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ABSTRACT. In this article we give a comprehensive treatment of a ‘Clifford mod-
ule flow” along paths in the skew-adjoint Fredholm operators on a real Hilbert
space that takes values in KO, (R) via the Clifford index of Atiyah—Bott-Shapiro.
We develop its properties for both bounded and unbounded skew-adjoint oper-
ators including an axiomatic characterization. Our constructions and approach
are motivated by the principle that

spectral flow = Fredholm index.

That is, we show how KO-valued spectral flow relates to a KO-valued index
by proving Robbin-Salamon type result. The Kasparov product is also used to
establish a spectral flow = Fredholm index result at the level of bivariant K-
theory. We explain how our results incorporate previous applications of Z /27—
valued spectral flow in the study of topological phases of matter.
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1. INTRODUCTION

In this paper we examine the theory and applications of spectral flow for op-
erators on a real Hilbert space. Aspects of the theory have been in place since
Atiyah and Singer [ATS169]. Recent developments in the mathematical study of
topological phases necessitates a more systematic approach.

1.1. Background. The first occurrence of the notion of spectral flow for loops in
the space of skew-adjoint Fredholm operators on a real Hilbert space appears in
an article of Witten [W1T82]. From a more mathematical perspective the first study
is due to Lott [LoT88] who, drawing inspiration from Witten’s ideas, introduced
the notion of ‘Clifford module-valued spectral flow” for loops in the classifying
spaces of real K-theory. He followed the treatment by Atiyah-Singer for these
classifying spaces [ATS169]. These early papers also closely followed the article of
Atiyah, Patodi, and Singer [APS76, Sec. 7] by introducing spectral flow using the
notion of ‘intersection number’.

The present article is partly motivated by recent applications of the notion of
‘real spectral flow” in the study of topological phases of matter [CPSB19, DSBW18]
where skew-adjoint Fredholm operators arise naturally from Hamiltonians in
quantum systems. Our focus, however, is to give a comprehensive treatment of
the mathematical questions that these applications have raised. We nevertheless
sketch how notions of spectral flow that have previously appeared in the study of
topological phases relate to our results.

Our first observation is that the intersection number definition of spectral flow
is not helpful for the applications to topological phases that have emerged re-
cently. For these, an analytic approach is needed, particularly for aperiodic and
disordered systems whose spectra cannot be easily studied in general. For spec-
tral flow along paths of self-adjoint Fredholm operators on a complex Hilbert
space, an analytic approach began in [PH196] and was extended in [BBLPos]. This
analytic approach may be adapted to the case of spectral flow along paths in
the skew-adjoint Fredholm operators on a real Hilbert space. One method of
achieving this is found in [CPSB19g] where a Z/2Z-valued spectral flow in the
skew-adjoint Fredholm operators on a real Hilbert space was defined.

The study of topological phases can be related to the classifying spaces of
KO-theory [ALZ197, KiTog]. Here we exploit the construction by Atiyah-Singer
[ATS169, KAR70, SCH93] of these spaces in terms of skew-adjoint Fredholm opera-
tors and develop in this framework a general analytic theory of spectral flow.

1.2. The main results. Our first objective is the generalization of the analytic
Z/2Z—valued spectral flow of [CPSB19] along paths in the space of skew-adjoint
Fredholm operators on a real Hilbert space to a ‘Clifford module flow’ that takes
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values in KO, (R) via the Clifford index of Atiyah—-Bott-Shapiro [ABS64]. After
setting out the preliminaries in the early sections, we give the definition in Sec. 5
and its relation to all previously studied spectral flow. We develop its proper-
ties for both bounded and unbounded skew-adjoint operators and present an
axiomatic framework for this KO-valued spectral flow that is analogous to that
already existing in the complex case in [LEso05].

Our constructions and approach are motivated by the principle that

spectral flow = Fredholm index.

That is, we show how KO-valued spectral flow relates to a KO-valued index
by proving in Theorem 8.1 in Sec. 8 a Robbin-Salamon type result [RoSags].
Kasparov’s bivariant theory has also come to play a role in applications to mod-
els of topological phases of matter. With this in mind we extend Theorem 8.1
to show how the Kasparov product may be used to establish a spectral flow =
Fredholm index result at the level of bivariant K-theory. The proof is a straight-
forward application of the constructive Kasparov product [KALE13].

1.3. Motivation from physical theory. As we remarked earlier, motivation for
this paper comes from issues raised by the mathematical aspects of studies of
topological phases for fermionic one particle systems. Model Hamiltonians of
these fermion systems commute or anti-commute with prescribed symmetry op-
erators that may arise as anti-unitary operators on a complex Hilbert space. Such
anti-unitary symmetries then determine a real structure on the complex space and
one may consider topological phase labels of Hamiltonians that respect a given
symmetry and real structure. Our results in this paper show that these topological
phase labels are identified by KO-valued spectral flow.

Previous work, notably [Kitog, FRMo013], was developed in (amongst other
places) [TH116] to show that topological phases can be described using the Clifford
module valued index of Atiyah—Bott-Shapiro. Some of the present authors then
used Kasparov’s bivariant theory in the real case to realize these Clifford module
indices [BCR16, BKR17].

A complementary approach is given by Kennedy and Zirnbauer [KeZ116] and
more recently Alldridge, Max and Zirnbauer [AMZ19], who only consider sym-
metries that commute with a fermionic Hamiltonian. These Hamiltonians are
termed ‘gapped’ in that we assume a spectral gap containing zero. It is then
shown that for the symmetry types of interest in such fermion systems, [ALZ197,
HHZo5], there is a one-to-one correspondence between gapped Hamiltonians H
commuting with symmetry operators and ‘pseudo-symmetry” operators that anti-
commute with Jy = iH/H|™, a complex structure on a real Hilbert space. Topo-
logical phases are then associated to such systems by classical homotopy methods
or van Daele K-theory [KEZ116, AMZ19]. See also [KEL17, KEL19].

It was recently noted in [BoSB19] that the Z/2Z—valued spectral flow provides
an alternative method to describe the relative topological phase considered by
Kennedy and Zirnbauer for a free fermion system without any additional sym-
metries. Because the topological phase of gapped free fermion Hamiltonians may
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take values in any of the groups KO, (R), there is a clear motivation to fully de-
velop the notion of a general KO-valued spectral flow that incorporates systems
with symmetries. A related point of view may also be found in [DSBW18].

We will not emphasize the physical application of our construction, but note
that our index on Fredholm pairs of complex structures exactly covers the case of
pairs (Ju,,JH,) anti-commuting with pseudo-symmetries developed in [KEZ116,
AMZ19]. That is, the KO-valued spectral flow precisely encodes the topological
obstruction for two symmetric and gapped free fermion Hamiltonian systems to
be connected by a continuous path that respects the underlying symmetries. Con-
versely, a non-trivial KO-valued spectral flow guarantees the existence of topo-
logical zero energy states (i.e. a kernel) at some point along the path joining two
symmetric free fermion Hamiltonians.

1.4. Organization of the paper. The next section gives a careful introduction to
Clifford algebras and to the ABS Clifford index [ABS64]. As it will be useful for
applications we go into some explicit details. Then Sec. 3 expands on [ATS169]
and contains preliminaries needed for later proofs.

The essentially new material starts in Sec. 4 where we introduce a KO-valued
index for Fredholm pairs of complex structures on a real Hilbert space. This is
the real counterpart to the long-standing concept of Fredholm pairs of projections.
There is of course a link between them which we explain. We note that this section
is directly relevant to the applications to topological phases.

The KO-valued spectral flow for paths of bounded skew-adjoint Fredholm op-
erators is introduced next in Sec. 5. We collect its fundamental properties and
show that it incorporates previous examples of real spectral flow that have been
discussed in the literature. The extension to the unbounded case then follows in
Sec. 6.

Our KO-valued spectral flow can be characterized uniquely in an axiomatic
fashion as we explain in Sec. 7. This characterization enables us to give a short
proof of our Robbin-Salamon type theorem in Sec. 8. Finally, in Sec. 9 we relate
this theorem to Kasparov theory by exploiting the unbounded Kasparov prod-
uct. The latter viewpoint is relevant for applications to topological phases and
the bulk-edge correspondence. We collect some homotopy results from [ATS169,
MiL63] that will be of use to us in Appendix A.

2. CLIFFORD ALGEBRAS AND THE ABS CONSTRUCTION

Since it will be important for us we briefly recall here the ABS construction,
cf. [ABS64, LAM189g]. We put an emphasis, though, on the real Clifford algebras
Cl, s with r self-adjoint and s skew-adjoint generators. The extension of the ABS
construction to this case, cf. [AT166, KAR70], is straightforward, but as far as we
know, not easily accessible in published form.
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2.1. Preliminaries and notation. Let C{. denote the (real) Clifford algebra on
T + s unitary generators ej,...,e,, f1,...,fs subject to the relations

eiej +eje; = 205, fify + fify = =201, eifx + freg =0,

fi=—fj, e =¢, forT<ij<r, 1<kl<s.

The algebra C{, is a Z/27Z~-graded algebra by declaring the generators to be of
odd parity. The product of all generators

R S S S S (-1,  r+s=3or4 (mod4),
T, * AR eee Ty (_])r-&-], T+SE1or2(mod4),

T,
is called the wvolume element. It is central if v + s is odd and it implements the
grading if r + s is even.

Our convention for labeling Ct, is the same as in [Kas8o, AMZ19] and op-
posite to [LAM189]. Occasionally, for illustration purposes we translate results to
the complex case, where Cl, s = Cly s = Cl,y50 =: Cl;1s denotes the complex
Clifford algebra on r + s generators (same relations).

Furthermore, let H be a separable real Hilbert space on which C{, acts, the
generators are then denoted by Ey,...,E;, Fy,...,F; € B(H), where B(H) is the
C*—algebra of bounded linear operators on H. Such a Hilbert space will be called
a Cl, s—Hilbert space.'For a C{, ;—Hilbert space we denote by

EjT:—-[E]', ] :1,...,1‘,}

(2.1)

(2.2)

T=-T

Tys+1 —
B un_{TeBﬁn CRT = TR k=1,....s (23)

the skew-adjoint operators which are C{,s—anti-linear. In particular, BOT(H) de-
notes the skew-adjoint bounded operators.

Occasionally, the corner case r = s = 0 comes up. A C{yo—Hilbert space is just
a real Hilbert space with the understanding that £y = 1. Furthermore, we put
BOO(H) = B(H) (this corresponds to s = —1).

For real and complex Hilbert spaces a bounded linear operator u is called “uni-
tary” if u*u = uu* = I, that is in the real case we use ‘orthogonal” and “unitary” as
synonyms.

A C{, —Hilbert space will be called standard if the multiplicity of each irre-
ducible representation of C{, s on H is infinite.

For separable Hilbert spaces the co multiplicity assumption is not really se-
rious. Firstly, if r —s # 1 (mod4) it is a non-issue as C{, s has only 1 irre-
ducible representation ([LAM189, Theorem 5.7], beware the different convention).
If r—s =1 (mod4) then there are 2 irreducible representations. Given a con-
crete H with a Ct, s action we can always find another separable Hilbert space H’
such that H @ H' satisfies the co multiplicity assumption and hence is a standard
Ct, s—Hilbert space.

We add the remark that if the C{,—Hilbert space is standard then it can be
written as H = H’ @ H’, where the decomposition is Ct, -linear and H’ itself

'In the finite dimensional setting we will also use the term Clifford module, still with the un-
derstanding that it is equipped with an inner product such that the C{, s—action is a C*-algebra
representation.
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is standard. Putting E,. ;1 = <(I) é), Fei1 = <(I) 0
standard Cl,;; 41 structure. Inductively, this can be continued and hence on
a standard Cl,—Hilbert space we may always assume that the infinite Clifford
algebra |J, ; Clis is acting and that for each r,s the action of Cl, is standard.
In particular, we may always assume that there are as many Clifford generators
Ej, F at our disposal as we please.

All standard C{,—Hilbert spaces are equivalent as C{, ;-—-modules and there is
the following obvious Absorption Theorem: given a C{, —Hilbert space H and a
standard C¢, ;—Hilbert space H' then H® H' is a standard C{,s—Hilbert space and
hence equivalent to H’ as a C{, s—module.

Finally, X(H) denotes the C*-algebra of compact operators and by 7 : B(H) —
Q(H) = B(H)/X(H) we denote the quotient map onto the Calkin algebra. For an
operator T € B(H) we will use the abbreviation ||T||q) = ||7t(T)|[q) for the
norm of 7t(T) =T + K(H) in the Calkin algebra. If there is only one Hilbert space
around, the disambiguator “(H)” will occasionally be omitted.

We will also have to deal with finite dimensional Clifford modules, where ho-
motopy issues are a priori a bit more delicate. We will, however always be able to
specialize to a stable situation, see Appendix A.2.

), H is equipped with a

2.2. Isomorphisms of Clifford algebras. For later reference, we introduce the
2 x 2 matrices

Ky = ((1) _01) ) Ky = (? 2}) ) L] = <? _O1> ) (24)

wi =Ky Ly ==Kz, wao=Ky-Ky=-Ly, Ki-Kz-Lj =1Is (2.5)

Note that, see e.g. [LaMi89g, Sec. L4], Clip = C*(Ky) ¥~ R@® R, Clp =
C*(K1,K2) = C*(K1,L]) = Cem = M(Z,R), 2 and CEO’Z ~ C*(K1 & L],Kz & L1) ~ H,
the latter being the quaternions.

From now on we will view R? as a Cly,1-module with generators Ky, K;,L;, as
a Cl; ;-module with generators Ky, L; as well as a Cly; resp. Cl;p-module with
generator L; resp. Kj.

We note further that C*(K;,Ky, ;) = M(2,R) is one of the two irreducible
representations of Cly; ~ M(2,R) @ M(2,R). The representation is characterized
by the fact that the (representation of the) volume element w; 1 :=Kq-Ky-Lj =1 is
the 2 x 2 unit matrix.

Our choice of matrices Ky and K; is of course arbitrary and other choices are
possible. For example, we can exchange K; and K; by conjugating by the unitary
% (K1 +Kz). Though we note that this transformation will reverse the orientation,
where we recall wyo = KjK; and similarly will send L; — —L;. Hence such
transformations can introduce a global minus sign and should be used with care.

2 For a ring R we denote by M(k, R) the k x k-matrices over R.
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Proposition 2.1. 1. Recall [LAM189, Sec. 1.4] the following isomorphisms of Clifford
algebras:

T+ ;

Clystsi1 = Clrg ® Clyg ~ M(2, Clyg) ~ {]\A:llgw: (C:E":O; Zi i : (2.6)
Clryas =~ Clsr @ Clyy, (2.7)
Clygia =~ Cls, ® Clos, (2.8)
Clijrs ~ Clgyr. (2.9)

2.1 A Clypq s1—Hilbert space is Clyy1 s 1—covariantly isomorphic to H = H' ® R?
with H' being a Cl, s—Hilbert space and such that €, = Iy @ Ky and Foip = Iy @ Ly,

2.2 Similarly, a Cl,., —Hilbert space is Cl,» s—covariantly isomorphic to H = H’ ®R?2
with H' being a Cls ,—Hilbert space and such that B, = Iy ® Kj,j =1, 2.

2.3 Finally, a standard C{; o~Hilbert space is covariantly isomorphic to H' @ R? with
B =1 ® K.

The decompositions in 2.1—2.3 will be used frequently below. The tensor prod-
ucts in Eq. (2.6)-(2.8) are ordinary tensor products of graded algebras? and the
isomorphisms respect the natural grading. For the next section it will be crucial
that the isomorphism Eq. (2.9) does not respect the grading.

Proof. Let us first comment on the decompositions 2.1—2.3. In 2.3 the standard
assumption guarantees that the eigenspaces of E; are infinite-dimensional and
hence isomorphic.

2.1/2.2 The first two cases may be treated in parallel by putting G = F,1 in
the first case and G := E,;, in the second. Since E,.; and G anti-commute, G
interchanges the two +1-eigenspaces of E,;j. Let H' := ker(E,;1 — I) be the +1
eigenspace of E,,; and put

Y:H @R?> — H, (3) — x + Gy. (2.10)

Then one checks that

I ® K G=E
YR W= Ty 9K, wlgy={ WO T+ (2.11)
In ® L], G= FS+2,
and for any other Clifford element X € {Ey,...,E;, Fy,...,F}
WXy — XEr2 @ w0, G =FEr2, wio=K; Ky=-Ly, (2.12)
FspX®@wiy, G=Fq, wijp=K L =K

Thus, letting Ct. (resp. Cls;) act on H’' with generators Fe1X (resp. XE,p2),
X e{Ey,...,Er, Fi,...,F), W is the isomorphism we are looking for. Note, that

3This statement might be confusing: if A and B are Z/2Z-graded algebras their tensor product
A ® B is graded by putting deg(a ® b) := dega + degb (mod2) for homogeneous elements a €
A,b € B. This is to be distinguished from the graded (skew-commutative) tensor product A&B.
The algebra A&B has the same underlying vector space A®@B and the same grading, but the product
is a®b - a’®b’ := (—1)%8Pdesa’ 14'Gbb’. See also [Kas8o, Sec. 2.6].
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(XErs2)? = —X? and (XF41)? = X2, thus XE,42, X € {Ey,...,Ey, Fuy...,F) satisfy
the C{;,—relations.

1. The previous consideration immediately leads to the proof of Eq. (2.6) and
Eq. (2.7). Namely, the isomorphism Cl,1 11 — Cl; s ® Cly; is given by sending
{er,..yenfry ., f} 2 X = X®@wiyand fo — 1® Ly, erp1 — 1 ® Ky, Note that
wﬁ = Iz.

éimﬂarly, the isomorphism Ct,,,, — Cls; @ Clyp is given by sending e; —
fj’®wz,0,j =1,..,1,fik—m e ®@wr, k=1,...,s,and e;;2 — 10Ky, ery1 — TQK;.
Here, e/, f].’ denote the generators of C{, . Note that w%’o =—I).

Analogously, the isomorphism Ct,,,, — Cls; ® Cly is given by sending e; —
fj’®wo,2,j =1,..,1,fk—e,Q@woy k=1,...,s,and fo41 = 1® Ly, fsro — 1R 1Ly,
where Ly, [, are the generators of C{,. Note that wé , =—1s.

Finally, the isomorphism Ct, 1 — Cls y; is giver{ as follows: inside the alge-
bra Cl,;1 s consider the elements e] := f1 - e, 1,...,e; = f5 - er1, €l = eryq,
fli=e1-e1y...,fl =€ - e1. ef,..., ] satisfy the Clifford relations for Cls 1.
Hence the map Clsy1, — Clprg, € — ej’ , T — f, is the (inverse of) the claimed
isomorphism. This also shows that the isomorphism does not respect the grad-
ing. g

Remark 2.2. 1. We note in passing a consequence of the isomorphism Eq. (2.9).
Given a Cl,,—Hilbert space with generators Ey,...,E 1, Fy,...,Fs, it becomes
a Clg;1—Hilbert space with generators Ej’ =F-Eq,j=1,...,8 E,; = Erpq,
F. = Ex - B, k = 1,...,r. Furthermore, given a Cl,;;—anti-linear operator
T € B(H) with T* = €T, ¢ € {£1}, then T = TE 41 is Cls4q1,—anti-linear with
respect to the generators Ef,...,F/ and T* = —¢T. Clearly, if T is Fredholm then
sois T.

Thus, there is a parallel theory of C{, s—anti-linear self-adjoint operators. In light
of the isomorphism Eq. (2.9) the translation is straightforward. See, however, the
Remark 2.7 below.

2. For the decompositions 2.1-2.3 we note that for T € B(H) with the notation
introduced at the beginning of Sec. 2.2,

Ty = <$ _OT> =R(T) @ L +3(T) ® Ky,
] 1 (2.13)
R(T):=5(T+T), 3(T)i=5(T-T).

The operator Ty ; is skew-adjoint and anti-commutes with K;. If T is already skew-
adjoint, then JR(T) = 0 and Ty ; anti-commutes with Ly as well. Furthermore, if T
already has C{, —Clifford symmetries then under the isomorphism Eq. (2.6) the
operator Ty ; has C{, 1 s 1—Clifford symmetries.

2.3. The ABS construction. Denote by M, resp. M, the Grothendieck group
of graded resp. ungraded finite dimensional C{, ;-modules (with inner product)
with addition being direct sum. For s > 1 we have M, =~ M, 1 by sending
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the graded C{,s—module V to the ungraded C{,; 1 ~ C(’,Q’S module V°.4 Here,
C(%S)S is identified with C{, ;1 by sending e; - fs to e, i = 1,...,r and f; - f to fj,
i=1,...,s—1.

Also, cf. the second part of Prop. 2.1 above, given a graded C{,s—module V
with grading operator ¢, V becomes an ungraded C{,; s—module by sending e,
to €. Thus JV[r)S ~ M4 for all s. Altogether, we have M, 1 ~ M,;1, and
the isomorphism is canonical by sending the C{;s_j-module V to V ® R? with
Cliy1,541 = Clrs ® Cly p action given by X ® w1, Iv ® Ky, Iy ® L.

Furthermore, let

Ars = ﬁ(r,s/ﬁ[r,s-&-] (2 MT,S—]/MT,S if s > ])» (2.14)
Br,s = ﬁr,s/ﬁ[r+1,s (2 Mr,s—]/Mr+1,s—1 if s > 1) (2.15)

One of the main results of [ABS64], [LAMI189, Sec. I.9] is that Ay is canonically
isomorphic to KOy (R).

The isomorphisms Eq. (2.6)-Eq. (2.9) and the 8—periodicity for the Clifford alge-
bras immediately imply that A, s, B, s depend only on the difference s —r (mod 8).
Furthermore, the ungraded isomorphism Eq. (2.9) shows for all r, s > 1

Br,s = Mr,sf1/Mr+1,sf1 = Ms,r71/Ms,r =~ As,r- (2~16)

A posteriori, by periodicity, this isomorphism holds for all , s.
The representation theory of the Clifford algebras easily gives the following
table directly:

s—1 (mod8) | 0 1 2 3114|5678
Avs~Bsr |Z|Z/2Z|Z/2Z |0 |Z|0|0|0|Z

bl

Below we will explicitly describe natural isomorphisms

7, s—1 =0 (mod4),

Trs i Ars — 2.1
® s {Z/ZZ, s—r=1or2 (mod8). (2.17)

The isomorphisms of the table are unique only up to sign (relevant in the cases
= 0 (mod4)), hence the choice of Clifford generators matters in concrete cases.
We therefore quickly list here the concrete maps.

2.4. Examples of the ABS map for certain r, s.

2.4.1. v = s = 0. This case can only be dealt with in the graded setting: if V is
a graded real vector space then Tpp : Agp > [V] — dimp VO —dimg V! € Z. A
generator of the cyclic group Ao is given by the class of the graded vector space
V=VeV =Ra0.

4+The superscript ° refers to the even subspace w.r.t. the grading.
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2.4.2. =5 2> 1 Using r = s > 1 allows us to deal with the case s —r = 0 in the
ungraded setting, where the definition would have us deal with representations
of ‘Cly.—1". We have

Cer,r—] = M(zri]) CE],O =R&® R))
Clr =~ M2 Cl 1 = M(2,R)) =~ M(2", Cly ) =~ Clyy1 1.

We recall that A, = M;,—1/M;r ~ By = Myro1/Mry1,-1 and since Cl,, =
Clr1,—1 = M(2",R) the two quotients are just equal. Let V be a finite dimensional
Ct, ;—1—module.

Note that (cf. [LAM189, Theorem 5.7], Sec. 3) C{,,_1 has two irreducible rep-
resentations. The volume element w,, 1 = ey -... e - fy ... f_7 is central
and satisfies wy _; = wry1, wirq = 1. The two irreducible representations p+
of Cl,,_; are 2" 1_dimensional and they are characterized by p4(w,,—1) = £L
Hence their multiplicities in V are given by 217 . dimg ker(wy,—1 FI). If V car-
ries a Cl,1,—1 ~ Cl;, structure, then since w,,_; must anti-commute with the
additional Clifford generator, the two multiplicities must coincide. Conversely, if
these two multiplicities coincide, E,; resp. F, may be constructed.

Thus the natural identification of A, , = B, with Z is given by

1
Trr i Arr 2 [V = (dimR ker(wy;—1 —1I) — dimpg ker(w; ;1 + I)> € 7. (2.18)

E.g., a positive generator of the cyclic group Ay is given by the Cl;y module
(R,Ey =1).

In general, a positive generator of the cyclic group A, is given by R together
with a choice of Clifford matrices Eq,...,E;, F1,...,F;,_1 such thatE;-...-E,-F;y-

.- =L

Since Clyy7 ~ M(16,C{;,_1), up to some tweaking with matrix algebras, the
previous analysis carries over to all s > r > 1 with s —r = 0 (mod 8). Details are
left to the reader.

2.4.3. s = 1+ 1. A finite dimensional ungraded real C{,; = M(2",R)-module V
carries a Cl, ;41 >~ M(2", Cly 1 ~ C)-module structure if and only if V decomposes
into an even number of irreducible C{, ,-modules. Thus

1
Tl Arpp1 2 [V > dimg V (mod 2) € Z/27Z. (2.19)

A generator of the cyclic group A, ;1 is given by the (up to equivalence unique)
2"—-dimensional C{, ,—module, i.e. R?" with a choice of Clifford matrices Eq, ..., E,,
Fi,...,Fr. Given such a module, there is a unique choice of another Clifford
generator E,, such that Ey-... - E.y1-Fy-...-F = L. Thus, the module may at the
same time be viewed as a generator of A1 ;1.

2.4.4. s =7+ 2. Let (V,F;) be a finite dimensional ungraded C{; ;—-module. Then
F1 is a complex structure and there exists F, € B(V) with F; = —F,, 1F, = -
if and only if dim¢ V = 1dimg V = 0 (mod 2). Thus the map of the table is given
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by Ag, 3 [V] — dimc(V;i = Fy) (mod2) = 1dimg V (mod?2). A generator of the
cyclic group Ag is given by (]Rz, L = ((1) _01>)

For arbitrary r, cf. the previous discussion, the map is given by

1
TT‘,T+2 . Ar’-r+2 = [\/] — ZTﬁ dlmRv (mod 2) € Z/ZZ. (2.20)

2.4.5. s =1+ 4, cf. the case r = s above. This case is mostly parallel to Sec. 2.4.2
above as C{, ;3 ~ M(2", H @ H) has two 2"2_dimensional irreducible representa-
tions p+ which are distinguished by p+(w;;3) = £I. Hence their multiplicities
in a C{,;;3-module V are given by 272 . dimp ker(wy 43 7 I). Again, V carries
a Cly ;14 structure if and only if these multiplicities coincide. In sum, the natural
identification of A, , 4 with Z is given by

Trrtd D Arria D [V — % (dimR ker(wy 3 —1I) — dimp ker(w; r43 + I)) c Z.

(2.21)

In applications to topological phases, where spaces are typically taken to be com-
plex, the above quaternionic index is often computed with complex dimension
and takes range in 27, see [GRSB16] for example.

We note an important consequence of the previous discussion.

Theorem 2.3. There are natural forgetful maps £g, ;¢ @ Ari1s — Ars sending the
Clry1,s—1—module V to the underlying Cl, _1—module.

1. For fgz’2 we have T, (fgz,z([v])) = 12,([V]) (mod 2), hence fgz,z is surjective.
2. Furthermore, fg, , is an isomorphism. More concretely,
To2(fg; (V1)) = T12([V]).
Explicitly, the module (R%, Ky, Kz, L) generates KO;, j = 0,1,2 in the following in-
carnations:
(i) T22 of the Cly1—module (R? Ky, Ky, L1) equals 1 € Z.
(ii) fgz’z(Rz, K1, K2, L1) = (R?, Ky, Ly) which generates A1 and hence
T1’2(R2, K],L]) =1¢ Z/ZZ.
(iii) Finally, fg]yz(Rz, K1,L1) = (R?,Ly) which in turn generates Ao as
Toyz(Rz, L)=1€2Z/27Z.
Proof. The proof follows by walking through the cases 2.4.2-2.4.4 above. O
2.5. The C{, ; Fredholm index.

Definition 2.4. Let H be a Cl, —Hilbert space. Following Atiyah and Singer> put, cf.
Eq. (2.3),
FSHH) = {T € B (H) | T Fredholm}. (2.22)

5 Cf. also [Kary0]. The F* in [A1S169] is our 7%, The adaption of [ATS169] to the two parameter
case is straightforward as, up to a canonical homeomorphism, B"**', F™**1 depend only on the
difference s — r (mod 8).
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Furthermore, if H is standard then let ISt (H) = I if r — s # 2 (mod 4) and let
FDsH1(H) be the interesting path component of 1 if r —s = 2 (mod 4), see [ATS169,
p. 71.° Moreover, denote by FOL*! < F15+1 (resp. FOPST < F™s*+1) the space of those
T with ||T|| = 1 and whose image 7(T) € Q(H) := B(H)/K(H) in the Calkin algebra is
unitary.

Remark 2.5. The subspace FO"*™' (FO*'") is a deformation retract of F™s*!
(IsH1), in particular the inclusion FO™™" < g™+ (FOLS*! < g75+1) is a ho-
motopy equivalence.

For T € 3"s*! the kernel ker T is naturally an ungraded C¢, s-module and one
therefore puts

indr,s+1 (T) = [ker T] € Arst1, and Indr,s+1 (T):= Trys+1 (indr,s+1 (T)), (2.23)

cf. Eq. (2.17). The index ind, . is locally constant on J" s+ of. [LaMi8o,
Sec. IIl.10, Prop. 10.6]. See also [GRSB16] for a similar construction.

We note that ind, s, 1 is surjective. The following construction is instructive and
very explicit. Fix a standard C{, s j—Hilbert space Hy. Then, given a C{; ;-module
V,put H=Hy® V and Ty := Fsq ‘v @ O}V. Then

indr,s—H (Tv) =1Vl e Arsil Mr,s/Mr,s—H . (2.24)

Clearly, the only purpose of Hy is to make H itself standard. Otherwise, one could
just put Ty = 0 on H = V which has index [V] as well.
Theorem 2.3 has an immediate consequence for Fredholm operators.

Proposition 2.6. For a Fredholm operator T € F"T one has, see Eq. (2.13), the index
formula

0 —T*
Ind,+(T) = Ind;y 1,541 T o0 )~ Ind,1,41(Th1),

where Ty 1, defined in (2.13), is viewed as an element of ™11, This formula also holds
true for v = 0, where T is just a Fredholm operator and Indgo denotes the ordinary
Fredholm index.

Next denote by fg, . ; \q FrHbst s+ the natural forgetful map. For v > 1 and
T € 37+ one has the index formula

Ind, ;1 (ng_]J_H (T) = Ind; 1141 (T) (mod 2),

and for T € F™1
Indrf1,r+1 (fgr’r_;_] (T)) = Indr,r+1 (T)

® When comparing, note that in [ATS169] * = 0,s + 1 =k, hence r — s = 2 (mod 4) if and only if
k = 3 (mod 4).
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In particular, we have for a Fredholm operator T with Ty = (0 -1 >,

T 0
0 T\ _ 0 T
Indo,z <T] : 0 ) = Ind1‘2 (T] : 0 >

) bl

0 T (2.25)
(TH 2)1> (mod 2)

)

=Ind,,

=1Ind;;(Ti;1) (mod2) = Indoo(T) (mod 2).

Remark 2.7. As explained in Remark 2.2 there is a one to one correspondence T «
TE, 11 between C{, ;s—anti-linear skew-adjoint Fredholm operators and Cls q,—
anti-linear self-adjoint Fredholm operators. The Fredholm index of T lies naturally
in A;11s+1 and is locally constant since in a nontrivial eigenspace ker(T? +A?) the
phase of T gives an additional skew-adjoint Clifford symmetry. Consequently,
for a self-adjoint C{s,—anti-linear operator S(= TE,;1) the phase of S gives an
additional self-adjoint Clifford symmetry. Therefore, the index of S lies naturally
in Bg41,r+1, which by Eq. (2.17) is isomorphic to A1 s41.

3. SOME USEFUL HOMOTOPIES AND THE CAYLEY TRANSFORM

3.1. Spaces of complex structures. In this subsection we collect and expand on
some of the homotopy theoretic results from [ATS169].

Definition 3.1. Let A be a real unital C*—algebra with Clifford elements ey, ..., e,
f1y..., fs € A. Denote by J™5*1(A) the set of complex structures 7 ] € A anti-commuting
with the Clifford elements and by J®°(A) the space of unitaries in A.

If H is a Cl, c—Hilbert space then we set J>*1(H) := grst1(B(H)).

If H is a C{, s—Hilbert space, s > 0 or r = s = 0, we put
Qrs(H) ={T € J"*(H) | T — Fs compact}, (3.1)
Ors(H) == {T € g (H) | |T—Fia <2}, (3-2)

cf. [ATS169, p. 19]. In the case v = s = 0 this must be read with Fy = L.

Note that for T € J"°(H) the element 7t(FsT) is unitary and for a unitary u one
has the equivalence |[u+1|| <2 & 1 ¢ specu as |z+ 1| < 2 for z on the circle with
equality only for z = 1.

For T € J"*(H) this translates into the equivalence

TeQus & |[T-Fllo<2& |[FT+Ilo<2& 1 ¢specess(FsT).  (3.3)

When it is necessary for disambiguation we will write

QT,S(H;EB---»Er) F])--->FS)

to display explicitly the generators of the Clifford module structure.

7 A complex structure J is a unitary skew-adjoint element, in particular J* = —1 4.
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3.2. Some elementary homotopies.

Proposition 3.2. Let A be a real unital C*—algebra with Clifford elements ey, ..., e,
f1,...,fs € A. Then the diagonal in

{00,J1) € 371 (A) x 31 (A) | [lJo—Tall < 2}
is a strong deformation retract. The result is also valid in the corner caser = s+ 1 = 0.

Proof. The result is proved for r,s > 0, the corner case r = s + 1 = 0 is left to the
reader. The retraction will be given explicitly. Given Jo, J1 € J»*1(A) with ||Jo —
Jill <2, put Z:= Z(Jo,J1) = 14 — JoJ1. Then Z commutes with ey, ..., e, f1,...,fs
and

Z]y =Jo+J1 = JoZ. (3-4)
Taking adjoints we have J1Z* = Z*]o, hence
L7y = Z"JoL = W Z*Z. (3.5)

We claim that Z, := 14 — x]y]; is invertible for 0 < x < 1. Indeed

Zo=Ta—x(Jo— )1 —xJ3 = (1 +x) (14 — %Uo —1N),

which is invertible since
X 2x
—(Jo — — <.
I 0o =Tn] < 7 <
In view of this and Eq. (3.4), (3.5) the retraction is now given by
(10)11) — (]O)ZX|ZX|_]]] (ZX|ZX|_])*)' U

Lemma 3.3. Let H be a C{, ;—Hilbert space. The neighbourhood of Fs € ﬁT,S(H) given
by
Quspi={we Qs | |w—F <2}

~ .6
= {w € O ] 1 Qspec(st)} (5:6)

is contractible.

Furthermore, with the map ®, .1 : T — —F; e IFs of Theorem A.4 we have for invert-
ible T € FO"'" the inequality ||®, 1 (T) — Fs|| < 2; that is, ®r.s41(T) € Q5. Here,
analogously to Eq. (3.6), Qs = {w € Oy | ||w —Fl| < 2}, ¢f. Eq. (3.2).

Proof. The second equality in Eq. (3.6) follows analogously to the equivalence
Eq. (3.3). That ﬁr,s,* is contractible follows as in the proof of Prop. 3.2.

For invertible T € FO™*! the operator TF; is skew, invertible and of norm 1,

hence
spec(TFs) C [—1,0) U (0, 1]
and thus by the spectral mapping theorem

spec(e™s) c ST\ {1} = {z e S! | lz+ 11 <2},

so consequently
| —Fse™ —F| < 2. O

(Dr,s+l (T)
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The following generalization of Theorem A.4 is crucial for the theory of Fred-

holm pairs and the spectral flow.
Theorem 3.4. Let f : iR — iR be an increasing continuous function such that

(1) fis strictly increasing in a neighbourhood of 0,

(2) If(x)] <1 for all x € iR,

(3) f(—x) = —f(x) = f(x) for all x € iR.
Furthermore, let H be a standard C{, s 1—Hilbert space. Then the map

Op: T 5 Qg T —Fee™ )

is a homotopy equivalence. Furthermore, if T € F05+1 is invertible then ®¢(T) € (N).m)*.
A particularly nice homotopy equivalence is given by the Cayley transform

O 33:1’S+1 —>£~2r,sa TH_FS(I—FTFS)(I_TFS)i]' (3.7)
Remark 3.5.
1. We first clarify the last remark about the Cayley transform, i.e.

1+x
7if(x) _.
e — (3.8)
or’ 1 1 i 2x/1
+ X 1 X/1 .

f(x) = p log T (— p arctan W), x € iR. (3.9)

Thus indeed

—Foe™ M) — —F (I + TFy) (1 - TF) .
2. We comment on the case v = 0, s = 0. Then flo,o is the space of unitaries
U with U —I|lo < 2 resp. —1 & specess(U) and the Cayley transform is A —
(I+A)(A—1)"". In the complex case, where one considers self-adjoint instead of

skew-adjoint operators, A should be replaced by iA. This should be compared to
[BBLPo5] and [KiLEog, Sec. 6.1].

Proof of Theorem 3.4. This is essentially a consequence of Theorem A 4.

We first check that ®; maps F75+! into Q.. Abbreviate g(x) := ™(X). Then g
maps iR into S' and g(—x) = g(x)~" = g(x). Thus for T € F5*! we have

(FSQ(TFS))* = _g(TFs)FS
= _9(_TFS)FS = _Fsg(TFs)>

hence ®¢(TF;) is skew-adjoint and, since g takes values in ST, unitary. Conse-
quently, O(TF,)? = -1 Clearly, since both T and Fs anti-commute with the Clif-
ford generators except F; it follows that @(TF;) € g"°(H).

Finally, since TF; is a Fredholm operator, there is a gap [—ie, ie] in the essential

spectrum. The properties (1)-(3) of f imply that there is a small arc {|argz| < 6}
around 1 € S' which does not meet the essential spectrum of e™("s). Therefore,

| = Fsg(TFs) — Fsllo = [|g(TFs) + Ifjo < 2,
proving that @ maps into flrys as claimed.

The formula in parenthesis on the right of Eq. (3.9) holds only for [x| < 1.
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Now define the function

X, x| <1,

.10
x/Ixl, x> 1. (3-10)

Y. iR — iR, x+— {
Then fy,(x) := (1 —u)f(x) +u¥(x),0 <u < 1is a homotopy of functions satisfying
(1)-(3) and consequently @¢, is a homotopy between @¢ and Dy.

On the deformation retract FOL’SH C Fost! the map Oy coincides with the
map @, ;1 of Theorem A.4. Thus @y and hence @ are homotopy equivalences
as claimed.

Finally, if T is invertible then one argues as in the proof of Lemma 3.3. Namely,
f(TF) is invertible as well and hence 1 ¢ spec(e™(T+)), thus

| — Foe™ ) —Fy|| < 2. O

4. FREDHOLM PAIRS AND THE CLIFFORD INDEX

Here we introduce a Fredholm theory of pairs of complex structures where
the index naturally takes values in A;s = M, ,_1/M;s ~ KOs_(R), cf. Sec. 2.
The complex analogue has a long history. Kato systematically studied Fredholm
pairs of subspaces in a Banach space [Kargs, IV.4.1]. The first hint that in the
Hilbert space setting one should instead look at the corresponding orthogonal
projections as the primary objects can be found in [BDF73, Rem. 4.9]. These
projections appear prominently in the theory of boundary value problems for
Dirac type operators [BBW093, Sec. 24]. The theory was rediscovered and further
developed in the influential paper [ASSg4] by Avron, Seiler, and Simon; see also
[BRLEoO1]. For further details see Sec. 4.2.3 and Sec. 4.2.4.

4.1. Fredholm pairs of complex structures.

Definition 4.1. Let H be a C{, —Hilbert space. A pair (Jo,J1) of elements of 3751 (H)
is called a Fredholm pair if ||Jo — J1]|o < 2.
Recall from Sec. 2.1 that || ... ||q is an abbreviation for ||7(...)||o.

Given a Fredholm pair (Jo,J1) € d7*"1(H) x J"*1(H) we note that H becomes
a Cl, . y1—Hilbert space by setting Fs1 = Jo. Moreover, the space of those J; with
(Jo, J1) being a Fredholm pair is nothing but the space

Q‘r,s+1 (H;Eh' () ETa F1) .. ')FS>FS+1 = IO))

see Eq. (3.1).
From now on we fix a C{, —Hilbert space H. The useful identities of the next
Lemma are straightforward to check.

Lemma 4.2 ((CPSB19, Lemma 5.3], [ASS94, Theorem 2.1]). Let Jo,J1 € d™*+1(H).
Define the skew-adjoint operators

To=20ot ) Tr=500— ).
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Then TG + 1§ = —1, ToTy = —TiTo, ToJo = J1To, ToJ1 = JoTo, TiJo = —J1T, and
TiJ1 = —JoTy. Furthermore, both Ty and Ty anti-commute with the Clifford generators
E1,...,Erand F],...,FS.

Definition and Proposition 4.3 (Definition of indl)S 2Joy J1)). Let (Jo, J1) be a Fred-
holm pair in g1 (H). Then for all t € [0, 1], the operator y(t) = (1—t)Jo+1tJ; € F»s*!
is a skew-adjoint Fredholm operator anti-commuting with E4,..., &, F1,...,F, and

D1 (v(t)) = —Fe™WF 0 <t <1

is a loop in f).r,s(H).
Now embed the Ct, s 1—Hilbert space (H;Eq,...,Ery Fiyo. Fo,Forq == Jo) — H’
into a standard Cl, s, 1—Hilbert space and put ]j’ = J; ® Fsi1 ‘H L. Then we define

indl’sﬂ(]o, J1) to be the class of the loop @10y B Fs, 1 = Drspr0 (YD Fer|y) in
M (ﬁT,S(H’ ), Fs), which by Theorem A.6 is canonically isomorphic to the abelian group
Arsi2 = Mr,s+1/Mr,s+2 ~ KOs12+(R).

Alternatively and equivalently, indlys 12(Jo, J1) denotes the stable homotopy class of the
loop @, s10Y in the stable fundamental group ﬂ?(ﬁr’s (H), Fs) which again is canonically

isomorphic to A, 542, see Sec. A.2.

Proof. By construction y(t) is skew-adjoint and anti-commutes with the Clifford
generators Eq,...,E;, F1,..., Fs. To see that it is a Fredholm operator we note that

and similarly H]oy(t) — IHQ <Tfor0<t< %

To prove the claim about @, s 10y we note that ®, ;1 (v(0)) = @y s1(y(1)) = Fs.
From Eq. (4.1) it follows that for all 0 <t <1, y(t)F; lies in the open 1 ball around
a unitary of square —1 (JoFs resp. JiFs). Thus specess (y(t)Fs) C [-1,0) U (0,1i] and
hence 1 ¢ specess(e™+). Consequently, cf. Eq. (3.3), ||@rss1(y(t)) — Fsllo < 2
and vy is a loop in ﬁr’s based at F, as claimed. O

It is an immediate consequence of the construction that indl,S 4> is locally con-
stant on the space of Fredholm pairs (Jo, J1) € 71 (H) x g»s1(H).

We provide an alternative approach to the index of a Fredholm pair, whose
consequence will be the important additivity formula Prop. 4.7 below.

Proposition 4.4. Let (Jo,J1) € J757'(H) x "+ (H) be a Fredholm pair and let Ty, Ty
as in Lemma 4.2. Then

(1) The operator %(Jo + J1) is Fredholm,

(2) The space ker(Jo + J1) is an ungraded Cl, s 1—module w.r.t. the Clifford algebra
generated by Bq,...,E;, F1,...,F, Fs11:=Jo.

(3) For any fixed 1 > N > 0, the spectral subspace X) = X(o‘)\z)(—Tg) carries nat-
urally the structure of an ungraded Cl, s ,—module with respect to the gener-
ators Eq,..., B, F1,...,Fs, Frp1 = Jo and Fgyp being the phase of JoTiTo =

1
—z U1 +JoJ1Jo), ¢f. Lemma 4.2.
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Proof. We note that this is essentially [CPSB19, Lemma 5.3 and Prop. 5.2]. We
will make repeated use of the identities given in Lemma 4.2.

(1). was proved in the previous proof.

(2). ker(Jo + J1) is certainly invariant under Eq,...,E;, Fy,...,F;, and from ToJp =
J1To we infer that it is invariant under J, as well.

(3). For part (3), we first note that X, is TjTp-invariant, E;TyTo = T;ToE; and
JoT1To = —T1 ToJo-

Also observe that for [A| < 1T we have —1 < T?|x, < O (the upper inequality is
the Fredholm property), and so T3 + T = —1 tells us that Ty is invertible on Xj.
Furthermore, JoTi Ty is skew-adjoint and anti-commutes with Eq,..., E;, Fy,...,F,
and with J,. Finally, its phase S is another complex structure anti-commuting with
Ery..., By Fiy...,Fs, Jo, and hence X, carries the structure of a C{, s, ,—module
with generators Ey,...,E;, F1,...,Fs, Jo, S. O

In light of this proposition we put for a Fredholm pair (Jo, J1)

indf,s-&-Z(IO) ]1) = [ker(]O + J] )] € Mr,s+1/Mr,s+27

i.e. the class of the C{, s ;—module ker(Jo + J1) in A; 512 ~ KOs+ (R).
It follows from (3) (cf. [CPSB1g, Prop. 5.2]) that indis 42 is locally constant on
the space of Fredholm pairs as well.

Theorem 4.5. The two definitions of a Cl, s, index of a Fredholm pair (Jo, J1) coincide,
indl = indf. Hence from now on we may just write ind, s;2(Jo, J1).

As for the Fredholm index we write Ind, s;2(Jo, J1) = Trs42 (indT,erz(]o, J1 ))

Proof. By the local constancy of both indices it suffices to check the claim for fixed
Jo € 3"*T1(H) on representatives of the path components of the space

{I € gr,s+1(H) | H]_IOHQ < 2} :ﬁr,s+1(H;E1)---)Er) Fiyoo o FsyFspr = JO)

in a standard C{, s, ;—Hilbert space. By doubling the space and replacing J, by
Jo @ —Jo if necessary we may assume that the Hilbert space is standard with
Jo being one of the Clifford generators. Note that both indices are not affected
by stabilizing: if we add another Hilbert space H' and fix J; € g»*!(H’) then
ind%erZUO) Ji) = ind:ferzUo & ](/)» J1 & ](/))r x=1,2

Then by Cor. A.5 we know the path components of

Qr,s-ﬁ-](H;Eh---»Er) F])"')FS)IO)

and hence we may consider J; = MHO ®—Jo ‘v where H = Ho®Vis a C{, s, 1-linear
decomposition (generators Ey,...,E;, F1,...,Fs, Fi1 = Jo) and dim V < oo. Then
Yo+ T) = Io\HO ® 0|, whence ind? ,,(Jo, J1) = [V] € My 541/Mys42. Further,

y(t) = (1 =8Jo +tJ1 = Jo|y, ® (1 = 28)Jol,,- (4.2)
On Hoy we have @, .1 (y(t)) = —Fse™ofs = F,, and on V we have

(DT,SJH (Y(t)) = _FseﬂU*Zt]]oFs = Fse*ZTE'tloFs.
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By Theorem A.6 the homotopy class of this loop is again [V], thus indlS 2Joy 1) =
12
lndr,erZUO»]])' U

The proof and the known standard generators of M, s1/M, s, immediately
show that (cf. Sec. 2.4)

Corollary 4.6. For a standard C{, s 1—Hilbert space H the map

indr,s+2(Fs+1» ) : ﬁr,s-ﬁ-] (H) — Ar,s+2
labels the connected components of (Nlr,SJr] (H). For a non-standard Cl, s 1—Hilbert space
ind, s labels the stable connected components.

Proposition 4.7. Suppose that (Jo,]1) and (J1,]2) are Fredholm pairs of elements in
ISt (H) with
o= Tilla < Tand [[J1 = Jollo < 1. (4-3)
Then
ind; s42(Jo, J1) +ind,s12(J1, J2) = indr s42(Jo, J2).

Proof. Denote by vo1, V12, Yo2 the straight line paths from ], to J; etc. The assump-
tion Eq. (4.3) implies that the straight line homotopy from v, to the concatenation
Y12 *Yo1 is a homotopy within paths in J" »+1 since any operator T in the range of
the homotopy satisfies ||T — Jo|lo < 2. But then we have for the homotopy classes

(@111 002 = [@rs41 0 Yo1] + [Prsr1 0V12]
in 711 (Qy g, Fs), thus ind, ¢12(Jo, J2) = indy s 12(Jo, J1) + indyc12(J1, J2)- O

4.2. Examples and comparison with the classical index of a pair of projections.
Here we discuss a few illustrative cases for small r, s and in particular we connect
our theory of Clifford covariant Fredholm pairs to the classical theory of Fredholm
pairs of orthogonal projections in a real or complex Hilbert space.

42.1. 71 =0,5 =0. An element ] € J>'(H) is just a complex structure without
any additional symmetries. Thus, if (Jo,]1) is a Fredholm pair in §%'(H) then by
the discussion in Sec. 2.4.4 we infer that Indg»(Jo, J1) = % dimker(Jo+J1) (mod 2).
Note that ker(Jo + J1) is invariant under Jy and is therefore automatically even, cf.
[CPSB19, Prop. 6.2].

We compare Ind, to Sf; of [CPSB19, Def. 2.1]:

Proposition 4.8. Let H be a finite dimensional Hilbert space, ] € 3%'(H), and O € O(H)
orthogonal. Then

(_])Indo‘z(I»O*IO) = det(0),
thus Indo » coincides with Sf; of [CPSB19, Def. 2.1].

Proof. Both sides are locally constant in O. Furthermore, all | € J%1(H) are uni-
tarily equivalent. Therefore, it suffices to check this for O = I in which case both

sides are 1 and for
0 1 0 —1
o=(7 o) 1=( o).

in which case both sides equal —1. O
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4.2.2. 1 =1,5 = 0. Let H be a C{, ;—Hilbert space. With regard to Prop. 2.1 and
the second part of Remark 2.2, we may write H = H’ @ H’ such that E; = K;. If
J € 3" (H) then J takes the form

J = (3 _(l)l*> =R(W ® L +3I(U) @ K,.

Thus U = U(]) is a real unitary (aka orthogonal) operator. If (Jo,]J1) is a Fred-
holm pair in I (H) and if Uy := U(Jx), k = 0,1 denotes the associated unitary
operators, then comparison with Sec. 2.4.3 shows that

1 ..
Ind2(Jo, J1) = Edlmker(]o +J1) (mod 2)
= dimker(Up + U;) (mod 2) = dim ker(I + Ugll;) (mod 2).

Note that (Jo, J1) being a Fredholm pair is equivalent to ||[Uy — U;|lqo < 2 which in
turn, cf. Eq. (3.3), is equivalent to I + UjU; being Fredholm. Furthermore, since
Uy, Uy are real, eigenvalues of Ujl; moving through —1 come in pairs, hence
dimker(I 4 U§U;) (mod 2) has the stability properties of a Fredholm index.

We note that Ind;>(Jo, J1) equals the parity index defined in [DSBW18, Def. 3].
By Theorem 2.3 and Prop. 2.6 (or just directly) and suppressing forgetful maps
from the notation, we have

Inds 2 (Jo, J1) = Indo2(Jo, J1)-

Proposition 4.9. Let H be a finite dimensional Hilbert space, Jx = <L(1)k _(l)llt> €
dM (H), k = 0, 1 with associated orthogonal matrices Uy, Uy € O(H). Then
(—1)dimker(IFUS) — det(UZU;) = (det Up) - (detUy).
This should be compared to [DSBW18, Def. 1].
Proof. The proof is similar to the proof of Prop. 4.8. 0

4.2.3. v =2, s = 0: the index of a pair of projections. Let H be a C{, ;—Hilbert space.
Apply Prop. 2.1 and write H = H’ @ H’ such that

1 0 01
E1=K1=<O _]>> Ez=K2=<] O)'

If ] € J>'(H) then | takes the form

0 —(2P—-1)
(o %)

with an orthogonal projection® P € B(H’). Thus there is a one to one correspon-
dence between Fredholm pairs (Jo,J1) in J>'(H) and pairs of orthogonal projec-
tions (without further symmetries) P, Q € B(H') with ||[P — Q| q/) < 1.

Let us therefore recall that a pair of orthogonal projections P, Q acting on a
separable real or complex Hilbert space H is called a Fredholm pair if |[P — Qo <

9A linear operator P € B(H) is an orthogonal projection if P* = P = P2,
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1. This is equivalent to the fact that Q| __,, : ranP — ran Q is a Fredholm operator.
The index of this Fredholm operator is called the index ind(P, Q) of the pair.

Lemma 4.10 (cf. [ASS94, Prop. 3.1] ). Let P,Q be a Fredholm pair of orthogonal
projections. Then ker(P + Q —I) = ranP Nker Q & ker P Nran Q and ind(P, Q) =
dim (ran P Nker Q) — dim (ker P Nran Q).

Proof. If x € ker(P+Q—I) then Px = (I—Q)x € ran PNker Q resp. Qx = (I-P)x €
ker PNran Q, proving the inclusion C. The inclusion D is similarly easy. To see the
index formula, one notes that the adjoint of the operator Q‘ranp :ranP — ranQ is
given by P‘ranQ :ranQ — ranP. O

Let us return to the Cl;o—Hilbert space H = H' ® R? as before and consider
a Fredholm pair (Jo,J1) in §*'(H) with associated orthogonal projections Py, Py €

B(H) such that
_ 0 —(2P1—1) B

We have seen that (Jo, J1) being a Fredholm pair is equivalent to (P, P1) being a
Fredholm pair of orthogonal projections. To compute the index ind;(Jo, J1) we
apply Sec. 2.4.2, by first computing the volume element of the C{; ; representation
given by Eq, Ez, Jo,

B (1 0 (01 0 —(2P-D)\ (2P—1 O
w_E"EZ'JO_(o —1)'(1 o>‘<2P—1 0 )‘( 0 2P—I>'

Furthermore in view of Lemma 4.10 we have

ranP Nker Q & ker P Nran Q
ker(Jo +J1) = ®
ranP Nker Q @ ker P Nran Q

= (ranP Nker Q) ® R?> @ (ker P Nran Q) ® R?.

With respect to this decomposition, w acts on ker(Jo + J1) as

w ’ker Jo+tT1 I ‘ (ran PNker Q)®R2 © -1 ‘ (ker PNran Q)®R2 " (44)

Now ind;>(Jo, J1) is the class of the Cl,; module ker(Jo,J1) with Clifford gener-
ators E1, Bz, F1 = Jo. By Sec. 2.4.2 its class in A is naturally identified with the
number

(dimker(w’ker(lﬁm —1I)— dimker(w‘keruoﬂ]) + I)) € 7.

N —

Thus
Ind 2 (Jo, J1) =  dim(ker(Jo + Ji) N ker(w — 1)

- %dim(ker(lo +J1) Nker(w +1))

= dim(ran P Nker Q) — dim(ker P Nran Q)
=ind(Q :ranP — ran Q) = ind(P, Q).
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The previous discussion also can be applied to the forgetful maps considered
in Theorem 2.3 and Prop. 2.6. Namely, suppressing the forgetful maps from the
notation, we have

Indo2(Jo, J1) = Indy 2(Jo, J1) = Ind22(Jo, J1) (mod 2). (4-5)

4.24. v = 0, s = 0 in the complex case. We briefly mention the case of a com-
plex Hilbert space H where things are easier as there is a direct correspondence
between “complex structures” and orthogonal projections since we may write
] = i(2P — I). Therefore, there is no need to introduce additional symmetries.

Given orthogonal projections P, Q put Jo := i(2P —I), J1 = i(2Q —I). Then
Jo, J1 € 3% (H) and ||Jo — J1lla = 2||P — Qllo. Hence (Jo,]1) is a Fredholm pair
in the sense of Def. 4.1 if and only if (P,Q) is a Fredholm pair of projections.
Furthermore,

1 .
500+ =ilP+Q D), 46)
thus by the Lemma 4.10 we have
kerJo+J1 =ranP Nker Q & ker P Nran Q. (4-7)
With respect to this decomposition, Jo acts as
]O|ker]o+]1 =1i-1 ran PNker Q S I’ker PNranQ* (48)

The class indo (o, J1) is the class of the C¢;—module ker(Jo, J1) with Clifford gen-
erator E; = Jo. The class of an ungraded C{;—module (V,E;) in Mo 1/Mo o ~ Z is
naturally identified (cf. Sec. 2) with the number
dimker(E; —1) — dimker(E; +1) € Z.
Thus
Ind,(Jo, J1) = dim (ker(Jo + J1) Nker(Jo — 1)) — dim (ker(Jo + J1) N ker(Jo + 1))

= dim(ran P Nker Q) — dim(ker P Nran Q)

=ind(Q :ranP — ran Q) = ind(P, Q).
4.3. Standard forms of complex structures. Using the ABS construction of Sec. 2,
we now give standard generators of complex structures with a non-trivial index.
These pairs will be constructed to represent an arbitrary class in KOg; ;. (R) (resp.
an arbitrary ind,s.2), cf. Cor. 4.6 and the proof of Theorem 4.5. This will be

needed in particular for the formulation of the axioms which ensure the unique-
ness of the KO-valued spectral flow, see Remark 5.2 5. and Sec. 8.3 below.

Proposition 4.11. Let V be a finite dimensional Ct, s 1—module with Clifford generators
Ev,... By, Fiyooo Foyq representing a class in Arso. Let Hy be a standard Cl, s
Hilbert space and H := Ho @ V. Now put

Jo = Fsr1 =Fep |Ho @ Fop |V’ Ji="Fsi1 ‘Ho & —Fsn1 ‘V' (4-9)
Then (Jo, J1) is a Fredholm pair of elements of 371 (H) with ind.. 512 (Jo, J1) = [VI.
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Proof. The difference Jo — J; is finite-rank, hence ||Jo — Ji[loc = 0 and (Jo, J1) is
a Fredholm pair. Furthermore, ker(Jo + J1) = V with Ct, ;41 structure given by
E] ‘V’ ey F_T V. F] ‘V’ ey Fs_,_] V% hence indr’ﬂ_z(lo, ]1) = [V] ]

5. THE KO-VALUED SPECTRAL FLOW

This section is the core of the paper. We give the definition of KO-valued spec-
tral flow along with its basic properties. We subsequently relate our definition to
the approach of J. Phillips [PH196] and more generally show how our construc-
tion encompasses previous instances of analytic spectral flow that have appeared
in the literature. Unless otherwise said, H denotes a fixed C{, ;—Hilbert space.

5.1. Definition and properties. We can now define the A, 1> ~ M, o1 1/M; 12 >~
KO, s12(R)-valued spectral flow of a path in 5" with invertible endpoints ex-
actly as it was done in [BBLPo5, LEsos]:

Definition 5.1. Let [0,1] > t +— Ty € F"H(H) be a continuous path of skew-adjoint
Fredholm operators with invertible end points Ty, Ty. Let ® be the map defined in Eq. (3.7).
Then

t— O(Ty) = —Fs(I+ TeFo) (I - TiFy) ™
is a path ([0,11,{0,1}) — (ﬁns, ﬁns,*) in ﬁns with endpoints in the contractible (see
Lemma 3.3) neighbourhood ﬁr,s,* of Fs. Connect the endpoints of ®(T,) arbitrarily,
within ﬁns’*, to Fs. Then let

Sfr,erZ(Tc) € A‘r,s+2 ~ KOs42+(R)

be the class of the resulting loop in the stable fundamental group ﬂ?(ﬁm, Fs). Since ﬁr’s,*
is contractible, it is irrelevant how the path was closed up. Alternatively, embed the Hilbert
space H, equipped with the Cl, s11 structure with generators Eq,..., Erys, TolTol ™, into
a standard Cl, s 1—Hilbert space H' and take the class of the loop obtained from ® (T, &
Fsiq }HJ-) in the fundamental group (ﬁr,S(H’), Fs).

Finally, we put SF; 12(Te) := Ty s12(8frs12(Te)) with Tys47 as in Eq. (2.17).

Remark 5.2. It follows from the Absorption Theorem mentioned in Sec. 2.1 that
the sf; ;1> is well-defined. We collect some properties of the spectral flow. These
properties will be of relevance for the discussion of the uniqueness in Sec. 7 below.

1. Relation to the index of Fredholm pairs of complex structures. Let Jo,]1 € It (H)
be a Fredholm pair of complex structures. It then follows from Definition and
Proposition 4.3 and Theorem 3.4 that ind, 512 (Jo, J1) equals the spectral flow sf, s,
of the straight line path t — (1 —1t)]Jo + t]J;.

2. Homotopy invariance. If T : [0,1] x [0,1] — F"sF1(H) is a continuous map such
that for all u € [0, 1] the endpoints T(0,u), T(1,u) are invertible operators, then
Sfr012(T(0)) = sfrgya(T(-, 1)).

To see this, consider ®(T(t,u)). Now by Lemma 3.3 and the proof of Prop. 3.2
it follows that the endpoints ®(T(0,u)), ®(T(1,u)) can be connected to Fs contin-
uously in the parameter u to obtain a homotopy of loops. Hence by definition

Sfr,erZ(T('a O)) = Sfr,erZ(T(') 1 ))
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3. Path additivity. If T}, T? : [0,1] — I™s*1(H) are paths of Fredholm operators
with invertible endpoints and Tf = TO2 then the sf; s, of the concatenated path
T' % T2 equals the sfy s 2(Td) + sfr s12(T2).

4. Stability. Let T, : [0,1] — F"s*1(H) be a path of Fredholm operators with
invertible endpoints. Let H' be another C{, —Hilbert space and S € F"s*1(H’) a
fixed invertible operator. Then sf; s 5(T,) = sf; s 12(Te ® S).

5. Normalization. Let V be a finite dimensional C{, s j-module (cf. Sec. 4.3) and
consider the straight line path y(t) = (1 —2t)Fs1, 0 <t < 1 from Fey7 to —F¢;.
Then
Sfr,erZ(‘Y) = [V] € Ar,erZ = Mr,s+1/Mr,s+2- (51)
This follows immediately from the relation to the index of a pair since here
Sfr,erZh/) = indr,s+2(Fs+1)_Fr,s+1) = [ker(Fr,s+1 + (_Fr,er] ))] = [V]

6. Constancy. The sf, ;1>(T) of a constant path (in which T must be invertible) is 0.

7. Direct sum. If T} : [0,1] — F"sH1(Hy), T2 : [0,1] — F"5F1(H,) are paths of
skew-adjoint Fredholm operators with invertible endpoints, then sfr,s+z(T,]) +
Sfr,erZ(Toz) = Sfr,erZ(To] D T.Z)

5.2. The “local formula’ a la J. Phillips. Next we will show that the spectral flow
of a path T, can be computed ‘locally’ along the path by measuring the relative
indices of the phases of T,. This is the analogue of J. Phillips [PH196] approach in
the complex case.

Let [0,1] 5t — T € F»5t1(H) be a continuous path with Ty, Ty being invertible.
The first difficulty is that the path of phases T Te| " is ill-defined as T; might not
be invertible. However, the invertibility of the endpoints and the local constancy
of the Fredholm index imply ind, ;1 Ty = 0 for all 0 < t < 1. Hence there exists
a complex structure Fsyq € st (ker Ty) turning ker T; into a Ct, s 1—-module. We
denote by J(T;) € J"**1(H) a complex structure with

](Tt) ‘kethl = Tt|Tt|_])

(5-2)
J(T)| ey, € 3" (ker Ty) arbitrary .

The complex structure J(T¢) is unique only up to a finite rank perturbation, but
certainly t — TE(](Tt)) € Q(H) is continuous in the Calkin algebra.

Alternatively, one might require, analogously to [CPSB19, Sec. 4], that J(T;) =
T T ! only on the complement of a spectral subspace ranx o q)(|Tt|), where 0 <
a < minspecess | T|. This would allow for example that t — J(T;) has only finitely
many discontinuities. The next Lemma says that given a subdivision of the inter-
val [0, 1], there is a finite-rank perturbation T, of T, with the same spectral flow
and such that T; is invertible at the subdivision points, moreover the phases may
be prescribed.

Lemma 5.3. Let Ty and J; := J(T¢) be as before and let 0 = to < t1--- < tn, = 1bea
subdivision of the interval [0,1]. Then there exists a continuous path [0,1] 5 t — Ty €
s+ (H) with the following properties:
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(1) Tt Ty is finite rankfor all t
(2) Tt is tnvertible and Tt ITt |1 = = Jy, for j=0,1,...,n

(3) Sfr,er] (T ) - Sfr,er] (T )
Proof. Foreachj =1,...,n—1let, e.g,

Rj ‘ker th = ]t]' ‘ker th ’

Rj ‘ker TtJj- = 0.
Furthermore let @; € C*°[0, 1] be smooth bump functions supported in a neigh-
bourhood of t; resp. such that their supports are disjoint and such that ¢;(t;) = 1.
Then Ty := T, + Z] 1 @;(t)R; does the job.

Property (3) follows since T. and T, have the same endpoints and hence the

straight line s — (1—s)To+sT, is a homotopy between T, and T, keeping endpoints
fixed. g

Theorem 5.4 (cf. [CPSB19, Prop. 6.3]). Let [0, 1] > t — T, € F"+1(H) be a continuous
path with Ty, Ty being invertible. Let ]y be complex structures obtained by complement-
ing the phase To|T|~" on ker T by an arbitrary complex structure in J>*1(ker Ty), cf.
Eq. (5.2).

Choose a partition 0 =ty < t1 < --- <ty = 1 with the property that on each segment
Tty = Jello < 1, tj1 < t < tj. Then

sfy s+2 Z ind, ,s+2 ]t) 1 ]t] )
j=1

Proof. We make repeated use of the homotopy invariance of sf, s, and of ind, s .
In view of Lemma 5.3 we may w.l.o.g. assume that Ty, is invertible for j =
0y...,m.
Since t — T; is a continuous path of Fredholm operators we have

Ti= min(mtin SpeCess | Tel, min spec [Ty, |, . . ., min spec|Ty, |) > 0.

We certainly have J(T;/r) = J(T;) and by the homotopy invariance sf; s;,(Ts) =
Sfr,erZ(TO/T)-

Thus without loss of generality it suffices to prove the Theorem for paths with
min specess [Tt| > 1 and minspec[Ty| > 1,j =0,...,n.

With ¥ of Eq. (3.10) consider the homotopy

H(u, t) == (1 —w) Ty + u¥(Ty) = hy(T),
hu(x) := (1 —u)x +u¥(x).

For all u the function h,, is increasing and strictly increasing in a neighbourhood
of 0. So for all u we have ker H(u, t) = ker T, and J(H(u,t)) = J(T;). Furthermore,
by construction hy (Ty;) = T[T, |1 = J;-

Hence both sides of the claimed equation remain constant under the deforma-

tion H. We are finally left to prove the claim for the special case that specess Tt C
{fi}forall tand Ty; = Jy,.
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But then Ty — J(T¢) is of finite rank and hence [T — Ty, [lo = [[J1, — J1;_, [0 <1
forall tj 1 <t <t. Now uw— (1 —u)((1 —1t)Jy_, +tJy;) + uTy is a homotopy
between T, t;_; <t < tj and the straight line path (1 —t)]tH +tJ4;. The endpoints
are kept fixed under the homotopy. Consequently

sfrst2((Te)y_ <t<t;) = strsi2((1 = Y]y + 4,0 <t < 1) =indys12(J4_,, Jg)-

The path additivity of the spectral flow then implies the claim. O

The previous result allows us to relate the KO-valued spectral flow to the var-
ious known versions of spectral flow.

Theorem 5.5. Let T, € I (H) be a family of Fredholm operators with invertible end-
points. Let Ky, Ky, Ly € M(2,R) be the Clifford matrices Eq. (2.4).

1. 7 = 2. Write H = H' ® R? with E=I1®K;,j=1,2. Then Ty = ft ® KKy with
a family T, of self-adjoint Fredholm operators and SF(T,) = SF2,(T,)).

2. v = 0. In this case T, is a family of skew-adjoint Fredholm operators without any
additional symmetries. Furthermore, SFo,(T,) equals the Z/2Z—valued Spectral Flow
Sf; of [CPSB19].

3. 1= 1. Write again H = H' ® R? with By = Ky. Then T, = i)‘iﬁt) R Ky + J(Tt) ® L4
with a family T, of Fredholm operators on H'. We have a forgetful map F1, C Fo, and
SF12(Te) = SFo2(Te) = S£2(To). _
Moreover, SF1,(Ts) equals the parity flow PE(T,) of [DSBW18]. More concretely,
given a family T, of Fredholm operators in a Hilbert space H', put
~ e 0 —T;
To=R(MT) @K +I(T) oL = | =
T 0

then

PE(T,) = SF12(Te) = SFo2(Te) = Sf2(Te).

Proof. This follows immediately from the local formula Theorem 5.4 and the cor-
responding statements for the index of a pair in Sec. 4. The claimed tensor product
decompositions follow from Prop. 2.1, cf. also Remark 2.2 2. O

6. EXTENSION TO UNBOUNDED OPERATORS

In applications the operators of interest are often differential operators and
hence unbounded. Our approach to sf.,, via the Cayley transform extends al-
most seamlessly to unbounded operators. However, the uniqueness proofs are
slightly more complicated in the unbounded case than in the bounded case,
mainly due to complications in the homotopy theory. Our discussion parallels
the complex case that is found in [LEesos].

*Recall K;K; is the volume element of C&; .
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6.1. Topologies on spaces of unbounded operators. We briefly introduce here
the several topologies on unbounded operators, for proofs and further details see
[LEsos, Sec. 2]. Let H be a real Hilbert space. We recall that a densely defined
operator T : dom(T) C H — H is closed if dom(T) is a complete space with respect

to the graph norm
Vil = IV 2+ T2

We denote by C(H) we denote the space of densely defined closed operators in H
equipped with the so-called gap topology. It can be described in several equiva-
lent ways. For Ty, T, € C(H) the gap distance is dg(Ti, T2) = ||P1 — P2||, where P;
denotes the orthogonal projection onto the graph of T; in the product space H x H.
For skew-adjoint T; the gap distance is equivalent to [|(Ty — )" — (T, — I)7'||.

For skew-adjoint operators one can consider the Riesz transform F(T) := T(I —
T2)~1. The corresponding Riesz metric dg(Ty, To) = ||F(Ty) — F(T,)|| is stronger than
the gap metric.

Finally, we consider operators with a fixed given domain: consider a fixed
skew-adjoint operator D in H with domain W — H. The operator D serves as
reference operator and is part of the structure. Let

BYW,H):={Te€H) | T=-T"and dom(T) = W}.

This space is naturally equipped with the norm given by ||T|lw—n = ||T(I —
D?)~1/2||. With D being any fixed complex structure on H and W = H we ob-
tain B'(H,H) = B'(H) the bounded skew-adjoint operators on H as a special
case.

Remark 6.1. A word of warning: one might be tempted to “identify” B'(W, H)
with the skew-adjoint operators in H by sending

BY(W,H) > T — (I—D?)"V4T(I - D?)7/* = B(T).

Using a bit of interpolation theory (cf. [LEsos, Appendix]) one sees that indeed
B(T) is a skew-adjoint bounded operator, and the map T — B(T) is injective.
However, it is in general not surjective. Namely, interpolation theory shows that
for an operator S € B'(H) to be in the range of B it is necessary that

(I—D?*)*S(I—D?)™™

is bounded on H for —1/2 < o« < 1/2. In the interesting case of unbounded D,
this is a restriction which is not satisfied by all operators in B'(H).

If H is a Ct, s—Hilbert space then we denote by €1 B"s*1 __ the correspond-
ing spaces of skew-adjoint operators which anti-commute with the Clifford gen-
erators Eq,...,E;, F1,...,F, cf. Sec. 2.1. In the case of operators with a fixed
domain this requires, of course, that D itself is C{, —anti-linear and hence the
inclusion W — H is an inclusion of C{,—Hilbert spaces. Similarly, CJ" s+t (H)
and 3751 (W, H) denote the corresponding spaces of skew-adjoint Fredholm op-
erators.
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The relations between the metric spaces of unbounded operators are summa-
rized by noting that that there are natural continuous (inclusion) maps [LEso5,
Prop. 2.2]

B (W, H) — (€5 (), dg) = (€77 (H), dg), (6.1)

where dg, dg denote the Riesz and gap distance resp.

6.2. Spectral flow for families of unbounded operators. With the preparations
of the previous section at hand, the definition of sf; ¢, for families of unbounded
skew-adjoint Fredholm operators is straightforward. Let us consider a Cl;—
Hilbert space H and a gap continuous family T, : [0,1] — CI"*(H) of un-
bounded skew-adjoint Fredholm operators with invertible endpoints. As re-
marked above, the gap continuity implies (and is in fact equivalent to) the conti-
nuity of the resolvent maps t +— (T; &+ I)~'. Hence, the Cayley transform (Defini-
tion 5.1)

t = O(T) = —Fo(I+ TeFg) (I — TF) ™ (6.2)
is a continuous path ([0,11,{0,1}) — (Qu5, Qrs) in Q5 with endpoints in the
contractible (see Lemma 3.3) neighbourhood Q, . of F,. One is now in the situ-
ation of Def. 5.1 and therefore proceeding as in loc. cit. one obtains an element
Sfr,erZ(To) € Arsi2 and SFT,5+2 = Trs42 (Sfr,s+2(To)) € KOsz +(R), where T was
defined in Eq. (2.17).

The reader might notice that alternatively one could first have introduced a
spectral flow invariant of paths in ([0, 11,{0,1}) — (Qu,s, Qyy5.+) as the basic object.
The spectral flow of paths of bounded and unbounded skew-adjoint Fredholm
operators are then just obtained by pullback via the map ©.

From the homotopy theory of flr,s it is clear that the sf; 1, for gap continuous
families of skew-adjoint Fredholm operators satisfies Homotopy, Path additivity,
Stability, Normalization, Constancy, and Direct sum in the sense of Remark 5.2.

In view of the inclusions Eq. (6.1) the sf; s, for Riesz continuous families of
skew-adjoint Fredholm operators (resp. such families in the space F"1(W, H))
is just obtained by taking the sf, ¢, after sending the family to €F™*! via the
natural maps Eq. (6.1).

6.3. Two technical results. In the unbounded case we will need adaptations of
the two technical results [LEsos, Assertion 1 and 2 in Sec. 5]. The first statement
is an improvement of the results in Lemma 5.3.

Lemma 6.2. Let H be a C{,—Hilbert space and let T, : [0,1] > t — CF s+ (H) be
a continuous path with invertible endpoints. Then there exists a subdivision 0 = ty <
ty - < tn = 1 of the interval [0,1] and a continuous path T : [0,1] — €I+ (H) with
the following properties:
(1) Ty is a finite rank perturbation of Ty and it has the same endpoints as T,, i.e.
To=To i =T.
(2) T is invertible, j = O,...,n. The value of Ty, may even be prescribed as in
Lemma 5.3.
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(3) There exist ¢ > 0, j = 1,...,n such that for all t € [tj_1,t;] we have & ¢
spec Ty, | and specess([Te;1) N [0, &1 = 0.

The properties (1)~(2) imply that T, is (straight-line) homotopic to T, and hence both
paths have the same sf, ;1 spectral flow.

The result holds verbatim also for Riesz continuous paths in CF" s+t (H) as well as for
continuous paths into I+ (W, H).

Proof. To avoid repetitive statements a like ‘resp. for Riesz continuous resp for
paths in F"5*1(W,H)” we present the proof for gap continuous paths and leave
the (obvious) modifications for the other two cases to the reader.

Clearly, since T; is Fredholm and by compactness there is a subdivision 0 = ty <
t; <...<tp=1and ¢ > 0 such that ¢; € spec|T(t)| and specess(|T(t)]) N [0, &5] =
(). The problem is that T(t;) need not be invertible. However, an inspection of
the proof of Lemma 5.3 shows, that it holds for paths in CF"*! as well. More
precisely, the proof shows that there are finite rank C{, ;—antilinear skew-adjoint
operators R; (and the same choices as in Lemma 5.3 are possible) with R; ‘ker T, €

Jrst1 (ker Ty;) and R; = 0. With the notation of the proof of Lemma 5.3 we

J}k TL

see that for A > 0 the operator family ﬁ(?\) =T+ A Z] 1 @;(t)R; satisfies (1)
and (2) for all A > 0. By compactness, there is a 6 > 0 such that forall 0 < A <9
the family T, (A) satisfies (3) as well. O

Lemma 6.3. Let H be a C{, —Hilbert space and let T, : [0, 1] > t — CIFV+1(H) be a gap
continuous path with invertible endpoints. Furthermore, assume that (3) of the previous
Lemma is fullfilled for T,. More precisely, assume that there exists an € > O such that for
all t € [0, 1] we have ¢ & spec |T¢| and specess(|Ttl) N [0, €] = 0.

Let E(t) = 1y ([Tt]) be the finite-rank spectral projection onto the eigenspaces with
eigenvalues A < € of [Ty.

Then there is a continuous family U : [0, 1] — B(H) of unitary operators commuting
with the CU, s—action such that Ty = U(t)*TU(t) has the following properties:

(1) To : [0, 1] 35— CF"sH with invertible endpoints.
(2) T, is homotopic to T, within paths in CF" St with invertible endpoints.

(3) Tt commutes with E(0) and Tt\ NE() is invertible.

As a consequence T, is homotopic within paths in CF" 1 with invertible endpoints to a
path T} commuting with E(0) and such that T] ‘kerE(o) is constant and invertible.

The result holds verbatim also for Riesz continuous paths in CF"*1(H) as well as for
continuous paths into Frst (W, H).

Proof. Note that |

o $TE -2 e

where the integral is along a contour encircling the interval [0, ¢?] counterclock-
wise such that no other spectral points are encircled. This is possible by the
spectral gap assumptions. This formula shows that t — E(t) is continuous, in
view of Eq. (6.1) a fortiori if T, is Riesz continuous or fixed domain continuous.

E(t) =
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Furthermore, E(t) commutes with the C{, ;—action. The construction in the proof
of Prop. 3.2 and in [BLAQS, Prop. 4.3.3] shows that there is a continuous family of
Cl, s-linear unitaries U : [0, 1] — B(H), U(0) = I such that E(t) = U(t)E(O)U(t)".
Now put T, := U(t)*T U (t).

Since E(t) and U(t) are C{, s—linear, the rest of the proof is now identical to that
in [LEso5, Assertion 2 in Sec. 5]. O

6.4. The “local formula’ for SF in the unbounded case and consequences. Next
we discuss the analogue of Theorem 5.4. For this we will need the two technical
Lemmas in Sec. 6.3. For Theorem 5.4 however, it is essential that the family
t — 7(Jy) € Q(H) depends continuously on t where J; is essentially the phase
T.|T:|~". For this to behave continuously, gap continuity is not enough. Therefore,
the analogue of Theorem 5.4 can only be proved for Riesz continuous families of
skew-adjoint Fredholm operators.

Theorem 6.4. Let H be a Cl, —Hilbert space and let [0,1] > t — T, € CF s (H) be a
Riesz continuous path with Ty, Ty being invertible. Let J; be complex structures obtained
by complementing the phase T|Te|™" on ker T;- by an arbitrary complex structure in
Jrstl(ker Ty), of. Eq. (5.2).
Then t — 7(J) € Q(H) is continuous. For a fine enough™ partition 0 =ty < t; <
-+ < tq =1 of the interval [0, 1] we then have the formula

SFr s+2 Z Indr s+2 Jtl 1) Jt )
j=1

Proof. The continuity of t — m(J;) € Q(H) follows as in [Lesos5, Lemma 3.3].
By the path additivity and homotopy invariance of the spectral flow and by
Lemma 6.2, it suffices to prove the Theorem for a family T; satisfying the spec-
tral gap assumptions of Lemma 6.3. We can further assume that E(t) — E(0)
and U(t) — U(0) and the Riesz distance dgr(T, To) are small enough, and finally
To = Jo,T1 = J1. So T, now stands for the family on one of the segments in
Lemma 6.2 and it remains to show that SF, ;,>(T,) = Ind, s12(Jo, J1). With respect
to the decomposition H = ker E(0) & ran E(0) we have

U(t)*TU(t) =S¢ & Ry

with an invertible family S, and a finite rank family R,. Again by Homotopy and
applying Theorem 5.4 and Prop. 4.7 to the finite-rank family R, we have

SFrs+2(Te) = SFrsi2(U(0)* Ty U(e))
= SFri2(Rs)
= Ind, 542 (U(0)* Io‘mnE ), UM UM | g o))
= Ind, 42 (U(0)* Jou U u(n)
= Indr ¢42(Jo, U(0) hu( JU(0)*)
= Ind; s12(Jo, J1)-

"The phrase ‘fine enough’ can be quantified by working through the constructions in the proof.
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From line 3 to line 4 it was used that Sy, S7 is an invertible pair since they are close
enough in the Riesz distance. For the last equality, one may invoke the homotopy
U(0)U(s)*J1U(s)U(0)*, 0 < s < 1, again using the smallness assumptions which
imply that this is a valid homotopy of Fredholm pairs. O

Theorem 6.5 (cf. [LEsos, Theorem 3.6]). Let H be a C{, s—Hilbert space and let [0,1] >
t — Ty € CF" ST (H) be a Riesz continuous path with Ty, Ty being invertible. Assume
furthermore, that the domain of T does not depend on t and that for each t € [0,1] the
difference T,—Ty is relatively To-compact, i.e. (Ty—To)(To-+1)"" is compact. Then the pair
(To[Tol ™", T1[T1|~") consisting of the phases of the endpoints is a Fredholm pair of complex
structures in J»5T1 (H) and we have the index formula

Sfr,s+2(T0) = indr,s+2(To|To|4 ) T] |T1 |71 )

Proof. It follows from [LEso5, Prop. 3.4] that under the assumptions of the Theo-
rem the differences of the Riesz transforms F(T;) — F(Ty) is a compact operator for
all t € [0, 1]. Similarly, the differences of the ‘phases’ J; — Jo are compact as well.
Now the claim follows by applying Prop. 4.7 to the formula in Theorem 6.4. [

Thus, for a path of relatively compact operators the SF; ;., depends only on
the endpoints. This applies in particular to the finite dimensional case which we
single out here.

Corollary 6.6. Let H be a finite dimensional Cl, —module and let [0,1] 5 t — Ty €
BUSH(H) be a continuous family of skew-adjoint matrices anti-commuting with the Clif-
ford generators. Then sf, s12(Te) = inds v 2(TolTol ™", Ty Ty 71).

7. UNIQUENESS OF THE KO—VALUED SPECTRAL FLOW

In this section we give an ‘axiomatic’ characterization of KO-valued spectral
flow. Our approach is not exactly the same as in the complex case as described
in [LEso5] because we have to start with the finite dimensional case. As a result,
stability must play a role in the passage to infinite dimensions.

7.1. Uniqueness in the finite dimensional case. We introduce some notation. For
a finite dimensional C{, s—module H we denote by A1 (H) the set of continuous
paths y : [0,1] — Bt (H) with y(0),v(1) being invertible.

Theorem 7.1. Suppose we are given, for each finite dimensional Cl. s—module V, a map
wy : ADHN(V) — A, 42 satisfying Homotopy, Path additivity, Stability, and Nor-
malization in the sense of Remark 5.2. Then py = sf, s ».

More precisely, Normalization means the following: if V is a module as in
Eq. (5.1) (resp. Sec. 4.3) then py(t — (1 —2t)Fgq) = [V].

Proof. Suppose first, we are given two paths y1,v2 € A"+ (V) with the same
endpoints. Then the straight line homotopy u — (1 —u)y; + wy; stays within
AMSH(V), hence py(v1) = pv(y2). Thus for y € A™F1(V) the value py(y) depends
only on the endpoints of y. In particular, py(y) = py(t — (1 —1)y(0) + ty(1)).

If ho(u), hy(u) are paths of invertible elements in BT (V) with ho(0) = v(0)
and hy = y(1), then H(u,t) := (1 —t)hg(u) + th;(u) is a homotopy with invertible
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endpoints from the straight line path from y(0) to y(1) to the straight line path
from hg(1) to hy(1).

Together with Stability this shows that py(y) depends only on the stable ho-
motopy classes of the endpoints of the paths. Since any invertible T € B"s*1(V) is
homotopic to its phase TITI=! € gnst1(V), it suffices to consider pairs of complex
structures. By Appendix A.2 we know that in each stable path component there
is a standard pair as in Sec. 4.3. Hence by Normalization (and Stability) the claim
follows. ]

7.2. Uniqueness in the fixed domain unbounded case (includes bounded case).
Here we discuss uniqueness for families in J" “+t1(W, H). This contains the case
W = H and hence the bounded case as a special case. The obvious extension to
gap or Riesz continuous families is left to the reader, but see [LEsos5, Sec. 5].

So fix a C{, —Hilbert space and a skew-adjoint operator D € CF™*1(H) with
domain W. By A" s*1(W, H) we denote the set of continuous paths y : [0,1] —
Fmst1 (W, H) with invertible endpoints. A pair (VNV ﬁ) is called W-admissible if
there is a finite dimensional C¢;, S+1—module V such that W = W @ V, H=H eV \%
as C{, ;—Hilbert spaces. Hence W < H sits naturally in H as a dense subspace. w
is the domain, e.g., of the skew-adjoint operator D @ F4 ‘v

Theorem 7.2. Suppose that for each W-admissible pair (W, H) we are given a map
wy o AP SH(W, H) — A 512 satisfying Homotopy, Path additivity, and Stability in
the sense of Remark 5.2. Furthermore, assume that \ satisfies the following variant of
Normalization:

Let T € "tV (W, H) be an invertible operator. Furthermore, let V be a
finite dimensional Cl,. s 1—module. Consider the path

v(t):=T® (1 =2t)Fg 1 € T Wa V,Ha V).

Then pwev(v) = [V] € Arsy.
Then w3, = SF; 5.2 for all admissible pairs (W, H).

Proof. Let T, be given. Apply Lemma 6.2 and let T, be the corresponding finite-
rank modification of T,. By Homotopy and Path additivity we have

n
nw (T) Z t) ] yt}

We look at one of the T‘ _— and write again T for it and parametrize it over
i1

[0, 1]. As a result of this exercise we may now assume that there is a global spectral
gap ¢ > 0 such that T satisfies the prerequisites of Lemma 6.3. By homotopy

tuw(Te) = uw(R @ S),

where S is constant and invertible on ker E(0) and R; is finite-rank on ran E(0).
There is a slight difficulty here, as ker E(0) is only a subspace of H (resp. W).
Since Ry is also invertible on ran E(0) we put W :=ran E(0) & W. Then by Stability
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(and Homotopy to switch the roles of the two copies of ran E(0))
Hw (Te) =y (Re @ (Ro & S)).

By Normalization and the finite dimensional case, which has been proved, the
latter equals sf; ;1>(T.) and we are done. O

8. THE ROBBIN-SALAMON THEOREM FOR KO-VALUED SPECTRAL FLOW

The axiomatic characterization of the KO-valued spectral flow in the previous
section allows a short proof of our main objective. Namely we now prove the
‘spectral flow = Fredholm index” result alluded to in the introduction.

8.1. Standing assumptions. Following [RoSA9s5, (A1)—(A3)], [KALE13, Sec. 8] we
need to introduce quite a bit of notation here. We continue to work in the frame-
work of Fredholm operators with a fixed domain. So let H be a Ct, —Hilbert
space H and let D € €F"s*1(H) be a skew-adjoint Fredholm operator with compact
resolvent. The latter is equivalent to the saying that the domain W := dom(D)
with its natural graph norm is compactly embedded into H.

Furthermore, consider a one-parameter family A(-) : R — J7 S+t (W, H) of skew-
adjoint Fredholm operators such that the following conditions are satisfied:

(A 1) The map A : R — B"*1(W, H) is weakly differentiable. This means that
for all £ € W and all € H the map t — (A;(t)&,n) is differentiable. Fur-
thermore, we suppose that the weak derivative A’(t) : W — H is bounded
for each t € R and that the supremum sup, p |A(t)[lw—H =t K < oo is
finite.

(A 2) The domain dom(A(t)) = W is independent of t and equals W. Moreover,
there exist constants C;, C, > 0 such that

Cillellw < [[&llaw < CallEllw (8.1)

for all £ € Wand all t € R. In other words, the graph norms are uniformly
equivalent to the norm || - ||w of W.

(A 3) There exists R, ¢ > 0 such that for all t € R with |[t| > R we have |A(t)| > c-I,
i.e. A(t) is invertible and uniformly bounded below.

(A 1) and (A 2) are the same as in [RoSAg5], while (A 3) is slightly more general
than [RoSag5, (A3)], see [KaLE13, Sec. 8].

If A(-) satisfies (A 1)-(A 3) then we let sf.;>(A(-)) be the sf.;,> of the path
[—R,R] > t — A(t). We leave the straightforward verification that this is well-
defined to the reader. The condition (A 1) implies continuity as a map R —
BTSH(W, H). Furthermore, (A 1) can be relaxed to the assumption that A(-) is
continuous and piecewise weakly continuously differentiable. This has the benefit
that given A(t)q.<i<p satisfying the finite interval analogues of (A 1)—(A 3) with
A(a), A(b) invertible, the family
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satisfies the modified axiom (A 1) and the axioms (A 2), (A 3).

8.2. The Robbin-Salamon Theorem for C{, ;—antilinear skew-adjoint Fredholm
operators. After these preparations, we are ready to formulate the main result of
this section:

Theorem 8.1. Let A(-) be a family of unbounded skew-adjoint Fredholm operators in
CI™SH (W, H) satisfying the axioms (A 1)—(A 3) above. Let

D=At)® w1 — % ® Ky (8.2)
(=& A
- (G ). 83)

Then D is an essentially skew-adjoint Fredholm operator in CF™s+2(L?(R,H ® R?))
where the Clifford generators are given by, cf. Prop. 2.1, §5 =@ wiy,j = 1,...,71,
Fe=Fh®wij=1,...,s Fe1 = =1 ® Ly. With these normalizations we have

Sfr,s+2(A(')) = indr,s+2(D)-

Remark 8.2. There are other possible normalizations of course. For example, the
roles of the 2 x 2 matrices K;,K; can (up to sign) be reversed. The self-adjoint
unitary %(M — K3) conjugates Ky and —K;. It is then not hard to see that D can

be replaced by
, A(t) —éit d

with Clifford generators given by Ej =5®Ky,j=1,...,1 fk =Ky, j =
1,...,8, Fsi1 =1 L.

Proof. For the analytic part of the theorem, the results of [RoSag5] and [KALE13]
apply. Note that we may write

D=—1 ®K1)(£—A(t) ®Ly).

dt
Thus viewing H ® R? as a complex Hilbert space with complex structure —1 ® L;
we see that A(t) == —A(t) ® L; is a family of self-adjoint Fredholm operators

satisfying (A 1)—(A 3).

Consequently, D is essentially skew-adjoint and Fredholm. Furthermore, a
direct calculation shows that D is Cl,, j—anti-linear with respect to the Clifford
matrices Eh ceny E. F yeee )Fs+1 given in the theorem.

It is clear that the right hand side of the claimed index formula satisfies homo-
topy invariance. Concatenation can either be proved directly by invoking classical
methods of elliptic boundary value theory or as in [RoSAg5, Prop. 4.26] where it
is shown that concatenation already follows from homotopy and the easy to check
constant and direct sums axioms.

It remains to check normalization which is done below. O
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8.3. Normalization. Let V be a finite dimensional C{,s;j—-module and consider
the path

f(t)Fsi1 =2 A(t),
where f : R — R is a continuous function with
1 t<0
f(t)=<¢" S
-1, t>1.

The path A(t) is homotopic to the straight line path from Fgq to —Fs;7 in the
finite dimensional C{, . j—module V, hence by Sec. 4.3 we have
Sfr,s+2(A(')) =[V]e Arsi2.
We will need the L?-solutions of the ODE
u +efu=0, ec{£l} (8.5)

on R. For x < 0 we have u(x) = e “*u(0) and for x > 1 we have u(x) = e**u(1).
In both cases the solution is square integrable if and only if ¢ = —1. Thus, for
¢ = 1 there are no [*-solutions and for ¢ = —1 there is a unique L?-solution @
with (0) = 1.

With regard to the consideration about L?-solutions we infer that the map

®:Vi—kerD, n~ (x»—>u\(};) (2;?112))
S

is an isomorphism. One immediately checks, that ® is C{, s, j—equivariant in the
sense that ®(En) = E;@(n), j = 1,...,7and O(Fn) = F@Mm), k =1,...,s + 1.

Thus @ is an isomorphism of the Clifford module (V;E;,...,E, F,...,Fsi1) onto
the Clifford module (ker D;Ey,...,E, Fy,...,Fsq) and thus ind, ., D = [V] =
sty s+2(A(+)). The proof of Theorem 8.1 is complete. O

9. SPECTRAL FLOW AND THE KASPAROV PRODUCT

In this section we relate Theorem 8.1 to Kasparov’s theory via the unbounded
Kasparov product. In order to have both a spectral flow and a Robbin-Salamon
interpretation of the index theorems provided by Kasparov’s theory, we must be
in a setting where we have a one-parameter path of operators. For analogous
results in the complex case, see [AzZWAa11, vDD17, KALE13].

We first note a word of caution in that up until this point, we have largely
ignored the gradings on Clifford algebras. However, KK-theory is intrinsically
Z/27Z-graded and as such all Clifford representations that appear as part of a
Kasparov module must respect the grading. We will explicitly state when we can
consider representations and modules as ungraded.

Throughout this section we use the identification of K-theory with KK-theory
contained in the next Lemma.

Lemma 9.1. For A a o-unital C*-algebra, we have for s > r

KOs _+(A) := KKO(R, A ® Co(R*™)) ~ KKO(Cls,,.A)



36 CHRIS BOURNE, ALAN L. CAREY, MATTHIAS LESCH, AND ADAM RENNIE

where the isomorphism is given by the Kasparov product with the class of the (Z/27—
graded) spectral triple

Mor = (ColRT) @ Clyro, (RS, ARTT), d + d°)
with d + d* = ZJS;T 0x; ® fj using the isomorphism B(A*R¥) ~ Cly.
Proof. This is a special case of [Kas8o, Theorem 7, Sec. 5]. ]

Let us first review the equivalence between paths of operators in F>° and Kas-
parov modules.

Proposition 9.2. Let {T(t)}ter be a norm-continuous path in FosHt with T(t) invertible
for all t outside the compact set [—R,R]. Then

H® Co(R) 0 —T()
(Cew’r’ <H®C0(R)>CO(R)’ <T(') 0 >> o

is a real Kasparov module where the left Cls 1 ,—representation is generated by the ele-
ments {1 @ Ky, F1 @ Ly,..., Fs ® Ly, Eq ®L1,...,ET®L]}.

Proof. Because {T(t)}ter is a norm-continuous path of Fredholm operators invert-
ible outside a compact set, it follows that T(-) is a well-defined operator on the
C*-module H ® Cy(R). It is then a simple check that the matrix T(-) ® L; is self-
adjoint and anti-commutes (graded-commutes) with the left Clifford action.  [J

Remark 9.3. Analogously to the previous proposition, if A(:) : R — F™s+1 (W, H)
is a one-parameter family of skew-adjoint operators with compact resolvent and
satisfying (A 1)—(A 3) as in the Robbin-Salamon theorem. Then we can construct
an unbounded Kasparov module

H® Co(R) 0 —A()
(CBS-H,T) (H ® CO(R)) Co®) ’ (A() 0 >> (92)

with Clifford generators as in Prop. 9.2.

The properties of the spectral flow listed in Remark 5.2 ensure that sf, s, de-

scends to a map
Sfr,s+2 : KOs11-+(Co(R)) — KOs 12+ (R).

We will use Theorem 8.1 to compare spectral flow of the family A(-) : R —
st (W, H) satisfying (A 1)-(A 3) with the Kasparov product of the Kasparov
module represented by Equation (9.2) with the fundamental class for R. The fun-
damental class [0] € KKO(Co(R) ® Cl; o, R) of the real line is represented by the
unbounded Kasparov module

(Col®) ® Clig, LA(R) & AR, 9, ©1), 9:3)

0

where A*R ~ R2, f = (]

()

0]> and the representation of C{; is generated by
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Proposition 9.4. Let A(-) : R — F"St1 (W, H) be a one-parameter family of skew-adjoint
operators with compact resolvent and satisfying (A 1)—(A 3). The Kasparov product
[A()] ®c,(r) [0x] of the classes of the Kasparov modules (9.2) and (9.3) is represented by
the Kasparov module

(Closar, (R H) 0 AR, A() @1 + 0, @2

where we identify B(A*R?) ~ Cly, and the Clifford generators of the left action are
{I®e1,l®€2,F1 ®f1)'°')FS ®f1>E1 ®f1)"')ET®f1}-
Applying the isomorphism ¢ : KKO(Cls 2, R) = KOg 2+(R) to the product yields

O ([A()] ®c,r) [0x]) = indys42 <Aa(x) _aAX(_)> = —sfrs2(A()).

Proof. To take the (unbounded) Kasparov product, we first take d : C}(R) —
B(L2(R)) the trivial connection. Then making the identification

Co(R,H) ®c, &) L*(R) — LA(R, H),

we have that 1 ®4 0y is represented as 905 on [2(R,H). We can similarly identify
AR ® A*R =~ A*R? and so our product Hilbert space is L*(R, H) ® A*R?. Putting
together our Clifford actions, the results in [KALE13] ensure that the triple

(Closzr, P(RH) @ AR AL 91 + 0,0 )

is an unbounded representative of the product [A(-)] ®c, ) [0x].
We now relate our product spectral triple to a KO-theory class. We first identify
A*R? ~ R* and take the following generators of a Cl, ,—representation:

1 1 —1 -1
1 —1 1 —1
1 1 —1 1
The product operator T = A(-) ® fj 4+ 0y @ f; therefore has the form

(02 T _ (A() Ok
T= <T+ oz>’ = ( 2 —A())
We see that T, is a skew-adjoint unbounded Fredholm operator on L%(R,H)%?
anti-commuting with an ungraded left C{,; 1—-action with generating elements

{E1 ® Kyy..., Er @ K1y F1 @ Ky, 0, Fs ® Ky, I ® L1}, We can now apply the iso-
morphism ¢ : KKO(Clg,;,,R) = KOs, (R) which is given by

¢ ([(Cloram LARH)™, )] ) = indrgi2(T) € Arsiz = KOsz 4 (R).
Therefore, we find that

DAL oy o) =indea (3]0 ) == strasalAC)
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The last equality comes from Theorem 8.1 and by conjugating T, by the self-
adjoint unitary % (K7 — K3), cf. Remark 8.2, which will reverse the orientation of
Cl, 0 and sends the class in KOs 1,>_(R) to its inverse. O

The minus sign relating the Kasparov product to the KO-valued spectral flow
is common in such index formulas. In the case that v =sand r—s =1, SF.
has range Z/27 and so this minus sign can be ignored.

APPENDIX A. SOME CLASSICAL HOMOTOPY EQUIVALENCES

In this appendix we will explicitly describe a few useful homotopy equivalences
most of which are reformulations of results due to Atiyah and Singer [ATS169].
We will use freely the notation introduced in Sec. 2.1.

Strictly speaking, [ATS169] cover “only” the case of C{y ) symmetry. Note, how-
ever, that due to the isomorphisms Eq. (2.6)-Eq. (2.9) one has the following: if X"*
denotes any of the spaces F5*1, Q. , ... etc. then X"t1*1 is naturally homeomor-
phic to X"*. Also, in a standard Hilbert space, Xr+8s Xst8 gre homeomorphic to
X"$ and the homeomorphism is compatible with all the homotopy equivalences
stated below.” Therefore, we just summarize the results. The easy (but tedious)
details are left to the reader.

A.1. Homotopy results for standard C{, ;—Hilbert spaces.

Proposition A.1. For a C{,s—Hilbert space H the inclusion ﬁr’s C ﬁns is a weak
homotopy equivalence."3

Proof. As in [ATS169] one concludes that O, < Q,¢ — {x € I"(QH)) | [Ix—
7i(Fs)llo < 2} is a fibration. In view of Prop. 3.2 the base is contractible, whence
the claim. O

Next we recall the main results of [ATS169]:

Theorem A.2 ([A1S169], Theorems A(k), B(k)). Let H be a standard Ct, —Hilbert
space. Then

ind,1: I = A1 =KOgy1 +(R), T (ker Tly, . /ot

labels 1ty (FTs+).

T,5+1

This means that each T € 375! can be path connected to an operator Ty of the
normal form Eq. (2.24).

Theorem A.3 ([ATS169], Theorems A(k), B(k)). Let s > O or r = s = 0. Then for a
standard C{, s—Hilbert space, the map
FOP**! — Q(FOL®), T (T,
o (T) := cos(mt)Fs +sin(mt)T, 0<t<1
?This is a metastatement whose details are hard to formulate such that a lawyer will be happy;

however every literate reader will be able to fill in the correct details.
3 A weak or singular homotopy equivalence is a map which induces isomorphisms on all homo-

topy groups
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is a homotopy equivalence. The RHS is the space of paths from Fg to —Fg in FOL*.
In the corner case v = s = O this must be read as follows: FO%° is the space of
essentially unitary Fredholm operators and Fy = L

Theorem A.4. Let s > 0 or v = s = 0 and let H be a standard C{, s—Hilbert space. Then
the map

g1 FOIH ST, T —Fee™

is a homotopy equivalence. Again, if r = s = 0 then Fy = 1. Putting

X, Ix| <1,

(A1)
x/Ixly x| > 1,

Y:iR — iR, xr—>{

one obtains a homotopy equivalence
Oy : T 5 O, T —Fe™(Ts),

Proof. The claim about the first homotopy equivalence follows from [ATS169],
Prop. 4.2 (s > 0) and Prop. 3.3 (r = s = 0). The second claim is then a simple con-
sequence since on the deformation retract FODS™" ¢ 751 the map @y coincides
with the map @ . [l

We note that @y (+Fg1) = P4 1(£Fs41) = Fs so that Oy, O, 541 sends paths
from Fgy1 to —Fgq in F0H1 FOLS™! to loops in Q. with base point F;. As a
corollary we obtain the characterization of the connected components of Q"s*':

Corollary A5. Let s > O or v = s = 0 and let H be a standard Cl, —Hilbert space.

Then we have canonical identifications my(Qyrs) =~ To(Qrs) ~ Arsi1 =~ KOgp1—+(R).
More concretely, each path component contains an element which, w.r.t. a Cl,s~linear
decomposition H = Ho @V, takes the form F ‘Ho @©—Fs ]V. Under the claimed isomorphism
this element is then mapped to [V] € My /My s41.

Proof. The first isomorphism is Prop. A.1. According to the remark after The-
orem A.2 each class in 7o(F05t") has a representative T = Fg11 @ 0 wrt. the
Ct; s—linear decomposition H = Hy @ V such that Hy carries a C{, ¢, structure;
then ind, . 1(T) = [V]. Under the homotopy equivalence ®. .1 of Theorem A.4
this is mapped to

(Dr,s+1 (T) = —Fs QNFH]FS

Ho D _FS‘V - FS‘HO @ _F5|V’
since (Fg41Fs)? = —1. O
Now we are in the position to prove the main result of this section:

Theorem A.6. Let s > 0 or v = s = 0 and let H be a standard C{, s 1—Hilbert space.
Then the fundamental group (ﬁr,s, Fs) is canonically isomorphic to My s41/M; 512 ~
Kos+27r(R)' "

The isomorphism is given as follows: given a loop 7y : [0,1] — Q,,,v(0) =v(1) =F,,
then there is a Cl, 51 decomposition H = Ho @ V with dimV < oo and Hy carrying a
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Cl, s2-structure such that 'y is homotopic to the loop

Y(t) = FS‘HO @ Fee 2thsiFs v

= FS‘HO & <c0s(27t’c)FS — sin(ZTct)FsH) |v’ 0<t<1.

The element [y] is then mapped to [V] € My s11/My s42.
As usual, in the case v = s = 0 one has to read the formulas with Fy = L

Proof. In view of Prop. A.1 it suffices to prove the result with Q,  instead of ﬁr, s

Pick a typical representative T of M, s 1/M; s> as in the proof of Cor. A.5. Ac-
cording to the isomorphism in Theorem A.2 this labels 7o(FO»*"%). Under the
isomorphism in Theorem A.3, 715(FO*™2) is isomorphic to the homotopy classes
of paths in FO™**! from Fq,1 to —Fsi1. For T = F4,2 &0, H = Hy & V we first com-
pute o (T) of Theorem A.3: on Hy we have a(Fs2) = cos(mt)Fsi1 + sin(mtt)Fg
while on V we have o (0) = cos(7tt)Fsy 1.

Finally, the map ®,,.1 of Theorem A.4 maps the homotopy classes of paths
in FO:QSH from Fs 1 to —Fs1q to m (ﬁT’S,FS). On Hy we have @, ¢ (oct(Ferz)) =
—F,e™(Fsi2Fs) = F_ since o (Fsp1) anti-commutes with Fg, is skew and has square
—1.

On V we have @, o 1(x:(0)) = —FeemeostmtFeifs 0 < t < 1. As cos(mt) runs
from 1 to —1 this path is homotopic to —Fse™ 1 2Fst1Fs — Fe=2mFsifs (0 < ¢ < 1,
completing the proof. O

A.2. Stable homotopy in the finite dimensional case. Up to this point the results
of this Appendix A are proved by finite dimensional approximation. This means
that they do have finite dimensional analogues. Here, the infinite multiplicity
assumption built-in to the notion of a standard C{,—Hilbert space needs to be
replaced by looking at stable homotopy groups.

We will need the stable analogues of Cor. A.5 and Theorem A.6. The statements
can be extracted from [ATS169]. However, they can also be found in Milnor’s book
[M1L63, Sec. 24].

For a finite dimensional C{, ;—-module V one has ﬁns(V) = f)_T,S(V) =: O, 5(V).
If V. — W is an inclusion of finite dimensional C{,s—modules then there is an
obvious inclusion Q. (V) — Q. (W) by sending ] — ] ® Fs‘vL. Maps f,g: X —
0, s(V) are said to be stably homotopic if they become homotopic after embedding
into Q. (W) for a sufficiently high dimensional C{, s-module W O V. In this way
one obtains stable homotopy sets/groups TES(QT,S(V)), ﬂ?(QT,S (V).

Theorem A.7. Let H be a finite dimensional Cl, s—module. Then the stable homotopy set
Trg(Qm(V)) is canonically isomorphic to My s/M, 1. The concrete generators are the
same as those mentioned in Cor. A.5.

Similarly, for a finite dimensional Cl,s,1—module H, the stable fundamental group
TF?(Qr’S(H), Fs) is canonically isomorphic to M, s11/M. s12. The concrete generators are
the same as those mentioned in Theorem A.6.
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