
are such that v' = sy(e/,v") = sy(e”,v"”) = 0", then s(e’) = a(v') = s(e”) so that ¢ = ¢”. We
conclude that sy is a local homeomorphism and so Ey is a topological graph.

For the final statement we show that the ry-singular and -singular subsets of E? coincide, and
then appeal to the fact that « restricts to a homeomorphism between E?,wfsmg and Eging. First
observe that since a is surjective, we have r;(E}) = ¢(E') and so Ef,. _ .= E%dhsw

Now fix a precompact open set V' C E9, and observe that

ri (V) ={(e,v) € Ef | ¥(e) € V}.
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First suppose that r;l(V) is compact. Let p1: B x5 4 E® — E' denote the projection onto the
first factor and observe that pi(r; 1(V)) = ¢~ 1(V) since « is surjective. Moreover, the set is
compact since p; is continuous, so EI,rI—ﬁn - E(I),dz—ﬁn‘

Now suppose that 11 (V) is compact. Since « is proper and s is continuous, a~!(s(1x~1(V)))
is compact in E?. Since E° is Hausdorff, E} is a closed subspace of E' x E?. Consequently,

1 (V) =071 (V) xsa a7 (s(0™ (V) = (1 (V) x o™ (s(@ (V) N Ep

is a closed subspace of the compact product ¢~(V ) x a~(s(»~1(V))), and therefore compact.
It follows that, ELﬁn = Elwaﬁn and so El,smg EY y—sing s desired. g

Remark 4.6. Let E be a regular topological graph (so Egmg = @) and I = (a, EY, 1) an in-split of
E. The condition that « restricts to a homeomorphism on singular sets implies that E%reg = E(}

so E7 is also regular. In particular, v is both proper and surjective in this case.

Definition 4.7. We call E; = (EY, E}, 71, s1) the in-split graph of E via I.

Williams’ [Wi73] original motivation for introducing state splittings—such as in-splits—was that
even if the in-split graph is different, the dynamical systems they determine (the edge shifts)
are topologically conjugate. We proceed to prove that this is also the case for our in-splits for
topological graphs. It is interesting to note that our approach provides a new proof of this fact
even in the classical case of discrete graphs. To do this we need some lemmas.

Lemma 4.8. Let I = (a, EY, 1)) be an in-split of a topological graph E = (E°, E',r,s). The
projection onto the first factor aq: E} =FE! Xs.a E? — E' is continuous, proper, and surjective.
Moreover, the following diagram commutes:

r
I EI

T\ 8

<7E1

Proof. 1t is clear that a; is continuous, and surjectivity follows from surjectivity of a. If K is a
compact subset of E', then

T HK) =K x50 a ' (s(K)) = (K x a ' (s(K))) N E}.

Since « is proper and s continuous, a; '(K) is a closed subset of the compact set K x a~!(s(K)),
so aq is proper. Commutativity of the diagram follows from the definition of r;. O

We recall that the n-th power of a topological graph F is the topological graph EM =
(E°, E™ r,s) where 7(e1---e,) :=1r(e1) and s(ej ---e,) = s(e,). We record how taking powers
of topological graphs interacts with in-splits.

Lemma 4.9. Let E = (E°,E',r,s) be a topological graph and I = (o, E9,4)) an in-split of
E. Then E} ~ E™ X4, E{ for alln > 1, where s: E™ — EY is given by s(e1---en) = s(ey).
Moreover, if Y™ : E™ — EY is the map defined by M (e1---e,) = 1(e1), then the n-th power
graph E}n) be obtained from E™ wvia the in-split I = (Q,E?,l/l(n)).

Proof. First, observe that

E? = {(e1,v1,...,en,vp) | €; € EY, v; € EY, s5(e;) = a(v;), and v; = ¢(e;41) for all 4 > 1}.
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Since avot)p = r it follows that the map (e1,v1,...,en,vy) — (€1 €y, vy) from EF to E™ X 4 E(I)
is a homeomorphism with inverse (ej---en,v,) — (e1,9(e2),€2,...,9%(en), €n,vy). The final
statement follows immediately. O

We now show that in-splits of regular topological graphs induce topological conjugacies. Recall
that for a regular topological graph FE the infinite path space is given by

E® = {6162 ... E ﬁEl | s(e;) = r(ei+1)}
i=1

with a cylinder set topology making it a locally compact Hausdorff space. The shift map
og: E* — E* is the local homeomorphism defined by og(ejea...) = ezes. . ..

Theorem 4.10. Let E = (E°, EY,r, 5) be a reqular topological graph and let I = (o, E9,v) be an
in-split of E. Then the dynamical systems on the infinite path spaces (0, E*°) and (0g,, EY°)
are topologically conjugate.

Proof. Use Lemma 4.9 to identify E? with E™ x;, EY. For each n > 1 let r": E"*1 — E" be
the map given by r"(e;---ep41) = €1 ---e,. Then r}: E?H — E" satisfies 7 (e1 - - epy1,vn) =
(e1---en,Y(eny1)). Define ym: E"HL — E} by ¢"(e1...ent1) = (e1---€n,Y(ent1)), and let
a": E} — E" be the projection onto the first factor. It is then routine to verify that the
diagram

e By

P Tl T2
EY L — E} L E? ..
1
W AN
EO - El . E2 = .

Y o

commutes, where a® and > are induced by the universal properties of the projective limit
spaces £ ~ g(E”, r™) and Ef° ~ gn(E?, r7). In particular, £° and E* are homeomorphic
via o™ and .

For conjugacy, we make the key observation that if s”: E"*!1 — E™ is given by s™(e1 -+ en11) =
€2 €nt1, then the shift og: £ — E°° is the unique map making the diagram

1 2 3

El T E2 T E3 T v E>
I N
EO - El - E2 = v E>

commute. With a similar commuting diagram for the shift og,: E?° — Ef°, it follows from
(4.1) that a® oo, = o 0 a™. O

Remark 4.11. The condition that the topological graphs be regular should not be essential.
A similar argument—though more technically demanding—should work for general topological
graphs by replacing the path space £ with the boundary path space and using the direct limit
structure of the boundary path space outlined in either [Mun20, §3.3.1] or [Kat21].

Remark 4.12. We have seen that any in-split induces a conjugacy of the limit dynamical systems.
In the case of shifts of finite type, this was first proved by Williams [Wi73] where he also showed
that the converse holds: any conjugacy is a composition of particular conjugacies that are
induced from in-splits and their inverses. We do not know whether a similar result could hold
in the case of topological graphs.
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Examples 4.13. Let E be a regular topological graph.
(i) We refer to I = (Idgo, EY, r) as the identity in-split since Ej is graph isomorphic to E.

(ii) We refer to I = (r, E',Idg1) as the complete in-split of E. The topological graph
associated to I has vertices EY = E' and edges

B} = B B = {(¢e) € B x Bt () = r(e))

that may be identified with E2, the composable paths of length 2. The range and source
maps satisfy 77(e’,e) = Idgi(e') = ¢’ and s;(e’,e) = e, for all (¢/,e) € Ef. We denote
this in-split graph by £ = (E', E2 #,5) and refer to it as the dual graph of E.

When F is a regular topological graph, then E7 is graph isomorphic to Katsura’s dual
graph, cf. [Kat21, Definition 2.3] (see also [Brel0, Remark 2.3]), and when F is discrete,
then Ef is discrete and it is graph isomorphic to the dual graph as in [Rae05, Corollary
2.6]. Iterating the dual graph construction in the case of topological graphs coincides
with Katsura’s iterative process in [Kat21, Section 3].

The following lemma is akin to [BFK90, Lemma 2.4] (see also [Wi73]) in the setting of nonneg-
ative integer matrices. This lemma shows that the dual graph is in some sense the “largest”
in-split of a regular topological graph.

Lemma 4.14. Let E be a regular topological graph and let I = (o, EY,%) be an in-split of E.
Let o : E} — E' be the projection onto the first factor as in Lemma 4.8. Then I' = (¢, B, o)
is an in-split of E1 with the property that (Er) is graph isomorphic to the dual graph E.

Proof. Since E is regular, it follows from Remark 4.6 that 1 is proper and surjective, and
Lemma 4.8 implies that a; is proper and surjective. Therefore, I’ = (¢, E', 1) is an in-split of
E;. Let F = (Ej)p be the resulting in-split graph and observe that F = E'. Moreover, we
have

F'=E} x4, 4 B' ={(¢/,z,¢) € E' x E} x E' | s(¢) = a(x) and = = ()}
with rp(e/,z,e) = a1(e/,2) = ¢’ and sp(e/,x,e) = e for all (¢/,z,¢e) € F'.

The map F' — E' sending (¢, z,¢) — (¢, ) is a homeomorphism which intertwines the range
and source maps. It is injective because z € EY is uniquely determined by ¢/, and it is surjective
since if (¢/,e) € E' are composable edges, then x = (¢’ satisfies a(z) = avorp(e’) = r(€') = s(e),
so (¢/,x,e) is mapped to (¢, e). O

A simple class of examples comes from “topologically fattening” the class of directed graphs.

Example 4.15. Let E = (E°, E',r,s) be a regular directed graph and fix a locally compact
Hausdorff space X. Let FO .= E° x X and F! := E' x X with the respective product topolo-
gies and define rp(e,z) = (r(e),z) and sp(e,z) = (s(e),z). Then F = (F°, F',rp,sp) is a
topological graph.

If I = (o, EY,9) is an in-split of E, then Ix = (a x Idx, EY x X,v¢ x Idx) is an in-split of

F. 1t is straightforward to check that the associated topological graph F7, is isomorphic to
(E(IJ X X, E]l X X,T[ X Idx,S[ X IdX)

In the setting of topological graphs there are also strictly more exotic examples than those
obtained via fattening directed graphs.

Example 4.16. Fix m,n € Z\ {0} and let E° := T and E! := T. Define r,s: E' — EY by
r(z) = 2™ and s(z) = 2". Then E = (E°, E' r, s) is a topological graph. Suppose a,b € Z
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satisfy m = ab. Define ¢: E' — T by 1(2) = 2% and a: T — E° by a(z) = 2°. Since
r(z) = 2™ = (24)® = a0 9(2), it follows that I = («, T, ) is an in-split of E. The new edge set
is

El ={(z1,22) € T? | 2} = 28}.
We claim that E} is homeomorphic to a disjoint union of ged(n, b) copies of T.

Let @, g, be the unique integers such that n = ¢, ged(n,bd) and b = g, ged(n, b), and note that
qn and ¢, have no common factors. We also record that ¢,b = gnq» gcd(n,b) = gyn. For each
|b|-th root of unity w define m,: T — E} by

Tw(z) = (2%, wz).

Suppose that (z1,22) € E} and let 2 be a |gy|-th root of z;. Then (297)° = (2%)" = 2] = 28, so
(22/29)® = 1. Hence, there is some |b|-th root of unity w such that zy = wz9. In particular,
every (z1,22) € E} can be written in the form (29, wz") = m,(z) for some z € T and some
|b]-th root of unity w.

We claim that each m, is injective. Suppose that m,(z) = m,(v) for some z,v € T. Then
2% = v® and 29 = v®. Consequently z = wov for some wp € T that is simultaneously a |g|-th
and a |gy|-th root of unity. Since g, and g, are coprime, we must have wp = 1, so m, is injective.
Since each m,, is a continuous injection from a compact space to a Hausdorff space, it follows
that each 7, is a homeomorphism onto its image.

Fix a primitive |b|-th root of unity A\. We claim that myc and my« have the same image if and
only if ¢ = kn 4+ d (mod |b|) for some 0 < k < |g|. If ¢ = kn +d (mod |b|), then \¢ = \Fn+d,
For all z € T we compute

ﬂ.}\c(zgcd(n,b)) _ ((chd(n,b))qb7 )\c(zgcd(n,b))qn) _ (Zb, )\lm-i—dzn)
_ (()\k ged(n,b) Z)qb, )\d()\k gcd(n,b)z)qn) — ﬂ_/\d((Akz)gcd(n,b))‘
Since z — 28°4"b) and z — (A\Fz)8ed(b) hoth surject onto T, it follows that mye and 7y have
the same image.

Conversely, suppose that myc(2) = my4(v) for some z,v € T. Then 2% = v% and Az = A9y,
Since z% = v%, there is an |g|-th root of unity A\g such that z = Agv. Since b = g, ged(n, b)
there exists 0 < k < |gy| such that Ay = AF&°d(™b) Tt follows that

)\CZQn — )\dUQn — )\d()\kng(n7b)z)Qn — )\kn‘i‘dZQn‘
Therefore, A = A"+ 50 ¢ = kn 4+ d (mod |b]). It follows that E} is a disjoint union of circles,
but what remains is to count how many distinct circles it is composed of.

Since the maps 7y and 7,4 have the same image if and only if ¢ = kn + d (mod |b|) for some
k, the number of circles is in bijection with the cosets of Z,/nZj . To determine the number
of cosets it suffices to determine the cardinality of nZj. Using Bézout’s Lemma at the last
equality we observe that

nZ‘b‘ = {nc S Z\b\ ‘ cc Z} = {nc+ bd € Z\b| | c,d € Zw} = {k: gcd(n, b) S Z|b| | k € Z|b|}~
It follows that Z, /nZ, contains ged(n,b) cosets.

For an explicit identification of E} with the disjoint union of ged(n,b) circles, fix a primitive
|b]-th root of unity A and let 7: {1,...,gcd(n,b)} x T — E} be the homeomorphism defined by
m(k,2) = myx(2) = (2%, \¥29). Under this identification,

74[(ka> — w(z%) —= B0 — Zm/gcd(n,b) and Sl(k,z) _ )\kzqn _ )\kzn/ng("’b),
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Remarkably, the quite different topological graphs F and E; induce topologically conjugate
dynamics on their respective path spaces by Theorem 4.10. This is far from obvious.

By swapping the role of b and n above, we could alternatively let v € T be a primitive |n|-th
root of unity to see that 7': {1,...,ged(n,b)} x T — E} defined by 7/(k,2) = (7%2%,2) is a
homeomorphism. Identifying E} with the disjoint union of circles via 7/, the range and source
maps for Ey satisfy

T](k, z) _ lb(’Ykqu) _ ,ykaqua _ ,ykazm/gcd(mb) and S[(k, z) — i — yn/ged(n,b)

In general, the naive composition of in-splits cannot be realised as a single in-split. If one pays
the penalty of passing to paths, then the following result provides a notion of composition of
in-splits, highlighting the role of the projective limit decomposition of path spaces from (4.1).

Proposition 4.17. Suppose that E is a regular topological graph and that there is a finite
sequence of in-splits I, = (ou, Er,,¥y) for k=1,...,n such that

(i) I is an in-split of E, and

(ii) Iy is an in-split of Ey,_, for k > 2.

Then E}:) = (E?n, 7,1, s) is isomorphic to the graph obtained by a single in-split (a,E?n,w)

n’

of E™ = (E°, E",r,5). Moreover, (a7, E®) is topologically conjugate to (U%In’E?:)'

Proof. For each 0 < p,k < nlet ap: F] — E] and ¢: Ef  — Efk_l be the maps arising
from the sequences defined in the proof of Theorem 4.10, where for consistency we take the
convention that Ey, = E, ag = ay, and 1/}2 = 9. In particular the diagram

r 7‘1 7‘"_2 Tn—l
I I I —_ I
E} K E} L 2 Eple—"—— E}
« \w 1 \ 1 wn72 n—1 \ n—1 n
" " \ Gn ¥n n Qn Yn Qp
1 S
EO TIn—l El 7”I'n,—l\ 7‘"—2 En—l Tn—l En
In—1 In_1 — In—1 In—1 — In—1 In—1
Qp—1 \ al \ 1 an—l \ a™ L
oy Ot - no1 ot O
a2 P2 al ng’2 oz;“1 w;fl al
\ L e -
0 T 1 7'11 7"11 n—1 rll \ .
Eh Eh Ell Eh
\ \ L \
a1 1 Oé% @Z)% w;l \a?_l ¢11—1 a™
\ 1 \ n—2 n—1 \
EO r El r r gr-l . ™"  pn

cominutes.

Let « = ajo---0ay, and let 1 = ¥0 o pl | o‘--ong_1 o ¢l. We claim that (a,E?n,w) is

an in-split of E(™. Clearly « is a continuous proper surjection and ¢ is continuous. Moreover,

aop=ro rlo...pn=2 571 ig the range map on the n-th power E™),
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Repeatedly applying Lemma 4.9 and using the fact that each «; surjects, we see that
E?n = E?n,1 X s,an E?n = ( o ((En Xs,a1 E?l) Xs,az E?z) Xs,ag ) X 8,0 E?,L
~ E" X a10m0an B}, = E™ Xg0 EY .

The source maps on E™ X, E?n as an in-split and E7 clearly agree, and commutativity of the
preceding diagram also imply that the range maps agree.

The final statement follows after observing that E*° ~ @1(]5”“7 rF) o~ m(E”k , 7™ and applying
Theorem 4.10. U

4.2. Noncommutative in-splits. Inspired by the recasting of in-splits for directed graphs and
topological graphs we introduce the following analogous notion of in-splits for C*-correspondences.

Definition 4.18. An in-split of a nondegenerate A—A-correspondence (¢, 4 X 4) is a triple [ =
(a, B, 1) consisting of a C*-algebra B together with a nondegenerate injective *-homomorphism
a: A — B and a left action ¥: B — End4(X) such that ¥ o & = ¢ and, moreover,

(i) a(J) € Jy = 1~ (End% (X)) 1 ker()*, and

(ii) the induced *-homomorphism @: A/Jy — B/Jy is an isomorphism.
To an in-split (o, B, ) of (¢, X4) we associate the C*-correspondence (¢ ® Idg, X ®, B) over

B where the left action is given as (¢ @ Idg)(V')(z ®b) = (b )z @b for all z € X4 and V', b € B.
We call this the in-split correspondence of (¢, X ) associated to I.

Observe that since ¢ and « are nondegenerate, so is ¥. We identify the covariance ideal for the
in-split correspondence.

Lemma 4.19. The ideal Jy, of B is the covariance ideal for (¢ @ Idp, X ®« B). That is,
Jy = Jypetdg-

Proof. Lemma 3.3 implies Jygia, € Jy. For the other inclusion, observe that it follows from
[Pim97, Corollary 3.7] and

a Y End%(B) =a }(B)=A
that the map T'— T'®Idp from End 4(X) to Endp(X ®, B) takes compact operators to compact
operators. In particular, ¢)(b) ®Idp is compact for each b € =1 (End% (X)), so ¢~ (End% (X)) C
(v @ 1dp) " (End% (X ®q B)).

Clearly, ker(¢)) C ker(¢) ® Idg). On the other other hand, if by € ker(¢) ® Idg), then
0= (Y(bo)z @b | 1(bo)r ®@b)p = (b] a((¢(bo)z,¥(bo)x)a)b) B

for all z ®@ b € X ®, B. In particular, a((¢(bo)z | ¥(bo)z)a) = 0, so injectivity of o implies
Y(bo)r = 0 for all x € X 4. Hence, ker(¢) = ker(y) ® Idg). We conclude that Jygia, = Jy. O

Condition (ii) allows for a useful decomposition of elements in B in the following way.

Lemma 4.20. For each b € B there exists a € A and k € Jy such that b = o(a) + k.

If (¢, 4X 4) is the correspondence associated to a topological graph E and I is an in-split of FE,
then I induces an in-split of correspondences in the sense of Definition 4.18. Moreover, the new
correspondence associated to the in-split of correspondences may be identified with the graph
correspondence of the in-split graph F7. It is in this sense that Definition 4.18 generalises the
topological notion of in-split of Definition 4.3.
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Proposition 4.21. Let E be a topological graph and let I = (a, E(I),w) be an in-split of E. Let
(¢, X(E)) and (¢1, X(E7)) be the graph correspondences of E and Ej, respectively. Then there
is an induced in-split (a*, Co(EY),v*) of (¢, X(E)) satisfying

a’(f)=foa and ¢*(f)z(e) = f((e))z(e)
forall f € A, v € C.(EY), and e € E'.
Moreover, the in-split correspondence (* @ 1d, X (E) ®a+ Co(EY)) is isomorphic to (¢1, X (Er)).

Proof. Let A = Cy(E®) and A; = Co(EY) be the coefficient algebras of X(FE) and X (Ej),
respectively. Since « is a proper surjection there is a well-defined nondegenerate injective *-
homomorphism a*: A — Aj given by a*(f) = f o« for all f € A. For each g € Aj, define an
endomorphism ¥*(g) on C.(E') by ¥*(g)z(e) = g(¢(e))z(e) for all z € C.(E') and e € E.
The computation
[4*(g)zl* = 1™ (9)z [ ¥*(9)x) allo = sup > lg@(e)z(e)l* < llgllcllzll*,
VELT s(e)=v

for all z € C.(E') and e € E' shows that the map g +— 1*(g) extends to a *-homomorphism
¥*: Ar = Enda (X (E)) satisfying ¢*(g)" = ¢*(9).

Observe that Jy = Cy( and Jy = CO(E]»L/,

reg) and since « restricts to a homeomorphism
between E9  and Ehp Smg, it follows that o maps K7y —reg Onto EY

reg)
sing regy 50 a*(Jy) € Jy, and
Egng) = A)Jy — A/ Jy = Co(EY ,_gpg) i a #-isomorphism. Therefore,

(a*, A7, v*) is an in-split of the graph correspondence (¢, X (E)).

the induced map @: Co(

Next we verify that the C*-correspondences (¢* ® Id, X (F) ®q+ Co( EY)) and (¢
isomorphic. Define 8: Co(E') ®q+ C. (EI) — C.(E}) by Bz ® f)(e,v) = x(e
z € Co(EY), f € C(EY), and (e,v) € E}. For z,z € C.(E') and f, f’ € C.(EY), th

Bae B @ Ma)= D wdff )= > z(e)2(e)f(v)f ()

sr(ev)=v s(e)=a(v)
= (z | 2")a(a(v)) f(0) f'(v) = (f | & ((x [ 2)4) [") 4, (v)
=@ fl2'® ),

shows that ||f(z ® f)|| = |lz @ f|]. Consequently, 5 extends to an isometric linear map
G X(E) Rar A — X(E])

If 2 € C.(EY) and g,¢' € A, then B((z®g)-¢') = B(x ® g) - ¢’ and
o1(9)B(z @ g)(e,v) =g (¥(e))z(e)g(v) =B((V" @ 1d)(g")z ® g)(e, v),
for all (e,v) € E}. This shows that (Id, 3): (¢¥* ® Id, X(E) ®q+ Co(EY)) — (o1, X(E))) is a

correspondence morphism.

1, X (FEr)) are
)f(v), for all

e computation

It remains to verify that 3 is surjective. Fix n € C.(E}). Since sy is a local homeomorphism,
we can cover supp(n) by finitely many open sets {U;} such that s;|y, is injective. Let {p;} be a
partition of unity subordinate to the cover {U;}. Then p;n has support in U;.

Define & € C.(EY) by &(v) = pin(s~t(v),v), and use Urysohn’s Lemma to find ¢; € C.(E!)
such that (; is identically 1 on the compact set

{e € B! : there exists v € EY such that (e,v) € supp(pin)}.
Then p;n = 5(¢; ® &) by construction and so

n= mez Zﬁ(CﬂE@&')
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is in the image of 3. As n € C.(E}) is arbitrary, 3 is surjective. O

Every discrete directed graph is—in particular—a topological graph, so Proposition 4.21 also
applies to directed graphs. Since in-splits are examples of strong shift equivalences, Theorem 3.5
shows that the associated Cuntz—Pimsner algebras are gauge-equivariantly Morita equivalent.

Proposition 4.22. Let (¢, sX4) be a C*-correspondence and let (c, B, ) be an in-split. Then
(¢, AX 4) is strong shift equivalent to the in-split correspondence (¥ @ 1d, X ®, B). Hence Ox
is gauge equivariantly Morita equivalent to Oxg B-

Proof. Consider the C*-correspondences R = (¢, pX4) and S = (a, aBp) and observe that
S ® R is isomorphic to (¢, 4X4) via the map b ® x — 1(b)x for all z € X4 and b € B, while
R ® S is the in-split (¢ ® Id, X ®,, B). This is a strong shift equivalence. O

For in-splits more is true: they are gauge-equivariantly x-isomorphic (see Theorem 4.24), gen-
eralising [BP04, Theorem 3.2] (see also [ER19, Theorem 3.2]). First, we need a lemma.

Lemma 4.23. Let X4 be a right Hilbert A-module and suppose that a: A — B is an injective
x-homomorphism. Then there is a well-defined injective linear map B: X — X ®q B satisfying
B(x-a)=x®ala) forallz € X and a € A.

Moreover, suppose o is nondegenerate, X 4 is countably generated, and A is o-unital. Let (z;);
be a countable frame for X4 and let (uj); be an increasing approzimate unit for A. With
a; = (uj —uj—1)"? the sequence (v; ® a(a;)) is a frame for X4 ®q B.

Proof. For any © € X4 there is a unique ' € X4 such that x = 2’/ - (2’ | 2/)4, cf. [RWOS,
Proposition 2.31], so we may assume that any element in X4 is of the form z - a, for some
x € X4 and a € A. Observe that for any x1,29 € X4 and a1,as € A, we have

(4.2) (r1 @ a(ar) | 22 @ ala2))p = a((x1 - a1 | 2 - a2)4),
21 ® a(a1) — x9 @ afag)|? = [|(z1 ® a(a1) | 21 @ alar))p — (21 ® afar) | 32 © alaz))s
— (22 ®@ afaz) [ 21 ® afa1)) g + (22 ® afaz) | 22 ®@ afa2)) |l
= [la((z1-a1 | w1 -a1)a — (v1-a1 | x2-a2)4
—(x2-a2 | x1-a1)a+ (x2-az | x2 - az)a)ll
= ||lz1 - a1 — 29 - an?.

This computation shows that 5: X — X ®, B given by f(z-a) =z ® a(a) for all x € X and
a € A is well-defined and isometric.

For the second statement, observe that (a;);en is a frame for A as a right A-module since

J J
Zai (a; | a)a = Zaiafa =uja—a
i=1 i=1
as j — oco. The result now follows from Proposition 2.16. O

Theorem 4.24. Let (¢, 4 X 4) be a countably generated correspondence over a o-unital C*-algebra
A, let (o, B,v) be an in-split, and let (¢ @ Id, X ®q B) be the in-split correspondence. With the
map B as in Lemma 4.23, the pair (o, B): (¢, X) = (Y @ 1d, X ®, B) is a covariant correspon-
dence morphism. The induced x-homomorphism o x f: Ox — Oxg,B S a gauge-equivariant
x-1somorphism.
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Proof. We first verify that (o, 8): (¢, X) — (¢ ® Id, X ®, B) is a correspondence morphism.
For the right action, we see for x € X4 and a,a’ € A that

Bz -a)-ald) =z @ a(ad) = B((z-a)-d),
and for the left action, we apply ¥ o a = ¢ to observe that

(¥ @1d)(a(a’))B(x - a) = ¢(d')z ® a(a) = B(d(d')z - a),
for all x € X4 and a,a’ € A. Together with (4.2) this shows that («, ) is a correspondence
morphism.

For covariance of (a, ) let (z; ® a(a;)) be the frame for X4 ®, B as defined in Lemma 4.23.
Then for T' € End%(X),

43) BT =" Op(rw,ay).b(wray) = (T ®IdB) Y Ousa(ay)awata) = T @ 1dp .
Let a € Jy. Then setting T' = ¢ x(a) we have

B o ¢y(a) =dx(a)®Idg = (Yo ala)) ®Idp = (v ® Idp) o a(a)
so (a, ) is covariant. Since « is injective, we know from Lemma 2.6 that a x (3 is injective and
gauge-equivariant.
For surjectivity we first claim that ¢:p(B) lies in the image of a x 5. Fix b € B and write

b= a(a) + k for some a € A and k € Jy = Jygia, using Lemma 4.20. Since (k) is compact,
we get B ((k)) = (k) @ Idp. It then follows from covariance of (1, txe, ) that

vp(k) = 1), 5o (0 @ 1dp) (k) = b 5o BUW(K)) = (a x B) o (w(k))

also lies in the image of a x 3. Consequently,
tB(b) = tp(a(a)) + (k) = (o x B)(va(a)) + tp(k) € (o x B)(Ox).
Finally, observe that if x-a ® b € X ®4 B, then
txgo,B(X-a®b) = (axB)x(z-a))pb)

which is in the image of o x 8. This shows that a x 3 is surjective, and we conclude that it is
a gauge-equivariant x-isomorphism. [l

Example 4.25. Let (¢, 4X4) be a regular C*-correspondence and let (a, B, %) be an in-split.
Since both ¢ and « are injective, we may identify B with a subalgebra of End% (X) that contains
#(A). Conversely, any C*-algebra B satisfying ¢(A) ¢ B C End%(X) determines an in-split
(v, B,¢) where ¥: B — End4(X) is the inclusion. Therefore, there is a gauge-equivariant
#-isomorphism Oy = Oxg,p. In particular—as noted in [Ery21, Example 6.4]—there is a
gauge-equivariant x-isomorphism Ox = O X ©yEndd, (X)*

Consider a regular correspondence (¢, 41X 4) and let i: End%(X) — Enda(X) denote the inclu-
sion. Then ( ®IdEnd%(X),X®End?4 (X)) may be thought of as a “maximal” in-split of (¢, 41X 4)
in analogy to the dual graph in the setting of topological graphs. This analogy is further justified
by the following noncommutative version of Lemma 4.14.

Lemma 4.26. Let (¢, 4X4) be a regular nondegenerate C*-correspondence with an in-split
I = (o, B,%). Let ap: End%(X) — End% (X ®4 B) be the map defined by ay(T) = T ® Idp.
Then I' = (¢, End%(X), o) is an in-split of (v @ Idp, X ®4 B) and

(1 ® Idgyqo (x); (X ®a B) @y End) (X)) = (i @ ldg, g0 (x), X ®g End’ (X))
as End% (X)-EndY (X)-correspondences.
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Example 4.27. Let E = (E°, E',r, 5) be the topological graph of Example 4.16, with r(z) = 2™
and s(z) = 2" and let By = (EY, E},r, 1) be the in-split graph of Example 4.16. In particular,
EY =T, E} = U%fén’b)fl T, ri(k,z) = 2™/ &db) and s;(k, z) = A2/ 8db) for some fixed
|b]-th oot of unity A. Then Ox gy and Ox(g,) are gauge equivariantly *-isomorphic.

Consider E when m = n = 2, and define a directed graph F = (F°, F! rp, sp) with vertices
FY =T, edges F' = {0,1} x T, and rp(2) = sp(z) = z. It is shown in [FNS, §5] that the graph
correspondence X (E) is isomorphic to the graph correspondence X (F'), while E and F' are not
isomorphic as graphs.

Let @ = 1 and b = 2, so ged(n,b) = 2. The in-split E; has vertices EY = T and edges
Bl = {0,1} x T with r;(k,2) = (=1)*2% and s;(k,z) = 22. Here we have used the second
description of Ej from Example 4.16. Since the edges, vertices, and source maps are the same
for both E; and F, it follows that X (E7) and X (F') are isomorphic as right C(T)-modules.
On the other hand, since the range maps on E; and F' are different, the left action of C(T)
differs between the two modules. In particular, X (F7) is not isomorphic to X (F') = X(FE) as
C*-correspondences. We suspect that X (E7) is typically not isomorphic to X (E) in general.

4.3. In-splits and diagonal-preserving isomorphism. The work of Eilers and Ruiz [ER19,
Theorem 3.2] shows that unital graph algebras of in-splits (out-splits in their terminology) are
gauge-equivariantly x-isomorphic in a way that also preserves the canonical diagonal subalgebras.
In our general setting of Cuntz—Pimsner algebras, there is no obvious notion of canonical diagonal
subalgebras. However, specialising to the setting of topological graphs, we can define such a
diagonal. We prove in Proposition 4.33 that in-splits of correspondences over topological graphs
gives a diagonal-preserving and gauge-equivariant s-isomorphism of the corresponding Cuntz—
Pimsner algebras.

Lemma 4.28. Let (¢, X 4) be a nondegenerate C*-correspondence over A and let (o, B,v) be
an in-split. Then (X ®4 B)®* = X®* @, B as right B-modules via the isomorphism

21 ® Rk @b = 21 @Y(b1)r2 ® -+ Y (bp_1)xk @ by
In particular, Fock(X ®, B) = Fock(X) ®, B.
Proof. Since ¢ and « are nondegenerate, so is ¢. Hence, X ®4 B @y X = X Qyoq X = X®2 via
the map 1 ® by ® x9 — 1 @ 1(b1)z2. The result now follows inductively. O
We now restrict to topological graphs and show that there is a notion of diagonal subalgebra.
Lemma 4.29. Let E be a topological graph and let

CL={z € C.(E"Y) |z >0 and Slsupp(x) 18 injective}.

Then DL = span{O,, | * € CL} is a commutative subalgebra of EndOCO(EO)(X(E)) which is

isomorphic to Co(E").

Proof. Since E! is paracompact and s is locally injective we may choose a locally finite open
cover {U;} of E' such that s|y, is injective. Let {p;} be a partition of unity subordinate to {U;}.
Fix a positive function z € Co(E") and define

‘I/(fC) = ;@(pim)l/Q,(pim)l/Q (S 'DlE
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The sum converges as for z € C.(E') and e € E*,

o0

(44)  W@)a(e) =D (o) Pe) YD (ou) (S sz &) = (e)z(c).
i=1 s(f)=s(e)

In particular, ¥(x) acts as a multiplication operator. Moreover, (4.4) implies that ¥(z) is
independent of the choice of open cover and partition of unity. Since ¥ (z + y) = ¥(x) + ¥U(y),
and W(xy) = U(x)¥(y) for positive x,y € Cy(E') and positive elements span Cy(E') we can
linearly extend the formula W(z) to all x € Cy(E") to obtain a *-homomorphism ¥: z + ¥(x)
from Cp(E') to DL. Since |supp(x) Ns~(v)] <1 for all z € € and v € EY, it follows that

[@(2)||* = sup sup Y |W(z)z(e)]* = sup sup D |x(e)
=v

lall=1vem0 (52, l=ll=1ve B0 45y

Since sup)|;=1 2 s(e)=v |z(e)z(e)|? is the square of the operator norm of the multiplication oper-
ator W(x) restricted to £2(s71(v)) it follows that ||¥(z)||? = ||z||%, and so ¥ is isometric. For

surjectivity observe that for each x € C},
Oy2(e) = z2(e)z(e) = W(x?)z(e)
0 O, = ¥(x?). Since the O, densely span D, surjectivity of ¥ follows. O

Definition 4.30. Let E be a topological graph. We call D}, C End%o(Eo)(X(E)) the diagonal
of Endc (50)(X(E)). For k > 1 define

ek ={z e C.(E") |2 >0and 8|supp(z) 18 injective}  and
'D]f; = 5pan{0, . | © € €%} = Cy(E").
Let DY = Co(EY). Define the diagonal of Ox(g) to be the C*-subalgebra

Dp —ZLX (Dk) —span{LX ( ex) | T €CE Kk >0}

- W{LX(EWg';g J(2)" | @€ €k >0},
where the terms of the sum are not necessarily disjoint.

Remark 4.31. For each k > 0, EndC (o) (X (E*)) is isomorphic to the groupoid C*-algebra

of the amenable étale groupoid Ry = {(x,y) € E¥ x E¥ | s(x) = s(y)}. The isomorphism
F End%O(EO)(X(Ek)) — C*(Ry,) satisfies ®(O, 4 )(e, f) = z(e)y(f) for x,y € X(F), with the
inverse satisfying
N (Oz(e) = Y (e Ha(f)
s(f)=s(e)
for ¢ € C.(Rg) and = € C.(E). Details can be found in [Mun20, Proposition 3.2.14]. The map
® takes Dy onto the canonical diagonal subalgebra of C*(Ry) consisting of Cp-functions on the

unit space. Moreover, D is the canonical diagonal of the Deaconu—Renault groupoid associated
to E [Mun20, Proposition 3.3.16].

Recall from Proposition 4.21 that if (o, E9,4)) is an in-split of a topological graph E, then
(a*,Co(Er)°,9*) is an in-split of the graph correspondence (¢, X (E)). Since Proposition 4.21
implies X (Er) & X (E) ®q+ Co(EY), we may consider the *-isomorphism a* x 3 of Theorem 4.24
as a map o X 8: Ox(g) = Ox(g;). We will show that o x § also preserves diagonals in the
sense that (a* x §)(Dg) = Dg,.
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To this end, let B = Co(EY). It follows from Lemma 4.28 that there are *-isomorphisms
X(E)** @a- B 2 (X(E) @o+ B)®* 2 X (E1)*" = X(BY)

for all k > 1. Using Lemma 4.9 to identify E} with E¥ x;, EY we define
(1 ® - @z b)(e1,...,ekv) =x1(e1) - - xx(er)b(v),

for all z1,...,2, € X(E), b€ B, and (eq,...,ex,v) € E¥ x5, EY.

Lemma 4.32. Let 2 € C.(E¥) and b € Co(EY). Thenx @b € @IfE[ if and only if x € CX.

Proof. Fix z € C% and b € Co(EY). If (z ® b)(e,v) = z(e)b(v) and (z ® b)(e/,v) = x(e')b(v)
are nonzero for e,¢/ € EF with s(e) = s(¢/) = a(v), then z(e) and z(¢’) are nonzero, so by
assumption e = ¢’ and hence (z ® b) € (‘3]}"31. Conversely, suppose (z ® b) € G%I and z(e) and
z(e’) are nonzero for some e, e’ € E¥ with s(e) = s(e’). Then (z ® b)(e,v) and (z ® b)(¢’,v) are
both nonzero as soon as one is nonzero. Hence, ¢ = ¢/ and so x € Clﬁj. O

Proposition 4.33. Let E be a topological graph and let I = (a, Eé, ) be an in-split of E. Then
the Cuntz—Pimsner algebras Ox gy and Ox g,y are gauge-equivariantly x-isomorphic in a way
that also preserves the diagonal subalgebras.

Proof. Since o x 3 is injective, it is enough to show that (o* x 3)(Dg) = Dg,. Let a; =
(uj —u;—1)"/? be as in the statement of Lemma 4.23, and recall that (o*(a;)); is a frame for B as
a right Hilbert B-module. Let 3%) denote the map (ﬁk) : End% (X (E)®F) — End% (X (E;)®F).
Given z € €% we may apply (4.3) to ©,, € End%(X®*) to see that

B(Or2) = Orz @1dp =Y Orgar(ar) wwar (a)-
i=1

It follows from Lemma 4.32 that x ® a*(a;) € G%I so B#)(O,.,) € D’ﬁ;]. Consequently,

(a* % B) 0 1)) (On) = 1),y © BH)(Or0) € Dy
and so (a* x B)(Dg) C Dg,.

For surjectivity, first observe that since X (E7)®*F = X (E)®* @, B is densely spanned by the
set {r®b |z € X(E)®, bc B}, and Lemma 4.32 states that z ® b € GIZJI if and only if z € €k,
S0

@’fEI = 5pan{ O xb b | T € @]E, be Co(EYD)}.
Observe that for t® b € GEI,

) 5 (Ouabamy) = e p(x ©0)ke 5l ©b)* = (ax B)(K(2))i(bb*) (@ x B)(k ()",

so it suffices to show that tp(b) € (a x 5)(Dg) for each b € B.

Fix b € B and use Lemma 4.20 to write b = a*(a) + j for some a € A and j € Jy. We have
tp(a*(a)) = (a* x B)(tala)) € (a* x B)(Dg). On the other hand, when j > 0,

V() = l/zzex“x ()2 = Z@w* ()Y 2% () 21

Since (¢¥*(5)Y%x:)(e) = j(¢(e ))1/2 i(e) it follows that s restricted to the support of 1*(5)'/2x;
is injective. Hence, 9(j) € D}, and by linearity this is also true for general j € Jy. Covarlance
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of (tp,txge,p) and (4.3) imply that

B0) = D X0 5O /20 e 11722, O 1dB) = Dk 3 © B (O g1/, o122,

= Z(a* X /8) o ng:)(Gw*(j)l/Qmiaw*(j)l/Zmi)

7

belongs to (a* x 8)(Dg). Consequently, tp(b) € (a* x 5)(Dg) and so (a* x §)(Dg) = Dg,. O

Example 4.34. The *-isomorphism between O y(g) and O x(g,) of Example 4.27 is also diagonal
preserving.

Remark 4.35. Theorem 3.5 and Proposition 4.33 imply that a diagonal-preserving, gauge-
equivariant s-isomorphism between the Cuntz—Pimsner algebras of topological graphs is not
sufficient to recover the original C*-correspondence up to isomorphism. An analogous result
for Cuntz—Pimsner algebras of graph correspondences states that diagonal-preserving, gauge-
equivariant isomorphisms are not sufficient to recover the graph up to conjugacy.

The final section of [BC20] exhibits an example of a pair of finite and strongly connected graphs
that are not conjugate but whose graph C*-algebras admit a *-isomorphism that is both gauge-
equivariant and diagonal-preserving. The main result of [ABCE22] uses groupoid techniques
to recover a topological graph up to conjugacy using *-isomorphisms that intertwine a whole
family of gauge actions. For general Cuntz—Pimsner algebras there is no obvious such family of
gauge actions.

A recent preprint [FNS] explains how to recover the graph correspondence of a compact topolog-
ical graph from its Toeplitz algebra, its gauge action, and the commutative algebra of functions
on the vertex space.

5. OUT-SPLITS

In this section, we consider the dual notion of an out-split. The non-commutative version applied
to Cuntz—Pimsner algebras is not as fruitful as non-commutative in-splits. The inputs are more
restrictive and the outputs less exciting, but we include this section for completeness.

For a graph, we will see that an out-split corresponds to a factorisation of the source map. We
use the notation of Bates and Pask [BP04] as well as Eilers and Ruiz [ER19], but we warn the
reader that our graph conventions follow Raeburn’s monograph [Rae05] and so are opposite to
the convention used in those papers.

5.1. Out-splits for directed graphs. Let £ = (E', E° r, s) be a countable discrete directed
graph. We recall the notion of an out-split from [BP04, Section 3]. Fix a regular w € E (i.e.
0 < |s71(w)| < 00), and let {P?}™; be a partition of s~!(w) into finitely many (possibly empty)
sets.

The out-split graph of E associated to P is the graph E,.(P) given as
Ey(P)° ={v; :ve EY Ufwy,...,w,}
Ey(P) ={e1:ec EYr(e) ZwlU{er,...,en:e € EYr(e) =w),
ro(e;) = r(e);,

ss(e;) = {s(e)l if s(e) # w,

w; if s(e) = w and e € P,

for all e; € EL(P).
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Example 5.1. Consider the graphs

el

e O/h_l\

W @«——

g1
f U1
we @ oV and ) .
W €2 92
ho

w2 @

The incoming edges to w are coloured for clarity. Then s~!(w) = {e, f} and we consider the
partition Py = {e} and Py = {f}. The out-split graph—with respect to this partition—is the
right-most graph above.

Note that the loop e is both an incoming and an outgoing edge. The adjacency matrices of the
graphs are
110

Az(é (1)> and C=10 01
2 20

and the rectangular matrices
10
R=1{(0 1 and S:((l) (1] (1)>
2 0

satisfy C = SR and RS = A. Therefore, A and C are (elementary) strong shift equivalent. Any
out-split induces a strong shift equivalence, cf [LM95, Chapter 7].

The out-split at w can be summarised as two pieces of information: there is a finite-to-one
surjection a: EY(P) — E° given by a(v;) = v, for all v; € EY(P), and a surjection v: E! — E?
given by

wle) = {5(6)1 if s(e) # w,

w; if s(e) = w,e € P,

for all e € E'. Observe that s = a0 1), so we interpret an out-split as a factorisation of the
source map (in contrast to an in-split which we saw was a factorisation of the range map).

We may now form the graph (E9(P), EY(P) X E', 7, 5) where the edge set is the fibred product
EY(P) Xor Bt = {(vj,e) € EX(P) x B' : v =r(e)}
and r(vj,e) = vj and s(vj,e) = ¥(e) for all (v/,e) € EY(P) x4, EL. This is graph isomorphic to
the out-split graph Es(P) via the map e; — (v, e) for all ¢/ € EL(P).
We give a definition of out-splits for regular topological graphs, which includes regular directed
graphs.
Definition 5.2. An out-split (or source-split) of a topological graph E = (EY, E' r, s) is a triple
O = (o, Y, %) consisting of
(i) a locally compact Hausdorff space Y,
(ii) a proper surjective local homeomorphism a: Y — E°, and
(iii) a proper surjective local homeomorphism ¢: E! — Y,

such that o) = s.
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Remark 5.3. The continuity assumptions of an out-split O = («a, EJ, ¢) are automatic for regular
directed graphs.

We associate a new topological graph to an out-split.

Lemma 5.4. Let E = (E°, E' r, s) be a regular topological graph and let O = (a,Y,) be an
out-split of E. Then Eg = (EJ, Eé),r@, s0) 1s a regular topological graph, where
(i) E§ =Y;
(ii) B} = EY xar E' = {(v,e) € E§ x E' | a(v) =r(e)} equipped with the subspace topology
of the product E(% x E'; and
(iii) ro(v,e) = v and sp(v,e) =Y(e), for alle € E' and v € EY.

Proof. We will be brief as the proof is similar to the in-split case. The edge space E([l) is a closed
subspace of a locally compact Hausdorff space, and so is locally compact and Hausdorff. Also
sp is a local homeomorphism since 1) and « are.

The map rqg is clearly continuous and is surjective since r is surjective. The range rg is proper,
and to see this we let K C E(% be compact. Then

761([() =K Xq, r_l(a(K))
is compact. So Eg is a regular topological graph. Il
Definition 5.5. We call Eg = (EQ, E}, 70, s0) the out-split graph of E via O.

5.2. Noncommutative out-splits. In-splits for topological graphs correspond to factorisa-
tions of the range map. In the noncommutative setting this translates to a factorisation of the
left action on the associated graph correspondence. On the other hand, out-splits for topological
graphs correspond to a factorisation of the source map, which defines the right-module struc-
ture of the graph correspondence. This makes the noncommutative analogy for out-splits more
difficult to pin down than in the case of in-splits.

Definition 5.6. An out-split of a regular C*-correspondence (¢x, 14X 4) consists of:

(i) an inclusion a: A — B with corresponding conditional expectation A: B — A;

(ii) a right B-module structure on X which is compatible with o and A in the sense that
z-afa) =z-aforallz € X and a € A and A((z1 | z2)B) = (z1 | x2)a for all z1,x9 € X;

(iii) a left action of A on Xp by adjointable operators that agrees with the left action of A
on X 4. In either case, we denote the left action by ¢x.

Let B4 be the completion of B with respect to the inner product (by | ba)a = A(b}be) for all
b1,be € B, and let (Idp, BBQ) be the associated B—A-correspondence with left action of B given
by multiplication. We then define the out-split correspondence (¢, BM @4 Xp) over B where
the left action is just left multiplication.

The idea behind Definition 5.6 is that by using the expectation A we are able to factor the
structure of X 4 as a right module through the algebra B. The following lemma makes this more
precise. We write [b] for the class of of b € B in BA.

Lemma 5.7. The correspondence (¢px, X 4) is isomorphic to (¢x ® Idga, sXp ®p Bﬁ)

Proof. Let x,2' € Xp and b,b’' € B. Observe that
(z-b] 2" b)a=A((z-b]2"-V)p) = A (x| 2')pt) = ([B] | [(w | ') pb])a = (2@ [8] | 2’ @ [V]) 4.
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In particular ||z -b| = 0 if and only if || ® [8]|| = 0. Consequently, the map 3: Xp®p B» — X4
given by B(x @ [b]) = = -b for x € X4 and b € [b] is well-defined. The map 3 is clearly
an A—A-bimodule map, and so (Id4,3) defines an injective correspondence morphism from
(¢px ®@Idga, aXp ®B Bﬁ) to (¢px, aX4). For surjectivity fix © € X4. Then there exists y € X4
such that z =y - (y | y)a = By ® [a((y [ y)a)])- 0

Theorem 5.8. The correspondence (¢x, AXa) is elementary strong shift equivalent to the out-
split (¢pp, B» @4 Xg). When (¢x, AX4) is reqular and nondegenerate, then the Cuntz—Pimsner
algebras O xgpa and Opgagx are gauge equivariantly Morita equivalent.

Proof. Appealing to Lemma 5.7, it follows by definition that (¢x, 4X4) is elementary strong
shift equivalent to (¢, BA®4Xp). The Morita equivalence is the main result of [MPT08] applied

to the correspondences R = (¢x, aXp) and S = (Idp, BB%), and the gauge equivariance follows
from Theorem 3.5. O

Remark 5.9. With apologies for the terminology, un-out-splitting seems more natural. That
is starting with a correspondence (A, Xp) and an expectation A: B — A, one can naturally
construct (4, X ®p Bﬁ). In our previous language we would have X4 = Xp ®p Bﬁ. The
downside is that (A, Xp) is not a self-correspondence.

In the case where X4 = X (FE) is the correspondence of a directed graph E with out-split O,
Definition 5.6 recovers the correspondence of the associated out-split graph X (Eg).

Proposition 5.10. Let O = (a,E(%,w) be an out-split of a regular topological graph E. Let
A = Cy(E®) and B = Cy(E3). Then:

(i) a*: A — B given by a*(a)(v) = a(a(v)) is an injective x-homomorphism;

(ii) the conditional expectation A: B — A given by

AB)(w) = > b(u)
u€a~1(v)
for b € C.(EQ) is compatible with o*; and
(iii) X(E) can be equipped with the structure of a right B-module via the formulae
(z-b)(e) = x(e)b(v(e)) and (z|y)puw)= ) wz(e)y(e)
e€y=1(u)

for all z,y € C.(E') and b € Cy(EY), and the left action of A on X (E) also defines a
left action by adjointable operators with respect to the new right B-module structure.

Moreover, the correspondences (¢, X (Eg)) and (¢*, B> @4 X(E)) are isomorphic.

Proof. Since a: E(% — EY is proper and surjective, a* defines an injective x-homomorphism.
The expectation A is clearly compatible with o* in the sense that A(a*(a1)ba*(az)) = a1 A(b)as
for all aj,as € A and b € B. It is also straightforward to verify that the formulae in (iii) define
a right B-module structure on X (FE).

Since s = a0 1, it follows that = - a*(a) = x - a. Moreover,

AM(zi[22)p)(0) = Y. (1 ]aa)pu)= >, > wzi(e)ra(e)
)

u€a~1(v) u€a—(v) e€yp—1(u

= Z zi(e)za(e) = (z1 | z2)a(v),
s(e)=v
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for all 21,72 € X and v € E°. It follows that we have an out-split (cf. Definition 5.6) on the
graph module X (E) so we may form the out-split correspondence (¢*, B @ 4 X (E)).

We would like to define a map ¥: (¢p, B> @4 X (E)B) — (¢, X(Eg)) by
T ([b] ® z)(u,e) = b(u)z(e),
for all [b] ® z € B* @4 Xp and (u,e) € E}. For u € EJ, recall that
sp () = {(w,€) € B x B : ¥(e) = u,a(w) = r(e)}.
With this observation we can compute

(W] @a1) | O([ba] @ 22))p(uw) = > bi(w)ai(e)ba(w)za(e)

(w,e)Es&l(U)

= > > bi(w)zi(e)ba(w)za(e)
ecy—1(u) wea=1(r(e))

= Y z(e)A(bibo)(r(e))za(e)
e€y~1(u)

= (21 | A(bib2)z2) B(U)

= ([bl] @ 21 | [b2] ® 22) B(u).

Consequently, ¥ is well-defined and extends to an isometric linear map ¥U: BA®4 Xp — X (Eo).
The map W preserves the left action since

U (¢ (01)([b2] ® 2))(v, €) = W([b1bo] @ x)(v, €) = b1(v)bz(v)z(e) = d(b1)¥([b2] - ) (v, €),
for all by,be € B, x € X, and (v,e) € E(é); similarly, ¥ preserves the right action as
U([b1] ® @ - ba) (v, €) = br(v)x(e)ba(vh(e)) = (¥([b1] ® @) - b2)(v, ),
for all by,by € B, x € X, and (v, e) € Ep,.

Since functions of the form (v,e) — b(v)z(e) densely span C.(E2 Xq, E'), it follows from the
Stone-Weierstrass theorem that W is surjective. O

Example 5.11. We give the out-split version of Example 4.16.

Fix m,n € Z\ {0} and let EY := T and E! := T. Define r,s: E! — E° by r(z) = 2™ and

s(z) = z". Then E = (E°, E',r, s) is a topological graph. Suppose a,b € Z satisfy n = ab. Define

Y: B' = T by ¢(2) = 2% and a: T — E° by a(z) = 2°. Since s(z) = 2" = (2%)’ = a o ¥(2), it

follows that O = («, T, ) is an out-split of E. Exactly as in Example 4.16, the new edge space
Ey ={(z1,2) € T2 | 28 = 21"}

is homeomorphic to a disjoint union of ged(m, b) copies of T.

An explicit identification of E%)) with the disjoint union of circles is given by fixing a primitive
|b|-th root of unity A. Let m: {1,...,ged(m,b)} x T — E} be the homeomorphism defined by
m(k,z) = (\kzm/ ged(mb) ;b/ged(mb)y Under this identification,

T@(lﬁ Z) _ )\kzm/gcd(m,b) and 8@(]6, Z) _ w(zb/gcd(m,b)) _ Zab/gcd(m,b) _ Zn/gcd(m,b)‘
By Theorem 5.8, the topological graphs E and Eg have gauge equivariantly Morita equivalent

C*-algebras. This is very different from the x-isomorphism arising from the analogous in-split
of the range map.
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