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ABSTRACT. We provide a Cuntz-Pimsner model for graph of groups C*-algebras. This allows
us to compute the K-theory of a range of examples and show that graph of groups C*-algebras
can be realised as Exel-Pardo algebras. We also make a preliminary investigation of whether
the crossed product algebra of Baumslag-Solitar groups acting on the boundary of certain trees
satisfies Poincaré duality in K K-theory. By constructing a K-theory duality class we compute
the K-homology of these crossed products.

1. INTRODUCTION

In this article we provide a Cuntz-Pimsner model for the C*-algebras of graphs of groups
introduced in [BMPST17]. By associating an operator algebra to a graph of groups, we obtain
invariants of the dynamics via the K-theory and K-homology of the algebra.

Graphs of groups were introduced by Bass [Bas93] and Serre [Ser80] to study the structure
of groups via their action on trees. They have since become an important tool in geometric
group theory and low-dimensional topology, see eg. [DD89].

The relationship between graphs of groups and associated operator algebras has developed
sporadically. A construction which parallels ours, for graphs of groups of finite type, was con-
sidered by Okayasu, [Oka05]. Graphs of groups of finite type correspond to actions of virtually
free groups on trees [SW79|. Like the algebra considered in [BMPST17|, our construction
works for a much larger class of examples. Pimsner [Pim86] has used graphs of groups to de-
compose K K-groups for crossed products algebras, while Julg and Valette [JV84] used similar
ideas to investigate K-amenability of groups via their action on trees. More recently, graphs of
C*-algebras [FF14] have been introduced to investigate the K-theory of quantum groups.

In [BMPST17], a generator and relations picture of an operator algebra associated to a
graph of groups was presented, and we recall this in Section 2. The associated algebra was
shown to be Morita equivalent to a crossed product, and so has a groupoid model. The crossed
product arises from the action of the fundamental group of the graph of groups on the boundary
of its universal covering tree. Groupoid models are helpful because the associated algebra can
be described in terms of a dense subalgebra of functions, and the KMS-states can be described
using the machinery of [Ren80].

Groupoid models are not so helpful for computing K-theory, and in this paper we supple-
ment the groupoid picture with a Cuntz-Pimsner description in Section 4. The correspondence
from which the Cuntz-Pimsner algebra is constructed is simple enough to make K-theory com-
putations tractable, as we show in Section 6. This correspondence, described in Section 3, is
built from direct summands related to both Rieffel imprimitivity bimodules [Rie74Ind] and
Kaliszewski-Larsen-Quigg’s subgroup correspondences [KLQ18]. The construction of the cor-
respondence is also reminiscent of the correspondences associated to the (dual of) a directed
graph.

In addition to K-theory computations, identifying a Cuntz-Pimsner model for graph of groups
algebras allows one to import considerable existing technology for their study. For example, the

gauge invariant ideals can be classified [Kat07]. Cuntz-Pimsner algebras have a distinguished
1
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subalgebra, the fixed point of the gauge action called the core. The core is often more amenable
to study, being a direct limit, and “supports” many of the invariants of dynamical interest,
[KatO4cor; Pim97; CNNR11]. A Cuntz-Pimsner model also provides a canonical choice of
“Toeplitz graph of groups algebra”, namely the Toeplitz algebra of the associated correspon-
dence.

It is also worthy of note that having a Cuntz-Pimsner model presents a crossed product by a
fairly complicated group as a “generalised crossed product” by the integers.

In Section 5, by constructing a Morita equivalent correspondence, we obtain a Morita equiva-
lent Cuntz-Pimsner algebra, which can be directly shown to be an Exel-Pardo algebra [EP17].
In particular, from a graph of groups we construct a directed graph acted upon by a group with
a relevant cocycle, so that the associated Exel-Pardo algebra agrees with our Morita equivalent
Cuntz-Pimsner algebra.

In addition to K-theory, one can also consider K-homology as an invariant of a C*-algebra.
To access K-homological information one often uses index theory and the pairing with K-theory.
Many of the graphs of groups C*-algebras we consider have torsion in their K-theory and so this
method does not apply [HRO0O0]. We show in Section 7, using the Poincaré duality techniques
of [RRS19], that we can access the K-homology of an important class of examples, Baumslag-
Solitar groups acting on the boundary of certain regular trees.

Acknowledgements. Both authors would like to thank Aidan Sims for discussions about
amenability, and the first author would like to thank Nathan Brownlowe and Jack Spielberg
for their many insights into graph of groups C*-algebras.

2. PRELIMINARIES
2.1. Graphs of groups. We begin by recalling the notion of an (undirected) graph.

Definition 2.1. A graph T' = (I'°,T'!, r, 5) consists of a countable sets of vertices I'’ and edges
I'! together with a range map r: I'' — I'Y and source map s: T'' — I'°. We also assume that
there is an involutive “edge reversal” map e + € on I'! satisfying e # € and r(e) = s(€). An
orientation of a graph I is a collection of edges F}r C T'! such that for each e € T'! precisely one
of e or € is contained in F}r.

We always assume that a graph comes with an orientation, but all constructions we consider
are independent of this choice of orientation. With a choice of orientation, a graph can be
considered as a directed graph in which each edge has a ‘ghost’ edge pointing in the opposite
orientation.

Graphs are usually represented by a diagram. For a graph I' and e € F}r we either draw the
edge € with a dashed line, as on the left of following figure, or omit it entirely as on the right:

/\ ) e

We say that a graph T is locally finite if |r~1(v)| < oo for all v € T°, and nonsingular
r~Y(r(e)) # {e} for all e € T''. In particular, a graph is nonsingular if and only if every vertex
has valence strictly greater than 1. For each n € N we write I = {ejea---e, | e; € 1, s(e;) =
r(e;+1)} for the collection of paths of length n. Our convention for the direction of paths is the
same as that of [Rae05]. A circuit is a path e - - - e, € T'¥ for some k € N such that r(e1) = s(eg)
and e; #¢;y1 forall1 <i<k—1andeg_1 # €1. A treeis a non-empty connected graph without
circuits.

A group H is said to act on the left of a tree X = (X?, X! r s) if it acts on the left of both
X% and X! in such a way that r(h-e) = h-7(e) and s(h-e) = h-s(e) for all h € H and
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e € X'. We say that H acts without inversion if h-e # € for all h € H and e € X'. By
performing barycentric subdivision on the edges of X, the group H can always be made to act
without inversion [Ser80]. If H acts without inversion on X, then there is a well-defined quotient
graph H\X = (H\XO,H\XI,TH\X,SH\X), with 7\ x (He) = Hr(e), spnx (He) = Hs(e), and
He = He foralle € X'.

Bass-Serre Theory [Ser80; Bas93] asks what additional data on the quotient graph H\X is
required to reconstruct the original action of H on X. The central idea is that this additional
data can be captured in a “graph of groups” which we now define.

Definition 2.2. A graph of groups G = (I', G) consists of a connected graph I' together with:

(i) a discrete group G, for each vertex x € T'%;
(i) a discrete group G, for each edge e € I'', with G, = Gg; and

(iii) a monomorphism a.: Ge — G, for each e € rk.

We give a brief summary of the duality between graphs of groups and group actions on
trees. The interested reader is directed towards [Ser80; Bas93; DD89], or the introduction of
[BMPST17]| for further details.

Suppose that H acts on a tree X = (X% X! r s) without inversions. Set I' := H\X. Fix
a fundamental domain Y = (Y? Y1 7 s) of the action of H on X. That is, Y is a connected
subgraph of X such that Y! contains precisely one edge from each edge orbit. Note that Y
could contain more than one vertex from each vertex orbit.

For each v € Y we associate to the vertex Hv € I' the group G, := stab m(v), and for each
e € Y! we associate to He € T'! the group G, := staby(e). Note that if v, w € Y are in the
same orbit under the action of H, then stab(v) = staby(w) so up to isomorphism our choice
of vertex groups is consistent. For each e € Y'! the inclusion of staby (e) in staby (r(e)) induces
a monomorphism ape: Gye — Gy (pe)- The graph of groups G = (I' = H\ X, G) constructed in
this way is called the quotient graph of groups for the action of H on X.

Conversely, if one starts with a graph of groups G = (I', G), then there is a group 71 (G), called
the fundamental group of G, and a universal covering tree Xg, both constructed from paths in
G. The fundamental group 1 (G) acts naturally, without inversions, on the tree Xg. We will not
make explicit use of the construction of the fundamental group nor the universal covering tree,
and as such direct the interested reader to [Ser80; Bas93; BMPST17] for their construction.

The crux of Bass-Serre theory is that studying discrete group actions on trees is equivalent
to studying graphs of groups. In particular, the quotient graph of groups construction and the
construction of the fundamental group acting on the universal covering tree are mutually inverse
[Ser80/.

We impose conditions on the graphs of groups that we work with.

Definition 2.3. A graph of groups G = (I',G) is said to be locally finite if the underlying
graph T is locally finite and for all e € T'!, the subgroup a.(G,) has finite index in Gre)- A
graph of groups G = (I, G) is said to be nonsingular if for all e € T'! with r~1(r(e)) = {e} the
monomorphism ae: Ge — G, () is not an isomorphism.

Local finiteness and nonsingularity of G is equivalent to local finiteness and nonsingularity of
the associated universal covering tree Xg. All graphs of groups considered in this article will be
locally finite and nonsingular.
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Ezample 2.4. The modular group H := PSLy(Z) = Zsy x Z3 = (a,b | a®> = b3 = 1) acts without
inversion on the (2, 3)-regular tree,

. 9O<+—0—0
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The generator a acts by rotation around a 2-valent vertex w, while b acts by rotation around
an adjacent 3-valent vertex v. The orbits of vertices are coloured either red or blue in the
above figure. As such, the quotient graph I' consists of 1 edge and 2 vertices. We also have
stabg(v) = (b | b> = 1) and staby(w) = (a | a®> = 1). The associated graph of groups the
quotient graph of groups G = (I', G) is drawn in the following way:

L3 {1} Lo
o< ° -

Note that we have suppressed the inclusion maps from {1} into both Zs and Zs. Here G is both
locally finite and nonsingular.

Ezample 2.5. The Baumslag-Solitar group
BS(1,2) = (a,t | tat™' = a?),

acts on the infinite 3-regular tree X in a manner which we now spend some time describing.

Fix a vertex v € X° and an edge e € X! with r(e) = v. Consider the infinite rooted binary
tree X’ with edge set equal to all the edges of X!\ {e,e} which are in the same connected
component as v. We label the vertices of X’ with words from the alphabet {0,1} using the
binary structure of the tree. In particular, the vertices adjacent to v in X’ are labelled by 0
and 1, and inductively if a vertex is labelled by wy - --wy, € {0,1}*, then it is adjacent to the
vertices labelled by w; - - - w0, wy - - - wg1, and wy - - - wg_1. The labelling can be observed in the
following diagram:




A CUNTZ-PIMSNER MODEL FOR THE C*-ALGEBRA OF A GRAPH OF GROUPS 5

Fix a doubly infinite path g in X containing e and passing through the vertices labelled by
0, 00, 000, . ... The generator t of G acts hyperbolically on X by translating X along the infinite
path u in such a way that t-v =0 and ¢ - wy - - - wg = Owy - - - wy, in the subtree X'.

The generator a of BS(1,2) fixes each edge in X!\ (X’)! and acts via a so-called “odometer
action” on the remaining vertices. In particular, the action is defined recursively by

lwsg - - - wy, ifw; =0
a- - wiwo - Wr =
12 F O(a-wy---wy) ifw =1.

It is relatively straightforward to check that the actions of ¢ and a on X respect the relations
of BS(1,2), and therefore give a well-defined action of BS(1,2) on X. The action is transitive
on both edges and vertices. Consequently, the quotient graph BS(1,2)\X is a loop. One checks
that with v and f as in the diagram

stabpg(1,2)(v) = (@) = Z, and
stabpg(19)(f) = stabpg(1.2)(0) = (tat™') = Z.

Using additive notation for the integers, in the quotient graph of groups for the action of BS(1,2)
on X we have apgg(12)e = id and apg(12)e: k + 2k which we represent diagrammatically as,

id

k—2k

Similar considerations show that for all m,n € Z the group BS(m,n) = (a,t | ta™t~! = a™)
acts on the (|m| 4+ |n|)-regular tree, with the quotient graph of groups given by

k—mk

k—nk

2.2. C*-algebras associated to graphs of groups. In [BMPST17] the authors introduced
a C*-algebra associated to a graph of groups using the notion of G-families. A G-family is
analogous to a Cuntz-Krieger-family, which are used to define directed graph C*-algebras (see
[Rae05]).

Definition 2.6. Let G = (I', G) be a locally finite nonsingular graph of countable groups. For
each e € T'! choose a transversal (a system of distinct representatives) X, for G, () /ae(G.) and
suppose that 1¢g, € Xe. A G-family in a C*-algebra B is a collection of partial isometries
{Se | e € T''} in B together with representations U,: G, — B, g + U,4 of G, by partial
unitaries for each = € T'0 satisfying the relations:

(G1) Uy Uy = 0 for each z,y € ' with = # y;

(G2) U (9)9e = SeUs(e) az(g) for each e e T and g € G;
(G3) Se)l—SS+SS*f0reacheeI‘1 and
(G4) S;S. = > Us(e) uSS5Ug ey, for each e € rt.

r(f)=s(e), p€Xy
hf#le
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We note that the relation (G4) is independent of the choice of transversals (see BMPST17]).
The relations (G3) and (G4) are similar to the Cuntz-Krieger relations of directed graph C*-
algebras [Rae05]. In contrast to the Cuntz-Krieger relations, (G3) implies that S.Sz = 0
despite the fact that r(e) = s(€). The relation (G2) can be interpreted as intertwining the
representations of G, induced by a. and as.

Notation 2.7. If ec T and g € G (e), then we will write Sge := U, (¢) gSe-

For the remainder of this article we will always assume that for a graph of groups G = (I, )
we have chosen transversals Y. for Gr(e)/ae(Ge) such that lg,., € Y.. We use G-families to
associate a C*-algebra to a graph of groups.

Definition 2.8. Let G = (I', G) be a locally finite nonsingular graph of countable groups. The
graph of groups C*-algebra C*(G) is the unique (up to isomorphism) C*-algebra generated by
a G-family {ug,s. | * € T%, e € T''} which is universal in the following sense: if {U,, S, | = €
I'% e € I''} is a G-family in a C*-algebra B, then there is a unique *-homomorphism from
®: C*(G) — B such that ®(uy) = U, and $(s.) = Se.

This definition of a graph of groups C*-algebra is analogous to the definition of the full group
C*-algebra. We will never consider a “reduced” version of the definition. A concrete G-family is
constructed in [BMPST17]. In general, the C*-algebras of graphs of groups are not C*-algebras
of directed graphs (see [BMPST17]). On the other hand, if G is a locally finite, nonsingular
graph of groups with trivial edge groups, then according to [BMPST17] there is a directed
graph Eg such that C*(Eg) = C*(G). As we shall see in Section 6, if the edge groups are non-
trivial then the Kj-groups of C*(G) often have torsion and are therefore not the C*-algebras of
directed graphs.

We recall the definition of the boundary 0X of a tree X from [BMPST17].

Definition 2.9. Let X be a locally finite non-singular tree and fix € X°. The boundary of X
(at x) is the collection of infinite paths

x0X = {ejesez--- | ¢e; € Xl,r(el) =z, r(ei+1) = s(e;), and e; # €571 for all i € N}
equipped with the topology generated by the cylinder sets
Z(ereg---ep) ={fifofs - €20X | fi=¢; forall 1 <i <k}
ranging over all finite paths ejes - -- e, € X* such that r(e;) = z and e; # €1

The boundary zdX is a totally disconnected compact Hausdorff space. Moreover, if X is
connected, then up to homeomorphism the boundary is independent of the choice of z € X°. In
this case we simply write X for the boundary. As noted in [BMPST17], the above notion of
boundary agrees with the Gromov boundary of X.

The action of a group on a tree extends naturally to an action by homeomorphisms on the
boundary. In particular, the fundamental group 71(G) of a graph of groups G acts naturally on
the boundary 9dXg of its universal covering tree.

Finally, we mention the main theorem of [BMPST17]| which can be interpreted as a C*-
algebraic analogue of the Bass-Serre Theorem.

Theorem 2.10 ([BMPST17]). Let G = (I', G) be a locally finite nonsingular graph of countable
groups. Then C*(G) is isomorphic to K(¢*(I'°)) ® (C(0Xg) x, m1(G)), where T is the action on
C(0Xg) induced by the action of m1(G) on the universal covering tree Xg.

2.3. Group action cocycles. To streamline computations in C*(G), we introduce group action
cocycles. They allow us to “pass group elements through edges” in the sense of Lemma 2.12
below.
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Definition 2.11. Let G and H be groups and suppose that G acts on a set X. An H-valued
1-cocycle for the action of G on X is a map ¢: G x X — H such that

(9192, %) = (g1, 92 - x)c(g2, ) (1)
for all g1, g2 € G and z € X.

Let G = (I',G) be a graph of groups and recall that ¥, C G, is a transversal for the
coset space Gy(c)/ae(Ge). For each e € I'' the group G(e) acts canonically by left translation
on Gy(e)/ae(Ge), and this induces an action of G, on X.. There is a G.-valued cocycle
e Gre) X Xe = G, for the action of G, () on X, given by

ce(g, 1) := g ((g- )~ gp) (2)

for all g € G(¢y and p € ¥e. In the product (g - 1)~ tgp we are considering both y and g -y as
elements of G,(.). Then for each g € G, () and p € 3. we have

g = (g pac(ce(g, w))- 3)
In particular, g = (g - 1)ce(ce(g,1)).

Lemma 2.12. Let G = (I',G) be a locally finite nonsingular graph of countable groups and
suppose that {U, | x € T’} U{Sc | e € T''} is a G-family. Then for all e € Tt, g € Gy, and
u € Xe we have,

Ur(e),gue = StgmeUs(e)cc(gm- (4)
Proof. This follows immediately from (3) and (G2). O

Now suppose that f € T'! is such that s(f) = r(e) and f # & Then the cocycle ¢, restricts to
a cocycle cpo: Gy x Xe — G for the induced action of Gy on X, via oy Explicitly, for g € G
and p € X, we define

cre(g, ) == ce(agz(g), p)- (5)

In the case where f =€, the set X, \ {1} is invariant under the left action of Gz = G, on %.. In
particular, c, restricts to a cocycle cge: Gz X (2¢ \ {1}) — G, given by

Cee(s 1) = ce(ae(g), 1)

2.4. C*-correspondences and Cuntz-Pimsner algebras. We refer to [Lan95] or [RW98]
for background on C*-correspondences and their C*-algebras. Given a right Hilbert A-module
E, we write End4(F) for the C*-algebra of adjointable operators on E. For £, n € E we write
O¢,y for the rank-one operator defined by O¢ ,,(¢) =& (n | {)a for all ¢ € E. The closed 2-sided
ideal of generalised compact operators is denoted

End)(E) := span{©¢,, | £&,n € E} <End(E).

A right Hilbert A-module F is said to be full if (E | E)4 = A.

Definition 2.13. An A-B-correspondence is a pair (¢, E') consisting of a right Hilbert B-module
E together with a s-homomorphism ¢: A — Endp(F), which defines a left action of A on E.
We say that (¢, F) is faithful if ¢ is injective and nondegenerate if p(A)E = E.

An A-B-correspondence (¢, F) is said to be an imprimitivity bimodule if E is full and comes
with a left A-linear inner product 4(- | -) making it a full left Hilbert A-module which satisfies
the imprimitivity relation

-l QO =0e(al€[n)C
forall &, n, ( € E.
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If E is a right Hilbert A-module then we denote by E* = {&* | £ € E} the conjugate vector
space of E. Then E* becomes a left Hilbert A-module with left action a-&* = (£-a*)* and inner
product A(&* | n*) = (£ | n)a. If (¢, F) is an A-B-imprimitivity bimodule then E* becomes a
B—A-imprimitivity bimodule such that £ ®p E* =2 A and E* ® 4 E = B [RW98|.

Definition 2.14. A representation of an A—A-correspondence (¢, E') in a C*-algebra B, denoted
(m,¢): (¢, E) — B, consists of a x-homomorphism 7: A — B together with a linear map
1: E — B such that:

(i) v(&)rm(a) =(£-a) forall { € Fand a € A,
(i) w(a)y(§) = P(Pp(a)€) for all a € A and £ € E, and

(it)) ¥(&)*(n) = 7((€ | n).a) for all €, € E.

We denote by C*(m, 1) the C*-algebra generated by m(A)Uy(E) in B and call this the C*-algebra
generated by (m,1).

Pimsner [Pim97] introduced two universal C*-algebras for representations of correspon-
dences. The first is the Toeplitz algebra, introduced next. The second is the Cuntz-Pimsner
algebra, corresponding to a restricted class of representations. Subsequent work by Muhly-Solel
[MS00] and Katsura [Kat04cor] expanded the class of correspondences to which these algebras
can be associated.

Definition 2.15. The Toeplitz algebra Tg of an A—A-correspondence (¢, E) is the unique (up
to isomorphism) C*-algebra generated by a representation (j4,jg) of (¢, E) satisfying the fol-
lowing universal property: if (m,): (¢, E) — B is a representation then there is a unique
s-homomorphism 7 X ¢: Tg — C*(m, 1) such that (7w x ¥) o j4 = and (7 X ) o jp = 7.

Now suppose that (¢, E) is a full, faithful, and nondegenerate A—A-correspondence, and
suppose that ¢(A) C EndY%(E). Given a representation (7,%): (¢, E) — B there is an induced
+-homomorphism ¢(1): End}(E) — B satisfying ¢ (0¢,)) = (&) (n)* for all &, n € E. We
say that a representation (m,1)) of (¢, E) is Cuntz-Pimsner covariant if (v o ¢)(a) = 7(a) for
all a € A.

Definition 2.16. The Cuntz-Pimsner algebra O of an A-A-correspondence (¢, E') is the unique
(up to isomorphism) C*-algebra generated by a Cuntz-Pimsner covariant representation (ia,iz)
of E satisfying the following universal property: if (m,%): (¢, E) — B is a Cuntz-Pimsner
covariant representation then there is a unique *-homomorphism 7 x ¢: O — C*(m, 1) such
that (7 x ) oig =7 and (7 X ¢) oip = 1.

We show in Theorem 4.1 that the C*-algebra of a graph of groups C*(G) can be realised as a
Cuntz-Pimsner algebra. In the next section we describe the correspondence that the aforemen-
tioned Cuntz-Pimsner algebra is built from.

3. THE GRAPH OF GROUPS CORRESPONDENCE

One standard method of building a Cuntz-Pimsner model for directed graph algebras,
[RRS19], starts with functions on vertices as the coefficient algebra, and builds a C*-
correspondence from functions on edges. The coefficient algebra for our Cuntz-Pimsner model
of C*(G) is instead the direct sum of matrices over the group C*-algebras of the edge groups.
In the case that our edge groups are all trivial, our correspondence is akin to the directed graph
correspondence for the dual graph, [Rae05].



A CUNTZ-PIMSNER MODEL FOR THE C*-ALGEBRA OF A GRAPH OF GROUPS 9

3.1. The graph of groups correspondence. We begin by considering a path of length two,
fe € T2, We associate to the path fe a C*(Gf)-C*(G)-correspondence Df.. The corre-
spondence Dy, is analogous to the discrete case of the subgroup correspondences considered in
[KLQ18]J; the difference being that we do not assume that Gy = G.

Definition 3.1 (The algebras). For each e € I'! let B, := C*(G,), the full group C*-algebra of
Ge. Let A, := My, (B.) denote the C*-algebra of |¥.| x |2.| matrices over B,.

We define a right B.-module F, as follows. Consider the x-algebra of compactly supported
functions C.(G.) on Ge, equipped with the convolution product. Define a right action of a €
CC(GS) on§ € CC(Gr(e)) by

(€-a)(h) = ) €&(hac(g))alg™),

g€Ge
and define a C¢(Ge)-valued inner product on §, n € Ce(G(¢)) by

EIMevcyh) = D &g nlgac(h)) = > > &(uce(k)) n(poe(kh)). (6)

QEGT(S) pEXe keGe

A norm on C.(G.) is given by [|£]| = ||(£ | 5)06(06)”%317 where || - || fuu denotes the full C*-norm
on C¢(Ge). Then C¢(G,(e)) can be completed into a right Be-module (see [Lan95] or [RW98]
for details).

Definition 3.2 (An imprimitivity bimodule). Let F, denote the right B.-module given by
completing C¢(G, () in the norm defined by the inner product (6).

Recall that for each e € I'! the vertex group G (e) acts canonically on the set of transversals
Y for G(ey/ae(Ge). As such, we can consider the associated (full) crossed-product C*-algebra
C(Xe) ¥ Gr(e)- We remark that the module Fp is the C'(Xc) X G, (o)~C* (Ge)-imprimitivy bimodule
of Green’s Imprimitivity Theorem [RW98]. In particular, F, comes equipped with a left action
Y: C(Xe) X Gy — Endp, (Fe) which we spend a moment to describe.

Since G is locally finite, ¥, is a finite set for each e € I''. So we may view C(3¢) X Gre) as a
completion of Ce(Gy(e) X Ee), where Ce(G(e) X X¢) is a x-algebra under the operations

(axb)(g,p)= > alh,wb(h~ g,k - p) and a*(g,1) =alg~t g1 p)
hEGT(c)

for a, b € Ce(Gr(e) X Xe). The left action 1: C'(X) x Gy ) — Endp, (Ff) then satisfies
v(a)e(h) = Y a(k™' h-1)¢(kh) (7)

kEGT(e)

for all a € Ce(Gy ey X Be) and § € Ce(G(e)), where h -1 € X, represents the coset hae(Ge). The
module Fp is also full and comes equipped with a left C'(3.) % G,(.)-valued inner product so
that F) is a Be—C(X,) % Gy (e)-correspondence. Although it may not be immediately apparent,
F, is a free right B.-module.

Lemma 3.3. Let e € T'! and consider the right B.-module @D, cx. Be- Denote the left action
of Ae = Endg\(@ﬂeze Be) on @, ex, Be by L. Then (6,5, Be) and (¢, Fe) are isomorphic
C*-correspondences.

Proof. Identify C.(X¢ x Ge) with @,cx,, Ce(Ge). A straightforward computation shows that
the linear map ®: Ce(Gy (o)) — Ce(Xe X Ge) defined by

D(E) (1, k) = E(pae(k)), p€Xe, k€ Ge, (8)
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preserves both inner products and right actions, and therefore extends to an isometric linear
map ®: F, — @,ex, Be of right Be-modules. Since ® sends the point mass at pae(k) to the
point mass at k in the u-th copy of B, ® is surjective.

Since F, is finitely generated, Green’s Imprimitivity Theorem [RW98] implies that Endp,_ (Fe) =
C(Xe) ¥ Griey- Consequently, C'(Xe) x Gy = Ae, the left actions are preserved, and the C*-
correspondences (1, Fe) and (¢, €D ,cyx,, Be) are isomorphic. O

In the sequel, we frequently identify the correspondences (¢, Fe) and (¢, ey, Be) in the
manner described by Lemma 3.3. Using (8) to identify C.(X. X G¢) as a dense subspace of Ft,
the left action ¢: C(¥¢) % G,y — Endp, (Fe) of (7) satisfies

(@)l h) = Y alk™ h- D&k - pcelk, m)h) p€Xe, heGe, (9)
ke, (c)
for all a € Ce(Gr(ey X Xe) and & € Ce(Be x Ge).
Our next goal is to construct a Bjy—B.-correspondence Dy, from F, by restricting the left
action of C'(X.) x G, to an action of By. In the special case where f = €, the construction varies
slightly, and so we introduce the following notation.

Notation 3.4. For each fe € I'? let Ay, C X, be given by

1%} if f#£e
Age =
/ {{1@(5)} if f ==

Definition 3.5. For each fe € I'? define the right Hilbert B.-module

Die:= P B

HESA\Afe

considered as a direct sum of right Hilbert B.-modules. Note that if f =€ and «. is surjective
(so X = {IGT(E)}), then Dg. = {0}.

Proposition 3.6. Let fe € I'?, and suppose that either f # €, or a. is not surjective. Let
cre: Gy x Be — Ge be the cocycle for the action of Gy on X given by (5). Then (Py., Dye) is
a By-Bc-correspondence with left action ps.: By — EndOBe (Dye) satisfying

@f@(a)f(u? h) = Z a(kil)g(a?(k) : N)Cfe(ka M)h) (10)
keGy

for all a € Co(Gy) and & € Ce((Xe \ Age) X Ge). Moreover, By, is unital and faithful.

Proof. Since .. is finite the universal property of C*(G,()) induces an injective x-homomorphism
m: C*(Gre)) — C(Xe) % Gy such that w(a)(g,p) = a(g) for all a € Ce(Gre)). As Gy is
discrete [Rie74Ind] implies that the inclusion C¢(Gy) © Cc(Gy(e))—induced by agz: Gy —
G(e) —extends to an injective *-homomorphism ¢: By — C*(G,(.)). Hence, the composition
Y o m o defines a left action of C*(G¢) on F. by compact operators. Moreover, this action is
unital and faithful. It follows from (9) and the definitions of 7 and ¢ that ¢ o w0 v = P, when
f #£e. If f =g, then the discussion in Section 2.3 implies that the action of G, on X, restricts
to an action on X, \ {1}. In particular, the action 1) o 7 o ¢+ on F, restricts to an action on
D e\ 1} Be satistying (10). O

When f = € the copy of C*(G.) corresponding to the identity coset is removed from F,
in order take care of the orthogonality of S}S. and SzS% introduced by condition (G3). This
will become more apparent later. Conceptually, we have passed to the dual graph in order to
accommodate this orthogonality.

We assemble the C*-correspondences (., D) into a single C*-correspondence.
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Definition 3.7 (The graph of groups module). Let

B:=@ B. and D:= P Dye.
ecl't feel2

We remind the reader that for each e € I'! we also have € € T'!. Here we think of D fe as a right
Hilbert B-module, with B; acting trivially on Dy, unless [ = e. So D is a direct sum of right
Hilbert B-modules. We call D the graph of groups module associated to G.

Proposition 3.8. Let G = (I',G) be a locally finite nonsingular graph of countable groups.
Extend @y, to a left action Py, B — Endp(Dy.), where §s.(B;) = {0} unless | = f. Then
D is full and (@ := D fecr2P e D) is a B-B-correspondence with a faithful, non-degenerate left
action satisfying B(B) C End% (D).
Proof. Nonsingularity of G guarantees that for each edge e € T'! there exists some f € I'' with
s(f) =r(e) and Dy, # {0}. Since each summand Dy, of D is full as a right Hilbert B.-module
by Lemma 3.15, it follows that D is full as a right Hilbert B-module. Nonsingularity of G also
implies that for each f € T'! there always exists e € I'! such that either f # € or such that a,
is not surjective. It now follows from Proposition 3.6 that Py, is injective for each fe € I'?, and
so @ is also injective. Since each Py, : By — Endp,(Dy.) is unital % is non-degenerate.

To see that p(B) C End} (D), recall from Proposition 3.6 that 3. (By) € End_(Dy.). Since
G is locally finite, for each f € I'! and a € By we have p(a) = > or(e)=s(f) Psela), which belongs
t0 Dy (e)=s(f) End%(Dy.) C End% (D). In general, each a € B can be approximated in norm by
a finite sum of ay € By, so it follows that %(a) € End%(D). O

Definition 3.9 (The graph of groups correspondence). We call (@, D) of Proposition 3.8 the
graph of groups correspondence associated to G.

3.2. The amplified graph of groups correspondence. The graph of groups correspondence
D proves to be very useful for the K-theory calculations in Section 6 and will be analysed further
in Section 5, but to facilitate the construction of a Cuntz-Pimsner model of C*(G), we pass to a
Morita equivalent correspondence, which we call the amplified graph of groups correspondence.
By [MSO00], the associated Cuntz-Pimsner algebras will also be Morita equivalent. To begin we
amplify Dy, to an Ay—A.-correspondence. Recall that F is a B.—A.-correspondence.

Definition 3.10 (Amplified correspondences). For each fe € I'? define a right A.-module Ef,
as the balanced tensor product,

Ef. :=Fy ®B; Dy. ®B, Er.
Let ¢r.: Ay — End)_(Ey.) denote the left action induced by the left action of Ay = End%f (F)
on Fy. Then (¢fe, Eye) is an Ay—Ac-correspondence.

The graph of groups correspondence is now built in a similar manner to (g, D).

Definition 3.11 (The amplified graph of groups correspondence). Define
A= EB A = @ My, (C*(Ge)) and E := @ Eye.
eeln! eelt feel?
Then E is a right Hilbert A-module with right action analogous to that of B on D. A left

action ¢: A — End4(FE) is given by ¢ = @feer2¢fe. We call the A-A-correspondence (o, E)
the amplified graph of groups correspondence associated to G.

Proposition 3.12. Let G = (I',G) be a locally finite nonsingular graph of countable groups.
Then E is full and the left action ¢: A — Enda(F) is faithful, non-degenerate, and by compact
operators.
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Proof. This follows from Proposition 3.8 and the fact that each F, is a finitely generated A.—
Be-imprimitivity bimodule. O

Passing to the amplified graph of groups correspondence induces a Morita equivalence on the
associated Cuntz-Pimsner algebras.

Proposition 3.13. Let G = (I',G) be a locally finite nonsingular graph of countable groups.
Then Of is Morita equivalent to Op.

Proof. Let F' = @,.cr1 Fe. Using the (completed) direct sum of C*-modules, we have

B (fg?lFf) o5 ( @ Dre)os (D F:)=FepDopF".

feel? ecI'

The Morita equivalence of D and E then passes to a Morita equivalence of Op and Op, by
[MS00]. O

We now give a second description of the module (¢ye, Ee) in terms of the conjugate module
E7 which, for computational purposes, has the advantage of not being built from balanced tensor
products. For each e € T'! let A, := C.(Xe X Ge x B¢). We think of A, as a dense *-subalgebra
of A, with multiplication defined for each a, b € A. by

(ab)(p, hyv) = Y alp, k,a)b(o, k™ h,v).
rec

Remark 3.14. If ¥, x G x X, is considered as a groupoid with product (u,g,v) - (v,h,0) =
(i, gh, o), then A, is the full groupoid C*-algebra of ¥, x G x X, and the product defined
above is just the convolution product on A..

Now suppose that fe € I'? and consider the right Hilbert A.-module

(F*)Efx (3Be\Aye) — @ @ F*

HEXf veX\Afe
with the standard right A.-valued inner product and coordinate-wise right action of A.. To keep
track of the conjugate module structure we identify e, Ce(Gy) € Fy with Ce(Xf x Gy), and
D e, Ce(Ge) C FF with Co(Ge x Be). Let Efe := Ce(Zf x (Ze \ Age) X Ge X Ee) which we
consider as a dense subspace of (Fj)EfX(ZE\AfB).

Lemma 3.15. Let G = (I, G) be a locally finite nonsingular graph of countable groups. Then for
each fe € T'? the modules Ef. and (Fe*)EfX(Ze\Afe) are isomorphic as right Hilbert A.-modules.
In addition, if either f # € or ae is not surjective, then there is a faithful non-degenerate left
action Yye: Ay — Endyg, (FF)¥r*Fe\Ase)) satisfying

(pre((l)f)(,u, v, h70) = Z a(ﬂ, k_lu P) g(pv k-v, Cfe(kv V)ha U) (11)
kEGf
pGZf

for all a € Ae and & € Eye, which makes (ge, Efe) and (e, (Fe*)EfX(EE\Afe)) isomorphic as
Ajy-Ac-correspondences.

Proof. Define a linear map ®: C¢(X X Gf)®c,(c;) Ce((Ze\Afe) X Ge) @0, () Ce(Ge X Xe) — Efe
by

P(a®@ERD)(p, 0 hv) = > > af £(g - 0,¢te(9,0)k)b(k™ R, v).
g€Gr keGe
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Using the inner product on Ef. we compute for a € Co(Xf x Gy), £ € Co((Xe \ Afe) x Ge), and
b€ Ce(Ge x X)),

(a®£®b | (I®£®b)Ae(/L,h,l/)
= (b (€1 Prel(a]a)c.cp))é)cae) - b)a.(p h,v)

= > bk, ) (& | Brel(a] a)cuc)E)cuc)9) blg™ kb, v)
keGe
g€Ge

Z Z 6(:“’7 ) (k :u)(pfe((a’ | a)CC Gf))é(/% lg)b(gilkhv V)

kEGe pEE \Afg
g€Ge 1eGe

=2 > D Dbk m(al a)e, gy m™E(m - p,cre(m, p)lg)blg~" kh,v)

k€Ge peXe\Aj, meGy

9€Ge €@,

Z Z Z Z (k /j’) (07 rmil)f(m'p7 Cfe(m, p)lg)b(gilkh,l/)
k€Ge peX\Ap, mEGy o€y

9€Ge €@, reGy

Now make the following sequence of substitutions: rm=" +— s, 7-p — X, | — Cfe(T‘_l,)\)d,

dg — t, and dk — u. Upon performing these substitutions, the cocycle condition (1) implies
that

(@®Eb[a®E@b)a(ph,v)

= Y Y (o A e NN )

O'EZf uEGe TEGf

AEZ\Af, deGe

X ( Z a(o,s)E(s™h- )\,Cfe(s_l,)\)t)b(t_luh,y))
SGGf
teGe

= Z Z P(a®@EERb) (0, A\, u, u)P(a®E®b)(o, A\, uh,v)
O’GEf u€Ge
AEEE\Afe

= ((a®E@Db) | 2(a®@ER D))o (G (1 V).

As such, ¢ extends to an isometric linear map ®: Ef. — (F; $)Brx(Be\Ase) | Let ef denote the
point mass at (p,g) € X¢ x Gy; let X h denote the point mass at h € G, in the v-th copy of
C*(Ge) in Dye; and let €f, , denote the point mass at (k,0) € Ge x Xe. Then ®(ef, ; ® X£,1 Q €, ,)
is the point mass at (p,v, h,o) in Ef.. Since &, is spanned by point masses, ® is surjective.

It is routine to check that ® respects the right action of A.. By pulling the left action ¢y,
of Ay on Ef. over to a left action on (F*)¥sx(e\Are) we see that (11) is satisfied, and as such
(@fes Ere) and (e, (FF)¥r*(Fe\Ase)) are isomorphic. O

In the sequel we will always identify (¢ e, Efe) with (¥, (FF)ZrX(Ee\Are)),

Notation 3.16. We introduce the following notation for point masses. For each e € T'! we

write €, ,, for the point mass at (u,g,v) € X¢ X Ge x ¥¢, considered as element of the dense
x-subalgebra A, = C.(Ze X G, x X.) of Ae. For each fe € T'? let
Xfezzfx(ze\Afe)XGeXZe (12)

so that £fe = Ce(Xye). We let Xu 1.g.0 denote the point mass at (u,v,g,0) € Xye.
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Remark 3.17. For the reader familiar with [BMPST17], it is possible to view elements of X,
as a triple consisting of a “G-path” of length 2, a group element in G., and a “G-path” of length
1. To be more precise, let Yz, = {(g1fg2¢, k, g3€) € G* X Ge x G'}. Then the map m: Yye — Xfe
given by m(g1 fgee, k, gse) = (g1, g2, k, g3) is a bijection, even in the case where f =e.

We record some identities for point masses which can be deduced from the structures of A
and (F)»r*(Ze\Ase) together with Lemma 3.15. With ¢ the Kronecker delta we have

€ gCans = Oufae Ei,gh,b (13)
(g0 | Xotbne)Ad = Ouve.apba €6 g-1hc (14)
X;jj,,eu,g,a : 6Z,h,b = doe,at X,C;gh,b, and (15)
@(Eé,h,b)Xf:,eu,g,a = Obt,uf Xg,ehw,cjce(h,u),o” (16)
Together, (14) and (15) imply that
O s = doe,cq O fe (17)

€ pq re
Xi,v,9,0:Xq b, h,c Xu,v,9,0:Xq b h,o

We finish this section with a description of a frame for F, and consequently a description
of ¢(a) in terms of rank-1 operators. Frames were introduced by Frank and Larson [FLO2]
for Hilbert C*-modules as a generalisation of orthonormal bases. We take the definition from
[RRS19] that frame for E consists of a sequence (u;)52; in E such that Y ;2; ©,,,, converges
strictly to the identity operator on E.

Lemma 3.18. Let G = (I',G) be a locally finite nonsingular graph of countable groups. Then

fe
(Xu,y,l,l)feef‘z, HEX £, vEX\ Ay,

constitutes a frame for E. In particular, for each f € T'' and a € Ay we have

v(a) = Z Z ew(a)X{fﬂ ey (18)
H€Xs r(e)=s(f) o
VEEe\Afe
Proof. Let € , € Iy denote the point mass at (g,0) € Ge x Ee. Observe that for each e € rt

the right A.-module F," admits a frame consisting of just €7 ;. Since Lemma 3.15 implies that

E is a direct sum of copies of F, the point masses X;Ji,eu,l,l constitute a frame for E.

The second statement follows from the first: if (u;)2; is a frame for E and a € A, then since
p(a) is compact, p(a) = p(a) 3721 Ou; u; = 2721 Op(a)us,u; With convergence in norm. O

4. A CUNTZ-PIMSNER MODEL FOR C*(G)

In this section we prove our first main result: that C*(G) is isomorphic to the Cuntz-Pimsner
algebra of the amplified graph of groups correspondence (g, F) associated to G. Cuntz-Pimsner
algebras can be considered a “generalised crossed products by Z” and so in light of Theorem 2.10,
we transform a crossed product by a potentially complicated group acting on the boundary of
a tree to a generalised crossed product by Z.

We recall from [KatO4cor| that Cuntz-Pimsner algebras admit a gauge action. That is an
action of the circle group v: T — Aut(Opg) such that v,(ig()) = zig(§) and v.(ia(a)) = ia(a)
for all £ € E and a € A, where (ia,ig): (¢, F) — Og is the universal Cuntz-Pimsner covariant
representation. Similarly, it is stated in [ BMPST17] that C*(G) admits a gauge action v': T —
Aut(C*(G)) satisfying v.(se) = zse and V. (ugg) = ug 4 foralle e ', 2 € TY and g € G,.

Theorem 4.1. Let G = (I, G) be a locally finite nonsingular graph of countable groups and
let (o, E) be the associated amplified graph of groups correspondence. Then the Cuntz-Pimsner
algebra O is gauge-equivariantly isomorphic to C*(G).
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For the remainder of this section we fix a locally finite nonsingular graph of countable groups
G = (I, G). Recall that C*(G) is generated by a universal G-family {u,,s. | z € % e € T''}.
For each e € T'! and ¢ € G, (e) write sge for the partial isometry w,(c) 4S.. In order to prove
Theorem 4.1 we first construct a Cuntz-Pimsner covariant representation (m,1) of the C*-
correspondence E inside C*(G). The universal property of Cuntz-Pimsner algebras then induces
a *-homomorphism ¥: O — C*(G).

To simplify some of the computations in C*(G) we have the following lemma.

Lemma 4.2. Let e, f € I'' and suppose that g € ¥, and h € X¢. Then
s;eshf = dge.hfSeSe, (19)
and
s:seshf = 5r(f)75(e)(1 — (5hf71g)8hf. (20)
Proof. The identities (G3) and (G4) imply that the projections sgesy, and sp,rsj, s are orthogonal
whenever ge # hf. It then follows that,
SgeShf = SgeSgeSgeShiShiShf = OgehfSgeSge = ge,hfS:U:(e),gUr(e),gSe = Oge,hfSeSe-

For the second identity, we again compute using (G3) and (G4),

SeSeShf = ( > Sat82t> ShfShSht = Or(f),s(e)(1 = Ong,12)Shy- O
r(t)=s(e)
aeEt\Ate
Lemma 4.3. Let A = @ A, be the algebra from Definition 3.11. There is a *-homomorphism
m: A — C*(G) satisfying

T(€g.) = Spells(e)az(g)Sve (21)

for each e € T and (u,g,v) € X x Ge x .
Proof. For each e € I'' consider the C*-subalgebra
Ce := SPan{ 8 ,eUs(e),ax(g)Sve | 1y V € Y, g € Ge}

of C*(G). Note that (G2) implies s,cUs(e),az(g)Spe = SpeSpelr(e),ac(g)- 1t follows from (19) and
(G2) that
(Sueus(e),ag(g)s;te)(Saeus(e),ag(h)sze) = 5V,a5,ueus(e),ag(gh)szea

and (Suels(e) az(g)Sve)” = Svells(e)as(g-1)Spe- 10 particular, the elements {syes). | p, v €
Y.} form a system of matrix units in C.. Hence, there is a *-homomorphism 6: My (C) —
span{suesy. | p, v € Xe} satisfying 0(ej, 1 ,) = spesye. The map and g — 3= ,c5. SueSuelr(e) ae(g)
defines a unitary representation of G. in C. which commutes with the range of 6. Since
Ae = M5, |(C) ® C*(Ge), there is a *-homomorphism m.: Ae — Ce satisfying m.(
Spelhs(e).az(g) Sve-

The identity (19) implies that m.(Ae)mr(Ay) = mp(Ap)me(Ae) = 0 for e # f. As such,
T := @eer1 me defines a x-homomorphism from A to C*(G) such that 7(ef, ;) = Suels(e) az(g)Sve
foralle €T, u,v € X, and g € G..

EZ)g’V) -

Lemma 4.4. There is a norm-decreasing linear map ¥ : E — C*(G) satisfying

*

¢(X;]:,Eu,g,a) = SpfSvels(e),az(g)Soe (22)
for all fe € % and (u,v,9,0) € Xte. Moreover, Y*()y(n) = n((& | n)a) for all &, m € E.
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Proof. For each fe € I'? define ¢ fe: Co(Xfe) — C*(G) by ¢fe(xﬁfy,gja) = SufSvels(e),az(g)Soe:
Let ¢ := @feer2tge denote the induced map from the algebraic direct sum € o2 Ce(Xye) to
C*(G). Fix fe, tr € I?, (u,v,9,0) € Xge, and (a,b, h,c) € Xy It follows from Lemma 4.2,
(G2), and (14) that

OO g.0) VX o) = Soclis(e) an(g—1)SveS s Sat Sbrtls(r) an(h) Ser
= Opf.atSoels(e)az(g—1)SveS S fSbrls(r),an(h)Ser
= Outat(l = 0y 1 F)Saetls(e) aglg1) SveShrids(r) or(h) Sor
= Oufiat(1 = 0y 17)0ve,brSoctis(e) az(g—1)Se Selhs(r) az(h) Ser
= Ouf.atOveor (1 = 0, 17)Soeths(e) azlg1h) Ste
= 5uf7at5ve,br(1 - 5ue,1f)ﬂ(€§,g—1h,c)

= 1((X)5 g0 | Xapnc)a)-

Consequently, ¥(§)*¥(n) = 7((§ | n)a) for all §,n € Dyeer2 Ce(Xype). This in turn gives
[N = [I7((€ | )l < (€ | ©all = [I€]*, so that ¢ extends to a bounded linear map
Y: E — C*(G) with the property that ¢(£)*y(n) = 7((§ | n)a) for all &, n € E. O

Proposition 4.5. The pair (m,) defines a Cuntz-Pimsner covariant representation of E in
C*(G). In particular, if (ia,ip): (¢, E) — Opg is the universal Cuntz-Pimsner covariant rep-
resentation, then there is an induced x-homomorphism V: O — C*(G) such that w(a) =
(Voig)la) and (&) = (Y oig)(&) foralla€e A and § € E.

Proof. Given Lemma 4.3 and Lemma 4.4 all that remains is to show that (m,) respects both
the right and left actions of A on F, and satisfies Cuntz-Pimsner covariance. Using Lemma 4.2,
(G2), and (15) we compute

¢(X{L,ey,g,a)7r(€g,h,b) = (Sufslfeus(e),ag(g)sjm)(Satus(t),a;(h)SZt)

= 5ae,at3pf31/eus(e),ozg(gh)SZ@
_ fe
- 5ge’atw(Xﬂ‘7V79h7b)
t
= ¢(X/J:?V,g,a : 6a,h,b)'

It follows that ¥ (&)m(a) = ¥(§-a) for all § € E and a € A. For the left action we use Lemma 2.12
and (16) to see that

W(GZ,h,b)T/J(X;{,ey,g,a) = (Satus(t),a;(h)sltt)(S#fSVeuS(e),ag(g)S:;e)
= Obtjuf SafUs(f) ocp(h) 515 Svells(e) orelg) S
= Ot puf SafUs(f) .z (h) Svels(c) aalg) Sore
= Obtuf Saf S(hv)eUs(e) azlcse (hw)g) Soe
= Sbtu f O ey (hgne)
= ¢(@(€Z,h,b)x,{,eu,g,o)-

Hence, m(a)y(€) = ¢¥(p(a)€) for all a € A and { € E. Consequently, (m,1)) is a representation
of the C*-correspondence (¢, E) in C*(G).
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We now claim that (7,1) is Cuntz-Pimsner covariant. Using (G4) and Lemma 3.18 we
compute

@WVop)1a,) = > w00

HESs r(e)=s(f)
VEEE\Afe

_ * * %
=YY sttty

HESf r(e)=s(f)
UEE@\AJIE

=2 sur( X sweshe)siy
HESy r(e)=s(/)
VGEe\Afe

= D supsysysy
ueEf

= Z Suf Sy

HEXf

= TF( Z ez,l,u)

neXy
= 7T(1Af)-

With (18) the preceding computation can be modified to show that (/™) o p)(a) = 7(a) for all
a € Ay and therefore all a € Ay. Since each a € A can be approximated by a finite sum of
ae € Ae, it follows that (/) o ¢)(a) = w(a) for all @ € A. The universal property of O now
induces a *-homomorphism ¥: O — C*(G) such that m(a) = (Poia)(a) and (&) = (Yoig)(§)
foralla € Aand £ € F. O

To see that ¥ is an isomorphism we construct an inverse ®. To this end, we identify a G-family
{Ve, T. | # € TV e € T} within Op and then use the universal property of C*(G) to obtain a
s-homomorphism ®: C*(G) — Op that is inverse to V.

Lemma 4.6. Let (ig,ip): E — Op denote the universal Cuntz-Pimsner covariant representa-
tion. For each f € T'! let

Tri= 3 in(ddh,)- (23)
r(e)=s(f)
Neze\Afe
Then T} is a partial isometry in Op with source and range projections given by

TiTy= > ialesy,) and  TyTF =ialel ). (24)
r(e)=s(f)
HES\Afe
Proof. The first identity of (24) follows from (14) as for all e,t € 7~ (s(f)), 4 € B¢ and v € ¥y,
. y t . t .
1200301, TE O 1) = (O 1 [ X100 4) = Ouesnialef ).

For the second identity we use (17) to see that for all e, t € r=1(s(f)), u € X and v € %y,

(X{,u,l M)ZE(X{tV 1 V)* = Z(E) (6 fe ft ) 5,ue vt Z(E) (6 fe fe )

Xlulu’xlulu Xlulu’xlulu
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It now follows from Cuntz-Pimsner covariance of (i4,ig), (16), and (18) that
Tfo - Z (@X{fmlyu’xffml’u)
r(e)=s(f)

,ueEe\Afe

Y S (Ot o)
( Safe(61,1,1)Xl,u,l,,wxl,z/,l,,u

veXy r(e)=s(f)
HES\Afe

= (i o p)(e] 11)

= iA(G{,l,l)' U

Our aim now is to establish partial unitary representations of G, in O for each z € I'’. To
accomplish this, let z € I'Y and g € G, and consider the element of O defined by,

o s f
Vigi= > ZA(Ggﬂﬁf(g,u),u)' (25)
r(f)=x
peXy

Note that when g =1 we have Vy1 =32, (5= iA(lAf).

Lemma 4.7. For each x € T° the map G, 3> g — Vz,g defines a partial unitary representation
of G, in Og.

Proof. Fix x € I'Y and g,h € G,. The cocycle condition (1) implies that for all e, f € r~1(z),
p e Xyand ve X,

f e _ f _ f
€g1cs (g hovee(h)w = O5.eOmhvq.hv) e (g hw)es (b = O1eOmhvE(ghyve (gh)w

As such, V; ¢V n = V. gn. Making the substitution p = g~ v at the second equality, and using

the cocycle condition (1) to see that cf(g,g~ " - v)ep(g71,v) = 1, we have

x . o f
Vig = Z ZA(euvcf'(g,u)*lvg-u)
r(f)=z
nesy
_ T i
= Z ZA(69‘1-V,Cf(979_1"/)_171’)

”V(ng (26)

_ : f
- Z tA (eg*LV,Cf (9*1#),”)

r(f)==
VGEf

= Vg1
Consequently, V, 4 is a partial unitary and g — V;, 4 is a partial unitary representation of G;. [

Proposition 4.8. The collection {V,,T. | © € T% e € T''} defines a G-family in Op. In
particular, there is a unique x-homomorphism ®: C*(G) — Op such that ®(se) = T for all
e€l, and ®(uyy) = Viy for allz € T° and g € G.

Proof. We will show that {V,,T. | z € T? e € I''} satisfies (G1)—(G4) and then use the uni-
versal property of C*(G) to give ®. The identity (G1) is follows immediately from direct sum
decomposition of A: if z # y € T? and e, f € T'! are such that 7(e) = x and r(f) = y then

6271#65717,/ =0 for any p € ¥, and v € ¥y. The identity (24) yields (G3). Both (24) and (26)
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imply that for f € I'! and pu € Xy,

‘/;“(f),,quT; r*(f),u = Z Z iA(€Z~V,Ce(H,V), )ZA(G{I 1)ZA( Uce(,u,,a) 1 a')
r(e)=r(f) r(t)=r(f)

VED, oEY:
= iA(6;{,1,1)iA(E{,l,l)iA(G{,l,u)
- iA(€£717u)‘

The identity (G4) now follows from (24).
We now claim that (G2) is satisfied. For each f € I'' and g € Gy,

_ - e . ft
V;"(f),af(g)Tf = Z Z ZA(Eaf(g)-u,ce(af(g),u),y)zE(XLml,u)

r(e)=r(f) r(t)=s(f)
vEXe peXi\Ayp

_ . f ft
- Z ip(p(e, £(@)Leg(ag(9).1), DX 1,0)
r(t)=s(f)
HEXN\Afy
= > inlelel g xdlr )
r(t)=s(f)
HES\A ft
_ ft
= Z (Xl ag(g )‘M7Cft(9n“)vu)’
r(t)=s(f)
HEX\Afy

where we have used the fact that af(g) -1 =1 and cf(at(g),v) = g. On the other hand,

Tf‘/;(f)va?(g) = Z Z Xl,,LL,L,LL ZA( Oéf(g) VCE(O‘ ( )V) )

r(t)=s(f) r(e)=r(f)
ueZt\Aft VEYe

. ft t
- Z ZE(Xl,af(g)-l/,l,a?(g)-y ’ ea?(g)-u,cjzt(g,u),u)
r(t)=s(f)
a?(g)-VEEt\Aft

= Z iE(Xl}af(g)-ll,cft(gvy)’y).
r(t)=s(f)
a?(g)-uezt\Aft

After observing that a(g)-v € Xy \ Ag if and only if v € Xy \ Ay we see that (G2) is satisfied.
The existence of ® now follows immediately from the universal property of C*(G). O

We can now prove the main result of this section.

Proof of Theorem 4.1. We claim that ¥ and & are mutually inverse isomorphisms. Recall that
Voiy=mand Woig=1. It follows that for each f € I'! we have,

(To®@)(sp) =U(Ty) = Y $Suesje = 555757 = 55,
r(e)=s(/)
NEEG\Afe
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and for each z € I'? and g € G,
(Vo ®@)(urg) =T (Vag) = D S(guelis(e)cclom)Sue = D Ur(e)gSueSpe

r(e)=x r(e)=x
HESf nEXf
*
= ux,g( Z Suesue> = Ug,yg-
r(e)=z

neEXf
Now suppose that (i, g,v) € B¢ X Ge x X,. Since {1, | e € T} U{V, | z € TY} forms a G-family,
(2o W)(ialelg0)) = D(spetis(e)azte) Sve) = TneVse)az(o) Tve = Vre)pac(o) TeTe Vie) v
= Vr(e),uae(g)i/‘(ei,l,l)v:(e),w
where we have used (24) for the last equality. Now using (26) we see that,
W(e),uae(g)iA(€i1,l)‘/7"*(3),1/ = Z Z iA(eiae(g).a,clc(;wce(g),a),a)iA(eil,l)iA(6;,ct(u,p)*1,u-p)
r(f)=r(e) r(t)=r(e)
O'Ezf peEt
= 14(ae(9) Lee(pare(9) Dec 1) 1 1)
= iA(€ug,)-
Now suppose that (u,v,g,0) € Xf.. Then,
((1) © \I’)(iE(Xﬁfu,g,a)) = (I)(S,ufslfeus(e),ag(g)sjre) = T,ule/eV:e(e),ag(g)T;e'
Using the computation of (® o W)(ia(ej, ,,)) above we find that,

Ty TveVs(e)on(e) Toe = TutVe(e)wae() TeTe Vi) o

r

- ,U«fiA(ele/,g,O’)

=V O s ,)iale o)
r(t)=s(f)

PES\A gy
= VT(f),uiE(X{i/,gﬂ)
= Z iA(EZﬁ,cf(u,p),p)iE(X{,eu,g,o)

r(t)=r(e)
pPEL

iA(Xﬁ-l,cf(u,l),l)iE(X{,ev,gJ)

= iE(X{fMQ,U)‘

It now follows that ® and ¥ are mutually inverse isomorphisms. Gauge-equivariance follows
from the definition of either ® or V. O

5. Op AS AN EXEL-PARDO ALGEBRA

We now make a return to the graph of groups correspondence (@, D) and its Cuntz-Pimsner
algebra Op. In many ways, Op is more elementary than O, and since the algebras are Morita
equivalent by Proposition 3.13, for many purposes we can instead consider Op. Cuntz-Pimsner
algebras often admit a description in terms of generators and relations, and Op is no exception.

Proposition 5.1. Let G = (I',G) be a locally finite nonsingular graph of countable groups.
Then Op is the universal C*-algebra generated by a collection of partial isometries {sfuc | fe €
2 pe X\ Age} and a family of partial unitary representations ue: g — uey of Ge for each
e € I'! satisfying the relations:
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(D1) ueugy =0 for each e, f € T with e # f;

(D2) ufgsfpe = 8 flog(g)-meUe.cre(an) ) for each fe € I'? and g € Gy;
(D3) 8,68 fue = Uen for all fe € I'? and p € Se \ Afe;

(D4) Z SfueStue = s for all f € rt.

r(e)=s(f)
MGEe\Afe

Proof. Let (ip,ip) denote the universal Cuntz-Pimsner covariant representation of (@, D) in
Op. For each e € T'!, let €g € C:(Ge) C C*(G.) denote the point mass at g € G.. For each
feeT?and p € S\ Ay let x5, denote the identity for the u-th copy of C*(G,) in the direct
sum Dy.. Then set

Sfue = zD(Xﬁe) and  ueg :=ip(€y).

Using the fact that (ip,ip) is a Cuntz-Pimsner covariant representation of (@, D) it is straight-
forward to check that each sy, is a partial isometry, each uc: g +— wue4 is a partial uni-
tary representation of G. in D, and the relations (D1)-(D4) are satisfied. Since the module
D = spﬁ{xﬁe ca| fe €T pu € X\ Age, a € C*(Ge)}, it follows that Op is generated by
{Sfug | fe€T?, p € X\ Ape} U{uey e €T, ge G}

Now let C' be a C*-algebra generated by partial isometries {tf,. | fe € 2 e\ Agc} and
a family of partial unitary representations ve: g — ve 4 of G, satisfying (D1)-(D4). Since B is
a direct sum of full group C*-algebras, universality yields a *-homomorphism 7: B — C such
that 7(eg) = veq-

Let fe, pg € T2, i € B\ Age, v € B\ Apg, g € Ge, and h € G. It follows from (D1) and (D4)
that tf,et? . and tpyqly,, are mutually orthogonal projections unless fue = prq. Accordingly,

fue
(D3) and (6) imply that

(tfuequ)*tpyquq’h = vz,gt}uetpl/qvq,h = U;Qt}uetfﬂet;uetpl/qt;;uqtpl/qvq,h
= 5fﬂ€7p’/qv:,gt;uetf,ueve,h
~ Ofuevatey th (27)
= 5f/w pqu(ee,lh)

=7 € | X0 el ).

In particular, [|§/° - €gl| < [[tfueveqll- It follows that there is a norm-decreasing linear map
Y: D — C satisfying w(xﬁe €g) = trueveg for all fe € I?, u € B\ Age and g € Ge. As
P(xg© - eg) = (X)) (eg) it follows from a standard argument that ¢(§ - a) = ¥ (§)m(a) for all
¢ € D and a € B. Similarly, (27) implies that ¢(£)*y(n) = w((€ | n)p) for all £, n € D.

To see that the left action is respected, observe that (10) together with (D2) imply that

77( )w(Xu ) =9 ¢.fVf, gtf,ue - 6Q:ftf(a*( )-m)eVe,cre(g,m) <1 fw( or g) wo Cfe(g,u)) = ¢(¢(Eg)xl{e)

Again, a standard argument shows that ¢¥(@(a)§) = m(a)y(§) for all £ € D and a € B. Hence,
(m,1) is a representation of (@, D) in C.

For Cuntz-Pimsner covariance, we use the fact that (Xfie) feel2 ues \A,, constitutes a frame

for D. So ®(a) = 3 feere D eSS @E(a)xfe fe. It then follows from (D4) that for all f € e

wooXp
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and g e G67
e R G D v I DI CALL VA LV
r(e)=s(f) r(e)=s(f)
HEX\Afe BEX\Afe
= Z fuwtf“et;ue = Ve g = W(Eg).
r(e)=s(f)
NEES\Afe

It once again follows from a standard argument that /(") o0 %(a) = 7(a) for all a € B, so (@, D)
is Cuntz-Pimsner covariant.

The universal property of Op as a Cuntz-Pimsner algebra yields a unique *-homomorphism
®: Op — C such that @ oip =1 and ® oip = w. Moreover, ® is the unique *-homomorphism
satisfying ®(spe) = tfue and ®(uey) = veq for all fe € T? € B\ Ay, and g € Ge. Hence,
Op is universal for the relations (D1)—(D4). O

Remark 5.2. Similar considerations to the proof of Proposition 5.1 can also provide a set of
generators and relations for O = C*(G) which differ from the usual G-family generators. We
omit this description as it is more complicated than the corresponding one for Op, and we do
not make use of it.

Exel and Pardo [EP17] introduced a class of C*-algebras, now referred to as Ezel-Pardo
algebras, which simultaneously generalise Nekrashevych’s algebras [Nek04; Nek09] for self-
similar actions, as well as class of C*-algebras introduced by Katsura [KatO08 AB] which describe
all UCT Kirchberg algebras.

Definition 5.3 ([EP17]). Let G be a countable discrete group acting on a finite directed
graph A = (A% Al r, s), and suppose that c: G x A! — G is a cocycle for the action satisfying
c(g,e)-x=g-zforallg € G, e € A, and x € A°. The Ezel-Pardo algebra O\ is the universal
unital C*-algebra generated by

{pe |z € A% U{ve: e € MY U{w,: g € G}
subject to relations:
(EP1) {p, |z € A°}U{ve: e € A'} is a Cuntz-Krieger A-family in the sense of [Rae05];
(EP2) g — wy, is a unitary representation of G
(EP3) wyve = vg.eWe(q,e) for all g € G and e € Al; and
(EP4) wgp, = pgyw, for all g € G and z € A°.

We claim that for a graph of groups with finite underlying graph, the algebra Op is an Exel-
Pardo algebra and give an explicit construction. To this end, let G = (T, G) be a locally finite
nonsingular graph of countable discrete groups with a fixed choice of transversals . for each
e € I'l. Moreover, suppose that I'! is actually finite.

Consider the directed graph Ag = (Ag, Aé,r/\, sp) with vertices A% = T'!, edges Aé = {fpe |
feel? peX.\ Ar}, range map ry(fue) = f, and source map sy (fpe) = e. Local finiteness
of G implies that A is locally finite, and nonsingularity of G implies that A has no sources. Note
that if ¥, = {1}, then there are no edges from the vertex e to e.

Define an action of g = (gi)rert € [lzert Gk on Ag by

g-e=e and g- fue= f(az(gs)-pe (28)

for all e € Ag and fue € Aé. The structure of the directed graph Ag and the action of [[ G,
on Ag are independent of the choice of transversals. For each f € T'! let ¢ 71 Gy — I Ge denote
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the natural inclusion and define a map c¢: [[ G % Aé — Aé by
c(g, fre) = te o cse(gy, 1)- (29)

Since each cy, is a cocycle it follows that ¢ is a cocycle for the action of [[ G, on A(lj. Moreover,
since the action of [[ G, fixes A%, the cocycle trivially satisfies c(g, fue)-e =g-e foralle € Ag.

Theorem 5.4. Let G = (I', G) be a locally finite nonsingular graph of countable discrete groups
with T' a finite graph. Then Op is isomorphic to the Exel-Pardo algebra OAgvH G. with

ecrl
cocycle ¢ given by (29).

Proof. We show that the defining relations for Op from Proposition 5.1 agree with the defining
relations of the Exel-Pardo algebra O AL Ge with cocycle c. Suppose that {uq: e € It ge

ecl’

Ge} U {sfue: fle € Aé} satisfy the hypotheses of Proposition 5.1, and that {p, | = € Ag} U
{ve: e € AL} U{wy: g € G} satisfy the hypotheses of Definition 5.3.
Clearly (D1), (D3), and (D4) are equivalent to {ue1: e € I} U {sfue: fue € AG} being
a Cuntz-Krieger Ag-family. Moreover, we have the following correspondence between the two
families of elements:
De < Ue,1
Vfue € Sfue
Wy <= Y Ueyg,
ecI'!
PeW, (h)Pe < Ue,h-
Since T'! is finite, YoecriUe,1 = 1. S0 g = Y criUeyg, is a unitary representation of []G.,
and h — pew,, ()Pe i a partial unitary representation of Ge. The condition (D2) corresponds

directly to the condition (EP3), and (EP4) is trivally satisfied since the action of [JG. on Ag
fixes vertices. g

Ezample 5.5. If G = (I', G) is a graph of groups with trival edge groups, then [[ G, is trivial and
Oag,q1y s just the graph C*-algebra C*(Ag). Note that Ag is typically not the directed graph
Eg of [ BMPST17].

Ezample 5.6. Let G = (I', G) be the graph of groups associated to BS(1,2) from Example 2.5.
Then Ag is the directed graph defined by the diagram

ele c @———@ ¢ ¢le| |ele’

The action of (a,b) € Ge x Gz = Z? on Ag is such that (a,0) acts trivially, while (0, b) fixes both
ele and ele, and

(0,b) -eke = e((b+ k) mod 2)e.
The cocycle c is given by

(O, b+k7((b+2k) mod 2)) if z = eke,
C((CL, b)? iL’) = (O, (1) if x = eOe,
(2a,0) if x = eQe.

For this example, the triple (Z2, Ag, ¢) shares similarities with both [EP17] and [EP17], but is
not an instance of either example.
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We finish this section with a summary of results. Recall that the Bass-Serre Theorem [Ser80]
implies that if G is a group acting on a tree X, then G is isomorphic to the fundamental
group of the associated quotient graph of groups G, and X is G-equivariantly isomorphic to the
universal covering tree of G. The following is now a synthesis of Theorem 5.4, Proposition 3.13,
Theorem 4.1, and Theorem 2.10.

Corollary 5.7. Suppose that G is a countable group acting without inversions on a locally finite
nonsingular tree X, and let T denote the induced action on C(0X). Let G = (I',G) denote the
quotient graph of groups associated to the action of G on X. Then with (@, D) the graph of
groups correspondence for G and (v, E) as the amplified graph of groups correspondence,

ObD ~me O = C*(G) ~me C(0Xg) xr m(G) = C(0X) %, G,
where ~pme denotes Morita equivalence. In addition, if T' = G\X" is finite, then OA&H

L. i ecyl Ge
is tsomorphic to Op.

6. K-THEORY

The K-theory of Cuntz-Pimsner algebras is well-understood. In his seminal paper, Pimsner
[Pim97] showed that for a large class of C*-correspondences, the K-theory of the associated
Cuntz-Pimsner algebra could be computed using the Kasparov class of the correspondence.
Although we make use of K K-theory in this section, the Kasparov products we consider are
relatively tame, and we will not need Zs-graded C*-algebras.

Definition 6.1. An odd Kasparov A-B-module (A, ,Ep, V') consists of a countably generated
ungraded right Hilbert B-module E, with ¢: A — Endp(F) a *-homomorphism, together with
V € Endg(E), such that a(V —V*), a(V?—1), [V,a] are all compact endomorphisms on E for
all a € A.

An even Kasparov A-B-module has, in addition, a grading by a self-adjoint endomorphism I"
satisfying I'2 = 1, ¢(a)I' = '¢(a) for all a € A, and VI + TV = 0.

We will not describe the equivalence relation on (even) Kasparov A-B-modules which yields
KK (A, B), referring the reader to [Kas80]. We note that correspondences with compact left
action define even K K-classes, by taking the operator V to be 0. The Kasparov product of such
correspondences is just the balanced tensor product.

For each fe € I'? let [Eyf.] := [(Af, Efe,0)] € KK(Af, Ae) and [Dy] := [(Bf, Dye,0)] €
KK (By, B.) denote the elements induced by the correspondences Ef. and Dy.. Recall that A,
and B, are Morita equivalent via the bimodule F, and Et, = F; ®p ; D¢, ®p, F;. Moreover,
since F and D are direct sums, Proposition 3.13 implies that A and B are also Morita equivalent.
Conjugating with F' = @ cr1 Fe gives an isomorphism KK (B, B) — KK(A, A) which carries
[D] to [E].

For i = 0,1 the Kasparov product - ®p [D]: K;(B) — K;(B) can be thought of as an
“adjacency matrix” of group homomorphisms indexed by I'' x I'': the entry corresponding
to (f,e) € T* x T’ is the group homomorphism - ®4; [Dye]: Ki(C*(Gy)) — Ki(C*(G.)) if
s(f) = r(e), and the zero map otherwise. '

Recall that Proposition 3.13 together with Theorem 4.1 imply that Op is Morita equivalent to
C*(G). We have the following six-term sequence in K-theory which is analogous to the sequence
for directed graph C*-algebras (cf. [Rae05]).

Theorem 6.2. Let G = (I',;G) be a locally finite nonsingular graph of countable groups. For
i=0,11let A; = -®4>1d—[D]): K;(B) — K;(B). Let m: K,(Op) — K.(C*(G)) denote the
isomorphism induced by Morita equivalence of Corollary 5.7 and let ig : B — Op denote the
universal inclusion. Then the following siz-term sequence of abelian groups is exact:
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Brers Ko(C*(C0)) — 2 @epn Kof (@) 221 ke (0)
0 0
(@) gy K (0H(E) M @ (CH(G)
Proof. This follows immediately from [Pim97]. 0

Remark 6.3. The corresponding six-term sequences in K K-theory (cf. [Pim97]) also hold with
the caveat of nuclearity being inserted where appropriate.

Corollary 5.7 implies that Theorem 6.2 can be reinterpreted in terms of group actions on the
boundary of a tree.

Corollary 6.4. Suppose that G is a countable group acting without inversions on a locally
finite nonsingular tree X and let T denote the induced action on C(0X). Suppose thatY =
(YO, Y'Y ry,sy) is a fundamental domain for the action of G on X. For each e € Y1 let
G. = stabg(e). Let m: K.(Op) — K.(C(0X) %, G) denote the isomorphism induced by Morita
equivalence and let tg: B — Op denote the universal inclusion. Then the following siz-term
sequence of abelian groups is exact:

B.cv KolC"(Go) — 0 @ Ko(C*(G)) 2

0 0

PB4 o K (CHG) M @y KA(CU ()

Ko(C(0X) %, G)

Kl(C(aX) A+ G)

Proof. Let G denote the quotient graph of groups associated to the action of G on X as outlined
in Section 2. In particular, I' ~ G\ X and for each e € I'! the group G, is the stabiliser of the
unique lifted edge e € Y'!. Since Op is Morita equivalent to C(0X) x, G, Theorem 6.2 yields
the result. O

Remark 6.5. Corollary 6.4 bears a resemblance to a special case of [Pim86]. However, here
only the edge stabilizers are explicitly used to compute the K-theory of C'(0X) x G. The data
concerning the vertex stabilizers is encoded within the module E. It is not immediately clear to
the authors how to translate between these two pictures.

We now move to compute the K-theory of some examples, especially when the vertex groups
are abelian. Although the maps A; involve taking a Kasparov product, the actual computations
are relatively tame in simple examples. In what follows, we let 1. denote the identity in C*(G,)
for all e € T'L.

Lemma 6.6. Let G = (I', G) be a locally finite nonsingular graph of countable groups. For each
feeTI?,

(7] @B [Dfe] = (15| — d72)[Lel,
where [15] € Ko(C*(Gy)) = KK(C,C*(Gy)).
Proof. Since the left action of C*(G) on Dy, is unital, it follows that

®s D] =[(C D C(Ge)0)] = (%] = d72)[1e]: O
HEX\A fe
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Lemma 6.7. Let G = (I', G) be a locally finite nonsingular graph of countable groups. Suppose
that v € TV 4s such that Gy, is abelian. Then for all e € T'' with r(e) = v we have
[Dee] = (1Ze| = 1) idk g (c#(Gg).0%(Ge))
in KK(C*(Ge),C*(Ge)), where we identify C*(Gz) = C*(Ge).
Proof. Since G, is abelian, the left and right cosets of a.(G.) in G, are equal. The result

then follows immediately from (10), since the left and right actions of C*(Ge) on Dz =
D ex 1y CF(Ge) agree after identifying Ge with Gz. Consequently,

[Ee|—1
[(C*(Ge), Dae, 0)] = Y idg k(e (G0 (G)) -
i=1
Note that in the case where ae : Ge — G, () is surjective we have [Dg.] = 0. O

6.1. Edges of groups. We can now say something about the K-theory of the C*-algebra of
an edge of groups, that is a graph of groups consisting of a single edge. Consider the edge of
groups,

g = G.U‘ Qe Ge ag G'w,

Assuming that G is non-singular it follows that [X.| > 2 and |¥z| > 2. Then K;(B) =
K;(C*(G.))® K;(C*(Gg)). The only paths of length two in G are e€ and €e so [D] = [Dze|®[ D).
If we assume that G, and G,, are abelian, then Lemma 6.7 implies that for a class (z,y) €

K;(B) we have
(z,y) @p (id —[D]) = (z = ([Ze] = Dy, y = (%] - )a). (30

We consider a few specific cases of edges of groups.

~—

Ezample 6.8. Fix m,n > 2 and let G = (G,I") be an edge of groups with G, = Z/nZ, G,
Z/mZ, G. = {0}, and monomorphisms c. and ag being the inclusion of {0}. Then |¥.| =
and |Xz| = m. In this case we have C*(G.) = C*(Gg) = C so

Ko(B) = Z[1.] ® Z[l] and Ki(B)=0.

n

Applying the six-term sequence of Theorem 6.2, it follows that Ko(C*(G)) = coker(Ag) and
K1(C*(G)) = ker(Ag) where Ag: Z[1.] ® Z[1lg] — Z[1.] ® Z[1¢] is the Z-linear map given by
(30). Treating [1.] as the column (10)7 and [l¢] as the column (0 1)7 the map Ag has matrix
representation

1 n—1 . . 1 0
<m 1 1 ) with Smith normal form (O 1= (n—1)(m— 1)) .

It now follows that

Ko(C*(G)) 7 {Z ifm=n=2;

A—m-nm-mz ¢ K@= herwise.

Since the edge groups are trivial in this example, [BMPST17] shows that C*(G) is isomorphic
to the C*-algebra of a directed graph Eg. One can readily check that the K-theory computed
above agrees with that of the directed graph C*-algebra C*(Eg). For the specific case of the
action of PSLy(Z) = Zg * Z3 on the boundary 0X of the tree X considered in Example 2.4 we
have K;(C(0X) x PSLy(Z)) =0 for i =0, 1.
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Ezample 6.9. Fix m,n € Z such that |m|,|n| > 2 and let G = (G,I") be an edge of groups with
Gy = Gy = G = Z. Let a, denote multiplication by n and let ae denote multiplication by
m. Then |3.| = |n|, |Xg| = |m|, and C*(G.) = C*(Ge) = C(T). Letting u. denote the unitary
z+— z in K1(C*(Ge)), it follows that

Ko(B) = Z[1.) ® Z[1s] and Ki(B) = Z[u] ® Z[uz].

For i = 0, 1 the groups ker(A;) are free abelian since they are subgroups of the free abelian group
K;(B). It now follows from Theorem 6.2 that K;(C*(G)) = ker(A;—_;) & coker(A;). A similar
argument to Example 6.8 now shows that for ¢ =0, 1,

{ if [n| = m| = 2
Z .
== (m=D)Z otherwise.

6.2. Graphs of trivial groups. Suppose that G = (I', G) is a locally finite nonsingular graph
of groups for which each edge group and vertex group is trivial. If I" is also a finite graph, then
the algebra C*(G) is the Cuntz-Krieger algebra associated to I' by Cornelissen, Lorscheid, and
Marcolli in [CLMO8] (see [BMPST17]). In this case C*(G.) = C for all e € T, and for all
feeT?,

Ki(C7(9)) =

C if €;
Dfe = 1 f ?é i7
0 if f=e.
In particular, Ko(B) = @.cr Z[1e]. Since Kq(B) = 0, it follows from the six-term sequence of
Theorem 6.2 that

Ko(C*(9)) = coker(Ag) and K;(C*(G)) = ker(Aq).
On generating elements [1¢] € Ko(B) we have

iesDl=[es > Drl=( > L) -0,
r(e)=s(f) r(e)=s(f)

so that

Ao([1s]) = [L]+[15] = > [Le]-

In particular, the Kasparov product - ®@p[D]: Ko(B) — Ko(B) agrees with the operator T of
[CLMO8]. Accordingly, if I' is a finite graph then [CLMO8] can be used to compute Ky(C*(G))
and K71(C*(G)) in terms of the number of the Betti number of T

6.3. Generalised Baumslag-Solitar graphs of groups. A generalised Baumslag-Solitar
(GBS) graph of groups is a graph of groups where all of the edge and vertex groups are
isomorphic to Z. The fundamental group of such a graph of groups is called a generalised
Baumslag-Solitar (GBS) group. A survey of results concerning GBS groups has been compiled
by Robinson [Rob15].

For the remainder of this subsection, let G = (I, G) be a GBS graph of groups. For each
e € ' we have G, = Z, and so C*(G,) = C(T), and K;(C*(G.)) = Z for i = 0, 1.

Proposition 6.10. Let G = (I',G) be a locally finite nonsingular GBS graph of groups. Let
fe € T2 with f # € and suppose that o, is given by multiplication by n, and oF is given by mul-
tiplication by m for some n, m € Z\{0}. Then the Kasparov product -®@a [Dyc]: K;(C*(Gy)) —
K;(C*(G.)) acts as multiplication by |n| on Ky and multiplication by sgn(n)m on Ki, where
sgn(z) = x/|z| is the sign function.
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Proof. The Kp-statement follows from Lemma 6.6 and the fact Ko(C(T)) is generated by the
class of the unit. For K fix a transversal ¥, = {0,1,...,|n| — 1}. The action of x € G, () on
€ X, is given by x - p = (x + p) mod |n|. Using (2) the corresponding cocycle is given by
ce(w, p) = TEEZE: the result of integer division of z + p by n. The induced action of z € Gy
via f on p € X, is given by x - pp = (ma + p) mod |n|. The cocycle for the action of G is given
by cpela, ) = mets=Es

It follows from Equation (10) that the left action of the point mass €/, € C.(Z) C C*(Gy) on
¢ € C(Z)" C Dy, is given by

@fe(ﬁfl)f(ﬂy k) = §((—1’L) ' M?Cfe(_nnu) + k) = é(ﬂ’ k— m) = (E ' even)(lu’? k)

Let uy and u. denote the unitary z — z in C*(Gy) and C*(G.), respectively. The preceding
computation implies that ¢.(u}){ = ¢ - ug® for all € € Dye.

Recall that the group K;(C(T)) = Z is generated by the class of the unitary z — 2. To
facilitate the computation of Kasparov products we utilise a special case of [BKR19]. By
utilising the isomorphism K;(C(T)) = KK'(C,C(T)) we obtain a new generator, the class of
the (unbounded) Kasparov module (C,=,C(u)), where C(u) denotes the Cayley transform of
the unitary u: z — z. In particular, C(u) is the unbounded regular self-adjoint operator with
domain dom(C(u)) = (u — 1)C(T) satisfying C(u)v = i%“H v for all v € dom(C(u)); and = is the
right C'(T)-module given by the closure of dom(C(u)) in the right C(T)-module C(T).

For each n € G denote the closure of (u}} —1)C(T) in C(T) by Ef . In C*(Gy) @c+(g,) Dre
we have

(uf —1)@E=1@pp(uf —1)§ = (10 - (u —1)

for all £ € Dy.. Consequently, =, ®cx 1) Dge is isomorphic to E'e”rln Moreover, it follows that

il’l Kl(o*(GE))v

nlug] ®a [Dye] = [uf] @a [Dre]
= [(C,Efn, C(uf)] ®c () [(CT(Gy), De, 0)]
=[(C,Efn ®c+(Gy) Dfe,Cuf) @ 1)]
= [(C, =4, C(diag(uf"))]
= [n[[ug’]
= [n|mluc].
Dividing through by n gives [uf] ® a[Dye| = sgn(n)m[ue]. O

Ezample 6.11. Fix m,n € Z\ {0} and consider the loop of groups G from Example 2.5 given by,

ae: k— nk
G, =7 Ge=17"

az: k— mk

Then @G is the quotient graph of groups for an action of the Baumslag-Solitar group BS(n,m) =
{a,t | ta™t~! = a™) acting on a regular (|m| + |n|)-valent tree. The case where n =2 and m = 1
was considered in detail in Example 2.5.

Observe that B = C*(G.) ® C*(Ge) = C(T)?, so
Ko(B) = Z[l.)®Z[]lg] and K;i(B) = Zue] ® Zlugl.
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Treat [1.] as the column (10)7 and [lg] as the column (01)7. Then according to both
Proposition 6.10 and Lemma 6.7 the map A : Ko(A) — Ko(A) of Theorem 6.2 can be identified
with left multiplication by the matrix

0 0

by [Stal6]. Here we recall that ged(0,a) = a for a € Z and that the ged is defined up to
sign. As convention, we take the positive ged, but this does not affect any further computations.
Consequently,

<1 —lnl |n| - 1) which has Smith normal form (

ged(1 = nf,1 = m[) 0
Im| =1 1 —|m|

if |m| ] Inf = 1; and  coker(Ag) =
Z.  otherwise; ged(1 —|n|,1 —|m|)

ker(Ag) = Z.
i .

Now, treat [ue] as the column (10)7 and [ug] as the column (0 1)7. Then Proposition 6.10
together with Lemma 6.7 imply that the map A;: K1(B) — Ki(B) can be identified with left
multiplication by the matrix

(1 —sgn(n)m In| —1 ) ‘

|m| —1 1 —sgn(m)n

We consider separately the cases where mn > 0 and where mn < 0.

First suppose that mn > 0, in which case sgn(n)m = |m| and sgn(m)n = |n|. A similar
computation to that of Ag shows that for mn > 0 we have,
72  if mn = 1; Y/
ker(Ay) = " and coker(A;) & & 7.
(A1) {Z otherwise; (A1) ged(1 —|n|, 1 — |m|)Z
Now suppose that mn < 0 so that sgn(m)n = —|n| and sgn(n)m = —|m|. It follows from
[Stal6] that the matrix associated to A; has Smith normal form,
ng(1+’m|71_|m|a1+|n|a1—|n|) 0
0 2(|m|+|n))
ged(I+[m[,1=[m],I+[n[,1=[n])

Observe that
2 if mn is odd
ged(1+ |m|, 1 —|m|, 14 |n|,1—|n|) = _ _
1 if mn is even,
SO
Z Z . .
W@W if mn is odd

if mn is even.

ker(A;) =0 and coker(A;) = {
2(Jm[+[n)Z

Since K;(B) is free abelian for ¢ = 0,1 it now follows from a standard argument with the
six-term sequence of Theorem 6.2 that K;(C*(G)) = ker(A1_;) @ coker(A;). To summarise,

z* if mn=1;

~ Z . .
KO(C*(g)) = Z2 D gcd(I—[n|,I-[mZ if mn > 17

7 . .
LD sl =)z if mn < 0; and

Z4 if mn=1;
Z : .
7? & A =Tn =D if mn > 1;
Ki(C*(9) =2 (Zo 5)? if mn = —1;

Z z : . '
LD 57 O qurnz - if mn < —1is odd; and

Z@W lfmn< -1 iS even.
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We now consider a few specific cases. If m = n = 1 then the universal covering tree Xg is an
infinite 2-regular tree with 2 boundary points. Hence,

C*(G) 2 C(0Xg) x m(G) 2 C? xyq Z* = C? ® C*(Z*) = O(T?)%.

The K-groups for C(T?)? agree with the m = n = 1 case above. Similarly, if m = 1 and n = —1,
then

C*(G) =2 C(0Xg) x m1(G) = C? x50 BS(1,—1) 2 C*® C*(BS(1, 1)) = (C(T) x, Z)?,

where v € Aut(C(T)) is induced by conjugation on T. An application of the Pimsner-Voiculescu
sequence for C(T) x Z shows that the K-groups above when m = 1 and n = —1 agree with the
K-groups of (C(T) x., Z)%.

Finally, we remark that [BMPST17] states that C*(G) is a Kirchberg algebra if and only if
|m|, |n| > 2 and |m| # |n| . Hence the preceding K-theory computations can be used to classify
C*(G) = Op in this case.

For a general locally finite nonsingular GBS graph of groups we have the following result.

Theorem 6.12. Let G = (T',G) be a locally finite nonsingular GBS graph of groups. Suppose
that for each e € T'! the map o, is given by multiplication by m. € Z. Let 1. denote the identity
in C*(Ge) = C(T) and let ue denote the unitary z — z in C*(G.). Then

Ko(C*(G)) = coker(Ag) @ ker(A1) and Ki(C*(G)) = coker(A1) & ker(Ag),
where No: @ecrt Z]le] = @ecrt Z[1e] and Ar: @eert Zlue] = Deert Llue| are given by

Bo(l1f) = (1) — (g~ Dligl = 3 Imel[1]  and
r(e)=s(f)
f#e
Ar(fugl) = fug] — (gl — Dlugl = 3 sen(me)mfue].
r(e)=s(f)
172
Proof. Since Ko(B) = @.crt Z[1.] and Ki(B) = @.cr1 Z[ue| are free abelian it follows that
K;(C*(G)) = coker(A;) @ ker(A1—;). The descriptions of Ag and A; follow immediately from
Proposition 6.10 together with Lemma 6.7. (I

7. POINCARE DUALITY

In this section we focus our attention on the case where G is the loop of groups considered in
Example 6.11. In this case Theorem 2.10 asserts that C*(G) is isomorphic to C(0Xg)xBS(n,m),
where Xg is an (|m| + |n|)-regular tree acted on by the Baumslag-Solitar group BS(n,m) =
(a,t | ta™t~! = a™), [BMPST17].

We ask the question whether C'(0X¢g)x BS(n, m) satisfies Poincaré duality in Kasparov theory.
Poincaré duality for hyperbolic groups acting on their Gromov boundary has been proved by
Emerson [Eme03], and similar results have been obtained for the Ruelle algebras of a quite
general class of hyperbolic dynamical systems [KPW17]. The Baumslag-Solitar groups are
quite different from the class of hyperbolic groups, and so too is our method of proof.

Here we utilise the methods of [RRS19]. There a systematic method for deciding if fun-
damental classes in K-theory and K-homology exist for a given Cuntz-Pimsner algebra whose
coefficient algebra satisfies Poncaré duality.

In our case the coefficient algebra will be (Morita equivalent to) a direct sum of copies of
C*(Z) = C(T), which does indeed satisfy Poincaré duality. Then [RRS19] provides necessary
and sufficient conditions on the dynamics to be able to lift the K-theory fundamental class for
C(T) to a K-theory fundamental class for C*(G). The existence of a K-homology fundamental
class we leave open.
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Nevertheless, even with ‘half’ of the Poincaré duality, the methods of [RRS19] give isomor-
phisms between K-theory and K-homology. Thus we obtain a computation of the K-homology
for the C*-algebras of the loops of groups from Example 6.11, in spite of the large amount of
torsion in the K-theory preventing the use of duality (i.e. index pairing) methods.

Given an A—B-correspondence (¢, X ), taking the conjugate module X* gives a B—A-module.
We write b(z) € X* for the copy of x € X. Denoting the opposite algebra of A by AP and
similarly for B, we may regard X* as an A°’—B°-module (¢, X*) via

dP(aP)b(x) b :=b(p(a™)xb*), a€ A, be B,x € X. (31)

The map b: X — X* is anti-linear. As shown in [RRS19], the left B-valued inner product on
X* can also be reinterpreted as a right B°P-valued inner product. Thus the conjugate (¢, X™*)
of an A—B-correspondence is an A°P—B°-correspondence.

Analogous to the conjugate module, one can define the conjugate algebra. Given a C*-
algebra A, the conjugate algebra A has the same product and adjoint, but the conjugate scalar
multiplication, [RW98]. The map a + a* gives a (complex linear) isomorphism A — A°.
If A is commutative we of course have A = A°, and this proves that if A is a commutative
C*-algebra then A = A.

Lemma 7.1. With the convention C(T)° = {0} and defining
D=c(mecmmecmtec(mm, (32)

let (@, D) be the graph of groups correspondence over B = C(T) @ C(T) for the loop of groups
from Ezample 6.11, and let (p°P, D*°P) be the conjugate correspondence. Then D = D*°P where
we use the fact that C(T)? = C(T) = C(T).

Proof. As above, the conjugate correspondence (7, D*P) is a C(T)-C(T)-correspondence. We
observe that the left action on D is highly non-trivial, while the right action is just componen-
twise multiplication, and this remains true (up to a conjugation) for D*°P  as Equation (31) or
[RRS19] shows.

Rather than using the map b : D — D*P we utilise the fact that D is trivial (as a right
module) to define S': D — D*P to be b o x where * is the componentwise C*-adjoint. Then S
is a linear map, and intertwines the actions of C(T) @ C(T) since

S(@(a)xb) =b(b*(x);P(a”) ;i) = b(@(a”);i(2);b") = PP (a”)b(z")b”
using the commutativity of C(T). That S is a bijection is clear. O
The same argument shows that [D ® AP] = [A® D*P] € KK(C, A® A°P).

Theorem 7.2. Consider a loop of groups G as in Example 6.11, so that C*(G) = C(0Xg) x
BS(m,n) where BS(m,n) is a Baumslag-Solitar group. Then there exists a K-theory class
0 € KK(C,C*(G)®C*(G)) such that the Kasparov product with §

b0y KH(C(G)) = K.(C*(0))
is an isomorphism.

Proof. First of all C*(G) = C*(G)° via the inverse map of the transformation groupoid un-
derlying the crossed product C(0Xg) x BS(n,m), [BS17]. The algebra B for these exam-
ples is C(T) @ C(T), which satisfies Poincaré duality, [Kas88], [RRS19], having fundamental
class the direct sum of the fundamental classes for the summands. Let [z] € KK'(C,C(T))
denote the class of the unitary z — z, and let [ic ()] € KK'(C,C(T)) denote the class
of the unital inclusion of C into C(T). The K-theory fundamental class for the circle is
B = [2]®[ic.om)] — lic,om] ®lz] € KKY(C,C(T) @ C(T)), and we let 52 = 8 & f3 be the corre-
sponding class for B = C(T) & C(T).
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We summarise the argument of [RRS19]. Using [D] = [D*?], [D ® B] = [B ® D*°P] and the
definition
B2 @plD] = @pepD@C(T)],  p*@p[D*] = §°@pep[C(T)® D™,
we see that 32 ®@p[D] = B®p[D*P]. Hence, with ¢ : B — C*(G) the inclusion and 9%, 0.
denoting boundary maps, the diagram

1-D o*
—_—

= K9(B) 2 koB) % K'\(C*(G)) L~ K'(B) K'Y(B) L~ ...

62®l BZ@J/ 6®l ﬂ%@l 62®l
= Ki(B) % Ky (B) — K1(C*(G)) 2 Ko(B) % Ko(B) = -
commutes if and only if
(6@)0d* =1,0(f2®-) and 0,0(0®-)=(B2®)o". (33)
As the Kasparov product 82®p - : K/(B) — Kj11(B) is an isomorphism for j = 0, 1, the five
lemma tells us that if if these two conditions on § are satisfied, the Kasparov product with ¢
will provide an isomorphism.
Finally, since 82 ®p[D] = %2 ®@p[D*%P], a class § satisfying the two conditions (33) can be
explicitly constructed. The recipe is given in [RRS19]. O

Corollary 7.3. The K-homology of B(m,n) is given by
74 if mn = 1;
* ~Y Z v .
KO(C (g)) ~ Z2 o W Zf mn > 1,
Z D gcd(I—|n[,1=|m|)Z Zf mn < O, and

z* if mn = 1;
7> ® m if mn > 1;
KNC@) = (ze &) fmn = 1.
Z@%@W if mn < —1 is odd; and
Z@W if mn < —1 is even.
Proof. The class § provides an isomorphism K7(C*(G)) = K;(C*(GP)) = K;(C*(G?)). H

No method employing duality (index) pairings between K-theory and K-homology can obtain
this result when mn # 1 due to the torsion subgroups: see for instance [HROO].

REFERENCES

[Bas93] H. Bass, “Covering theory for graphs of groups,” J. Pure Appl. Algebra, vol. 89, no. 1-2, pp. 3-47,
1993.

[BKR19] C. Bourne, J. Kellendonk, and A. Rennie, The Cayley transform in complex, real and graded K-theory
(preprint), 2019. arXiv: 1912.07158 [math.KT].

[BMPST17] N. Brownlowe, A. Mundey, D. Pask, J. Spielberg, and A. Thomas, “C*-algebras associated to graphs
of groups,” Adv. Math., vol. 316, pp. 114-186, 2017.

[BS17] A. Buss and A. Sims, Opposite algebras of groupoid C*-algebras (preprint), 2017. arXiv: 1708.04105
[math.0A].

[CNNR11] A. L. Carey, S. Neshveyev, R. Nest, and A. Rennie, “Twisted cyclic theory, equivariant KK-theory
and KMS states,” J. Reine Angew. Math., vol. 650, pp. 161-191, 2011.

[CLMOS] G. Cornelissen, O. Lorscheid, and M. Marcolli, “On the K-theory of graph C*-algebras,” Acta Appl.
Math., vol. 102, no. 1, pp. 57-69, 2008.

[DD89] W. Dicks and M. J. Dunwoody, Groups acting on graphs, ser. Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 1989, vol. 17, pp. xvi+283.



[Eme03]
[EP17]
[FF14]
[FL02]
[HROO]
[IV84]
[KLQ18]
[KPW17]
[Kas80]
[Kas88]
[Kat04]
[Kat07]
[Kat08]
[Lan95]
[MS00]
[Nek04]
[Nek09)]
[Oka05]
[Pim86]
[Pim91]

[Pim97]

[Rae05]

[RW9S]

[Ren80]
[RRS19]

[Rie74]

A CUNTZ-PIMSNER MODEL FOR THE C*-ALGEBRA OF A GRAPH OF GROUPS 33

H. Emerson, “Noncommutative Poincaré duality for boundary actions of hyperbolic groups,” J. Reine
Angew. Math., vol. 564, pp. 1-33, 2003.

R. Exel and E. Pardo, “Self-similar graphs, a unified treatment of Katsura and Nekrashevych C*-
algebras,” Adv. Math., vol. 306, pp. 1046-1129, 2017.

P. Fima and A. Freslon, “Graphs of quantum groups and K-amenability,” Adv. Math., vol. 260,
pp- 233-280, 2014.

M. Frank and D. R. Larson, “Frames in Hilbert C*-modules and C*-algebras,” J. Operator Theory,
vol. 48, no. 2, pp. 273-314, 2002.

N. Higson and J. Roe, Analytic K-homology, ser. Oxford Mathematical Monographs. Oxford Uni-
versity Press, Oxford, 2000, pp. xviii+405, Oxford Science Publications.

P. Julg and A. Valette, “ K-theoretic amenability for SLQ(Qp)7 and the action on the associated tree,”
J. Funct. Anal., vol. 58, no. 2, pp. 194215, 1984.

S. Kaliszewski, N. S. Larsen, and J. Quigg, “Subgroup Correspondences,” Proc. Edinb. Math. Soc.
(2), vol. 61, no. 4, pp. 1127-1154, 2018.

J. Kaminker, I. F. Putnam, and M. F. Whittaker, “K-theoretic duality for hyperbolic dynamical
systems,” J. Reine Angew. Math., vol. 730, pp. 263—-299, 2017.

G. G. Kasparov, “The operator K-functor and extensions of C*-algebras,” Izv. Akad. Nauk SSSR
Ser. Mat., vol. 44, no. 3, pp. 571-636, 1980.

G. G. Kasparov, “Equivariant K K-theory and the Novikov conjecture,” Invent. Math., vol. 91, no.
1, pp. 147-201, 1988.

T. Katsura, “On C*-algebras associated with C*-correspondences,” J. Funct. Anal., vol. 217, no. 2,
pp- 366401, 2004.

T. Katsura, “Ideal structure of C*-algebras associated with C*-correspondences,” Pacific J. Math.,
vol. 230, no. 1, pp. 107-145, 2007.

T. Katsura, “A construction of actions on Kirchberg algebras which induce given actions on their
K-groups,” J. Reine Angew. Math., vol. 617, pp. 27-65, 2008.

E. C. Lance, Hilbert C*-modules, ser. London Mathematical Society Lecture Note Series. Cambridge
University Press, Cambridge, 1995, vol. 210.

P. S. Muhly and B. Solel, “On the Morita equivalence of tensor algebras,” Proc. London Math. Soc.
(8), vol. 81, no. 1, pp. 113-168, 2000.

V. Nekrashevych, “Cuntz-Pimsner algebras of group actions,” J. Operator Theory, vol. 52, no. 2,
pp. 223-249, 2004.

V. Nekrashevych, “C*-algebras and self-similar groups,” J. Reine Angew. Math., vol. 630, pp. 59-123,
2009.

R. Okayasu, “C*-algebras associated with the fundamental groups of graphs of groups,” Math. Scand.,
vol. 97, no. 1, pp. 49-72, 2005.

M. V. Pimsner, “K K-groups of crossed products by groups acting on trees,” Invent. Math., vol. 86,
no. 3, pp. 603-634, 1986.

M. V. Pimsner, “K-theory for groups acting on trees,” Proceedings of the International Congress of
Mathematicians, Vol. I, II (Kyoto, 1990), Math. Soc. Japan, Tokyo, 1991, pp. 979-986.

M. V. Pimsner, “A class of C*-algebras generalizing both Cuntz-Krieger algebras and crossed prod-
ucts by Z” Free probability theory (Waterloo, ON, 1995), ser. Fields Inst. Commun. Vol. 12, Amer.
Math. Soc., Providence, RI, 1997, pp. 189-212.

1. Raeburn, Graph algebras, ser. CBMS Regional Conference Series in Mathematics. American Math-
ematical Society, Providence, RI, 2005, vol. 103.

I. Raeburn and D. P. Williams, Morita equivalence and continuous-trace C*-algebras, ser. Mathe-
matical Surveys and Monographs. American Mathematical Society, Providence, RI, 1998, vol. 60,
pp. xiv+327.

J. Renault, A groupoid approach to C*-algebras, ser. Lecture Notes in Mathematics. Springer, Berlin,
1980, vol. 793.

A. Rennie, D. Robertson, and A. Sims, “Poincaré duality for Cuntz-Pimsner algebras,” Adv. Math.,
vol. 347, pp. 1112-1172, 2019.

M. A. Rieffel, “Induced representations of C*-algebras,” Adv. Math., vol. 13, pp. 176-257, 1974.



A CUNTZ-PIMSNER MODEL FOR THE C*-ALGEBRA OF A GRAPH OF GROUPS 34

[Rob15] D. J. S. Robinson, “Generalized Baumslag-Solitar groups: A survey of recent progress,” Groups St
Andrews 2018, ser. London Math. Soc. Lecture Note Ser. Vol. 422, Cambridge Univ. Press, Cam-
bridge, 2015, pp. 457-468.

[SWT9] P. Scott and T. Wall, “Topological methods in group theory,” Homological group theory (Proc. Sym-
pos., Durham, 1977), ser. London Math. Soc. Lecture Note Ser. Vol. 36, Cambridge Univ. Press,
Cambridge-New York, 1979, pp. 137-203.

[Ser80] J.-P. Serre, Trees. Springer-Verlag, Berlin-New York, 1980, pp. ix+142, Translated from the French
by John Stillwell.
[Stal6] R. P. Stanley, “Smith normal form in combinatorics,” J. Combin. Theory Ser. A, vol. 144,

pp- 476-495, 2016.

SCHOOL OF MATHEMATICS AND APPLIED STATISTICS, UNIVERSITY OF WOLLONGONG, WOLLONGONG NSW
2522, AUSTRALIA
E-mail addresses A. Mundey: amundey@uow.edu.au

A. Rennie: renniea@uow.edu.au



	1. Introduction
	Acknowledgements

	2. Preliminaries
	2.1. Graphs of groups
	2.2. C*-algebras associated to graphs of groups
	2.3. Group action cocycles
	2.4. C*-correspondences and Cuntz-Pimsner algebras

	3. The graph of groups correspondence
	3.1. The graph of groups correspondence
	3.2. The amplified graph of groups correspondence

	4. A Cuntz-Pimsner model for C*(G)
	5. OD as an Exel-Pardo algebra
	6. K-theory
	6.1. Edges of groups
	6.2. Graphs of trivial groups
	6.3. Generalised Baumslag-Solitar graphs of groups

	7. Poincaré Duality
	References

