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Abstract

We construct KMS-states from Li;-summable semifinite spectral triples and show that
in several important examples the construction coincides with well-known direct construc-
tions of KMS-states for naturally defined flows. Under further summability assumptions
the constructed KMS-state can be computed in terms of Dixmier traces. For closed ma-
nifolds, we recover the ordinary Lebesgue integral. For Cuntz-Pimsner algebras with their
gauge flow, the construction produces KMS-states from traces on the coefficient algebra
and recovers the Laca-Neshveyev correspondence. For a discrete group acting on its Stone-
Cech boundary, we recover the Patterson-Sullivan measures on the Stone-Cech boundary
for a flow defined from the Radon-Nikodym cocycle.
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1 Introduction

The construction of the JLO cocycle [27, 37, 38] from #-summable spectral triples [14] has
from the start been closely linked with the idea of KMS states. A #-summable spectral triple
(A, 3, D) on a C*-algebra A gives rise to a state ¢(a) := Tr(ae~>”) on A and under suitable
conditions this is a KMS-state on the saturation of A by the R-action defined from the wave
operators eitD?, By [38] the JLO-cocycle can be defined starting from this KMS-state. On the
other hand, [14] shows that a finitely summable spectral triple (A, H,D) on a C*-algebra A
defines a tracial state on A. Similar constructions were studied in [65].

The idea since then has been to understand the measure theory associated to f-summable
spectral triples in terms of ‘twisted traces’, and more specifically KMS states. Indeed this idea
was present early in the development, [38]. Two viewpoints make it interesting to study states
associated with spectral triples having specified summability degrees: the associated states
obstructs summability degrees, and the states provide a notion of measure theory.

In this paper we present a construction of KMS states from Lij-summable spectral triples. By
definition, a spectral triple (A, H, D) is Lij-summable if and only if e P! is trace class for ¢
large enough — a slight strengthening of being #-summable.

It is an important observation that large classes of examples of 6-summable spectral triples are
also Lij-summable.

For the spectral triple defined from a Dirac operator on a closed manifold, our construction
recovers the Lebesgue integral. For Cuntz-Pimsner algebras we also relate our construction to
previous work of Laca and Neshveyev [47], and the authors [32, 58]. We also examine spectral
triples arising from certain Hilbert space valued cocycles on discrete groups.

In the examples we consider, the KMS-states are associated to flows that are well-suited to the
geometries. This is usually not the case for the KMS-state ¢(a) = Tr(ae~’) associated with
a #-summable spectral triple. It is our hope that our construction provides a more natural
approach to the KMS-states appearing in the JLO-cocycle and that in the future it will have
a bearing on the index theory of Lij-summable spectral triples.



1.1 Main results

We now state our main results. All our results make sense for general semifinite spectral triples,
and so we fix a semifinite trace T for this discussion.

First, we state the main technical construction of KMS-states from Lij-summable spectral
triples. After that, we state the implications of this construction to more specific examples.
We use the notation Py for the non-negative spectral projection of D, i.e. Pp := X[g,00)(D). If
for some By > 0, T(Ppe~*P) is finite for ¢ > 3y and diverges as t \, 3y, we say that D
has positive T-essential spectrum. We define the C*-algebra Ap as the saturation of A under
the action of the wave group €*?, that is

Ap = C* (Ueror(A)), where oy(a) := P e~ P,

At this stage, we formulate our results in terms of Ap. In Subsection 3.2 we refine the con-
struction to a smaller C*-algebra. In examples, the construction often applies to A directly.
Recall from [4, Definition 5.3.1] that a state ¢ on an R-C*-algebra o : R ~ A is said to be
KMS at inverse temperature [ if ¢p(ab) = ¢(o_;(b)a) for a,b from an R-invariant norm dense
x-subalgebra of A. If ¢ is a state on an R-von Neumann algebra o : R ~ A we say that it is
KMS if the same condition holds on an R-invariant o-weakly dense *-subalgebra of A.

The following theorem is the main result of the paper.

Theorem 1. Let (A, H,D,N,T) be a unital Liy-summable semifinite spectral triple such that
D has positive T-essential spectrum (see Definition 3.1 on page 27) and is [-analytic (see
Definition 3.18 on page 33). Define

Bp :=inf{t >0 : T(Ppe ?) < c0}.

For any extended limit w € L™ (Bp,00)* ast — Bp (see Definition 3.14 on page 32), we define
the state ¢, on Ap as

Then ¢, is a KMS-state at inverse temperature Bp for the R-action defined from oy. In
particular, if Bp = 0 then ¢, is a tracial state on A.

If Bp = 0, and there is a decreasing function ¢ : [0,00) — (0,00) with regular variation
of index —1, satisfying the conditions (4.2) and (4.3), and for some d > 0 we have that
g (t, Py D) ~ p(t)~V4 as t — oo, then for any exponentiation invariant extended limit w as
t — 00,

¢ (a) = Ty (Ppa(l + D?) =2,
where & is an extended limit as t — 0 defined in Theorem 4.9 (see page 41), and T, is the
Dizmier trace defined from T and w on the weak ideal Ly(N) :={T € Ky : ug(t,T) = O(¢())}.

The first part of this result can be found as Corollary 3.21 (see page 34) in the body of the
text and the second part as Corollary 4.10 (see page 42).

Remark 1.1. If Bp = 0, any unital Lij;-summable semifinite spectral triple with T(Pp) = oo
has positive T-essential spectrum and is (S-analytic. Therefore, Theorem 1 shows that any
unital Lij-summable semifinite spectral triple (A, H, D, N,T) with T(Ppe~*?) < oo for t > 0
and T(Pp) = oo gives rise to a tracial state on A. This extends a result of Voiculescu [65,
Proposition 4.6]. For details on this case, see Theorem 3.22 (see page 34).



The following three results compute the KMS-state in specific examples.

Theorem 2. Let M be a closed Riemannian manifold, A .= C*(M), D be a Dirac operator
on a Clifford bundle S — M and 3 := L?>(M,S). Then the KMS-state ¢, constructed in
Theorem 1 is independent of w and is a tracial state on C(M) that takes the form

du(a) = ][Ma dv,

where AV denotes the volume measure defined from the Riemannian metric on M and ][ the

normalized integral.

This result appears as Theorem 5.1 (see page 43) in the body of the text.

Theorem 3. Let A be a unital C*-algebra, E be a strictly W-reqular fgp bi-Hilbertian bimodule
(see Definitions 2.21 and 2.25 on pages 19 and 21, respectively) and (O, =4, D) the associated
unbounded (Og, A)-cycle as in [32]. If T is a positive trace on A, then the semifinite spectral
triple (O, 24 ®a L*(A,7),D ® 14, (End*(Z4) ® 1)", Tr;) is Li; -summable.

Moreover, if T is critical for E (see Definition 6.2 on page 51), the assumptions in Theorem
1 are satisfied and the state ¢, is KMS for the gauge action on Op. If T satisfies the Laca-
Neshveyev condition for « > 0 (see Definition 6.7 on page 53), then ¢, is independent of w and
takes the form ¢, = ¢ N+ where ¢rn - is the KMS-state defined from T via the Laca-Neshveyev
correspondence.

This result is found in Section 6 (starting on page 51). We also discuss extensions of these
results to more general A— A-correspondences in Subsection 6.3 (starting on page 58) dispensing
the assumption of strict W-regularity.

Theorem 4. Let I' be a discrete group and ¢ : I' — Hy a Hilbert space valued proper 1-
cocycle defining a length function of at most exponential growth. The semifinite spectral triple
(A, H,D,N,T) constructed from c in Subsection 2.2.4 is an Lij-summable semifinite spectral
triple on Cy(T') x T'. Moreover, if ¢ is critical (see Definition 3.10 on page 30) the assumptions
of Theorem 1 are satisfied and the associated KMS-state ¢, on C(0scI') x T is given by

o agA :/ Qe dfty,
Z 77 or

gel

where iy, s a quasi-invariant Patterson-Sullivan measure on the Stone-Cech boundary OscT .
The state ¢, extends to a KMS-state on the von Neumann algebra L (0scT, p,) T where it
is KMS with inverse temperature 1 for the R-action defined from the Radon-Nikodym cocycle

it
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This result appears as Theorem 5.10 (see page 49) below. Our method extends to proper
quasi-cocycles, and as such would allow for the construction of KMS-states from semifinite
spectral triples with possible K-homological content on a-TT-menable groups.

Remark 1.2. We will prove that the spectral triple of a length function (which is K-homologically
trivial) gives rise to the same KMS state as that appearing in Theorem 4.



1.2 Connection to some earlier work

Here we show how our approach relates to some results obtained by Connes in [15, Section
IV.8.c, Theorem 4]. Connes proves that §-summable Fredholm modules can be lifted to 6-
summable spectral triples. We show that Connes’ result can be extended to Lig-summability
for 0 < s <1, and discuss obstructions to summability properties of K-homology classes. For
terminology and notations concerning summability and operator ideals, the reader is referred
forward to Subsection 2.1.

Recall [17, 6] that a semifinite Fredholm module is a collection (A,H, F,N,T) where A acts
on the Hilbert space H by operators from N and F' € N is an operator with a(F — F*), a(F? —
1),[F,a] € Ky for all a € A. We say that (A,H,F,N,T) is unital if A acts unitally. A
unital semifinite Fredholm is said to be Lig-summable if [F,a] € Lis(7) for all a € A and
F? —1,F — F* € Lig (7). If the same conditions holds with Lis(T) replaced by £P(T), and
Liss(T) by LP/2(T), we say that (A, H, F,N,T) is p-summable. If (A, H, F,N,T) is a semifinite
Fredholm module we say that a semifinite spectral triple (A, H, D, N, T) is a lift if F'—sign(D) €
K.

Theorem 5. Let s € (0,1] and (A, H, F,N,T) be a unital semifinite Lis-summable Fredholm
module with F? = 1 and F = F*. Assume that A is countably generated. Then there is a
self-adjoint operator D affiliated with N making (A,H,D,N,T) into a unital semifinite Lis-
summable spectral triple with

F = Fp:=D|D|™L.

Moreover, (A, 3, D,N,T) satisfies that a Dom(|D|'/*) C Dom(|D|'/*) and [|D|'/*,a] has a

bounded extension for all a € A.

This theorem is found in [15, Section IV.8.cr, Theorem 4] in the special case s = 1/2 and
N = B(H). We will not give the full details of the proof in the general case, but merely
indicate how Connes’ proof extends. The starting point of Connes’ proof is a reduction to the
case that A contains F' and is generated by a countable group of unitaries I' generated by a
countable set of unitaries (u#),en. This argument extends to a general von Neumann algebra
N. Connes introduces the operator

[F, u!|* [F, ut]
G = E .
26| [F, wh* [ Fy ub] ||y
neEN

Since [F,u*] € Liy /2 for all p, the series converges in Lij. The proof proceeds by using an
average procedure © over the group I' applied to G and Connes proves that D := FO(G)~1/2
fulfils the statement of the theorem. For general s € (0,1], the proof goes mutatis mutandis

using the operator

= ([E,u ] [F, ) i
"o % (L, ) s, )

and setting D := FO(G)~*.

In the special case s = 1, we obtain that (A, H, F, N, T) lifts to a unital semifinite Li;-summable
spectral triple (A, 3, D,N,T) which is Lipschitz regular, i.e. for all @ € A the commutator
[|D], a] is bounded.



The lifting theorem for Lis-summable spectral triples (Theorem 5) stands in sharp contrast to
the finitely summable setup, or even the Li(g) ;-summable setup. The two upcoming theorems
show that a statement as in Theorem 5 could not extend to the ideal Li() ;.

Theorem 6. Let A be a unital C*-algebra with no tracial states and (A, H,D,N,T) be a unital
semifinite spectral triple on A defining a non-trivial class in K K1(A,Kg). Then Pp(i+D)~! ¢

Li(g),1(7)-

Proof. Consider a unital C*-algebra A and an Li(g) ;-summable unital semifinite spectral triple
(A, H,D,N,T) on A defining a non-trivial class in K K;(A4,Ks). In particular, T(Pp) = oo;
otherwise Pp € Kg which contradicts the non-triviality of the KK;j(A,Kg)-class defined
by (A,H,D,N,T). By Remark 1.1 (see page 3) all assumptions of Theorem 1 reduces to
J(Pp) = oo in the Li(g) ;-summable case. Therefore, the existence of Li() ;-summable unital
semifinite spectral triples on A being non-trivial in K K implies that A admits a tracial state.
This argument shows that if A admits no tracial states, it admits no Li ) ;-summable unital
semifinite spectral triple. In fact, a careful inspection of the results used show that as soon
as there is a unital semifinite spectral triple on A with Pp(i = D)~! € Li) 1(7), there is an
associated tracial state on A. The theorem follows. O

There are several C*-algebras carrying no traces, for instance any purely infinite C*-algebra.
Using Theorems 1 and 6, we will give an example of a finitely summable Fredholm module that
can not lift to an Li(g) ,-summable spectral triple. In particular, lifting of finite summability
and Li(g) -summability fails in general.

Theorem 7. There is a C*-algebra A with K'(A) # 0, such that for a dense *-subalgebra
A C A we can represent any x € K'(A) by a Fredholm module (A, 3, F,) with F2 = 1,
FY = F, and for any a € A, [Fy,a] is of finite rank. Moreover, any lift (A, Hz, Dy) of
(A, Ha, Fi) will satisfy that (14 D2)~1/2 ¢ Lig) 1(H).

Proof. Consider the Cuntz algebra A = Oy and A the x-algebra generated by isometries
S1,82,...,8y € Oy with orthogonal ranges. It is a well known fact that K1(Oy) = Z/(N —
1)Z # 0. By [30], we can represent the generator of K'(Oy) = Z/(N — 1)Z by the Fredholm
module (A, L2(Oy,®),2P — 1) where ¢ is the KMS-state on Oy and P is the orthogonal
projection onto the closed linear span of S,, where p ranges over all finite words on the
alpabet {1,..., N}. By the results of [30, Section 2.2], [2P — 1, a] = 2[P, a] is finite rank for all
a € A. The first statement of the theorem follows.

There are no tracial states on Oy since

1 RS - Ly
loy =N =Dloy = v lefsj_zlsis; :J\M;[S;’Sj]'
j= j= I=

We can now deduce the second statement of the theorem from Theorem 6. O

Remark 1.3. Tt is not of importance that K'(Oy) is torsion for the argument in Theorem 7
to work. In [30], non-torsion examples satisfying the conclusions of Theorem 7 can be found.
The reader should also note that the proof of Theorem 7 obstructs all lifts (A, H,,D,) of
(A, Hy, Fy) with Pp, (1+ D2)~2 € Lig) 1 (H).



In the nonunital case, the techniques of [5] will likely be required. The substantial technical
considerations in the nonunital case goes beyond this paper, and is left to future work.

1.3 Structure of the paper

Section 2 recalls the basics of (unital) semifinite spectral triples and their summability. We
also recall our main examples from the literature in this section for later use.

Section 3 presents our construction of KMS states from Lij-summable spectral triples. We
close the section by discussing connections to modular spectral triples. We consider the case
Bp = 0 in Section 4 and compute the tracial states constructed in Section 3 by means of
Dixmier traces. In Section 5 we apply the techniques of Section 3 to the examples.

The final Section 6 examines the construction of KMS states for Cuntz-Pimsner algebras. In
this case we apply our ideas to derive obstructions to the existence of fgp bi-Hilbertian bimodule
structures compatible with the underlying correspondence of the Cuntz-Pimsner algebra.

1.4 Notations

N semifinite von Neumann algebra

T positive, faithful, normal, semifinite trace on N

Koy ideal of T-compact operators

End’ (X) C*-algebra of adjointable endomorphisms of an A-Hilbert C*-module X
K (X) C*-algebra of compact endomorphisms of an A-Hilbert C*-module X
A x-algebra

A’ the commutant of an algebra A

A C*-closure of an algebra A

Ap saturation of A under the action of the wave group e**?

Pp := X[0,00)(D)  non-negative spectral projection of an operator D

Fp:=2Pp —1

pr (-, T) singular values function of an operator T affiliated with N

ny(-,T) distribution function of an operator 7" affiliated with N

Lis(7), Li(g),s(T)  ideals of compact operators in Definition 2.6 on page 9

Ly(T), L(0),4(T)  ideals of compact operators in Definition 2.6 on page 9

Twu(T) Dixmier trace on L (7T)

T(A) set of positive traces on a unital C*-algebra A

L>(a,), a >0 space of essentially bounded functions on (a,c0) equipped with

the essential supremum norm
Co(a,0), a>0 subspace of L*(a,o0) of all continuous functions vanishing at infinity

ut;—lim (@) value of an extended limit w on a function f
—00
>*(N) space of bounded sequences equipped with the supremum norm
o]i—lim Tk value of an extended limit w on a sequence x
—00
£q transfer operator defined by formula (2.13) on page 23
f~g for two functions or sequences f and g if f =g+ o(f) and g = f + 0o(g)
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2 Preliminaries

Before entering into the body of the paper, we recall some basic definitions that we will require
and provide some examples that motivated this work. These examples will be studied further
in the later sections of the paper. The results will be formulated for semifinite spectral triples.
We do however remark that there are several examples of ‘vanilla’ spectral triples that will be
used throughout the paper.

2.1 Semifinite spectral triples and summability

To set the stage for the paper, we summarize the basic definitions and properties of semifinite
spectral triples. The reader familiar with semifinite spectral triples and symmetrically normed
operator ideals can skip this subsection.

We let N denote a semifinite von Neumann algebra and we fix a positive, faithful, normal,
semifinite trace 7 on N. The T-compact operators are denoted by Ky. The C*-algebra Ko
can be defined as the norm closed ideal generated by the projections E € N with T(F) < oc.
Equivalently, one can define Ky := {T" € N : us(¢t,7) = o(1) as t — oo} where the singular
value function ug(t,T) is defined as

pr(t,T) :==inf {|T(1 - E)|lx: where E € N is a projection with T(E) < t}. (2.1)

Definition 2.1. A semifinite spectral triple (A, 3, D, N, T) consists of

e A x-algebra A represented on a Hilbert space H as operators in N C B(H), that is, we
have a specified *-homomorphism 7 : A — N.

e A densely defined self-adjoint operator D : dom D C H — H which is affiliated with N
such that for all a € A we have a - domD C domD and

1. [D,n(a)] :== Dn(a) — w(a)D initially defined on dom(D) is bounded in operator
norm.

2. m(a)(1+ D?)~1/2 € Ky.



Remark 2.2. Sometimes we write a spectral triple as a collection of three objects (A, H,D).
In this case, it is implicitly assumed that N = B(L?(M, S)) and 7 is the standard trace.

Remark 2.3. If in addition to the data (A, H, D, N, T) we have specified an operator v € B(H)
with v = v*, 42 =1, Dy +~D = 0 on Dom(D), and for all a € A we have y7(a) = 7(a)y, we
call the semifinite spectral triple even, or sometimes graded. If v has not been specified, we
say that the semifinite spectral triple is odd, or ungraded. This distinction plays an important
role in the topological properties of the spectral triple, but since this paper deals with measure
theory it will not play a role in this paper.

Remark 2.4. We will nearly always dispense with the representation 7, treating A as a subal-
gebra of N C B(H).

Remark 2.5. In the sequel we assume that the algebra A is unital and that 1 € A acts as
the identity of the Hilbert space. In particular, the operator (1 + DQ)_l/Q is a J-compact
operator. To emphasize this assumption, we refer to the data (A,H,D,N,T) as a unital
semifinite spectral triple.

Examples of semifinite spectral triples often satisfy a finer summability structure, i.e. a re-
finement of the condition (1 4+ D?)~/2 € Ky. We formulate such conditions in terms of
symmetrically quasi-normed operator ideals. We will use the Schatten ideals, the Li-ideals and
more generally weak ideals.

Definition 2.6. Let N denote a semifinite von Neumann algebra and T a positive, faithful,
normal, semifinite trace on N. For parameters p,d € [1,00) and s > 0 we define the following
operator ideals.

o LP(T):={T €Ky :pg(,T) € LP(0,00)}.
o LXNT) = {T € Ky : pug(-,T) = Ot~ Y4 as t — co}.
o Liy(T) :={T € Ky : pus(t,T) = O((log(t))~*) as t — oo}.

Li(g),s(T) :=A{T € K : pug(t,T) = o((log(t))~*) as t — oo}.
If ¢ : [0,00) — (0, 00) is a decreasing function satisfying that sup,- % < 00, we define
the associated weak ideal

Ly(T):=A{T € Ky : ps(t,T) = O(¥ (1))},

and its separable subspace

L(0),p(T) ={T € Ky : pg(t, T) = o(3(t))},

The condition sup;q % < oo guarantees that £ (7) is a vector space, and in fact even a

quasi-Banach space in the quasi-norm || - [ + || - ||z, where

pr(t, T)

e(t)
Note that Lis(T) = L£4(T) and Li(g) 4(T) = £0),(T) for ¢(t) := (log(2+1¢))~*. It is immediate
from the definition that LP(T) C Li(g) 4(7T) for any p and s. More generally, if 1,5 : [0,00) —
(0,00) are two decreasing functions satisfying that sup;- % < 00, then Ly, (T) C Ly, (T)
as soon as 1 = O(1)2).

||THL¢ ‘= Sup
t>0



Remark 2.7. Our definition of symmetrically normed operator ideals in the semifinite setting
differs slightly from the standard definition unless N is atomic. In the usual definition, the sym-
metrically normed operator ideals are defined from operators affiliated with N that potentially
are unbounded. Since we only use bounded operators from these ideals, we have incorporated
this fact in our definition.

Definition 2.8. Let (A, H,D,N,T) be a unital semifinite spectral triple.

A, H,D,N,T) is said to be p-summable if (1 + D?)~1/2 ¢ £P(T).

)

A, H,D,N,T) is said to be (d, oo)-summable if (1 + D2)*1/2 € £(d) (7).
)
)

(

(

(A, 3, D,N,T) is said to be Lis-summable if (1 4+ D?)~1/2 € Liy (7).
(A, 3, D,N,T) is said to be Li(p) s-summable if (1 + D?)~1/2 € Li(g) 4(7).
(

A, H, D, N, T) is said to be y-summable if (1 + D?)~1/2 € £,(7).

The standard terminology in the literature for the special case s = 1/2 is to refer to Li; /2
summability as weak f-summability and to Li(g) /o-summability as -summability. Since

£(d20)(T) C £P(T) for all p > d, (d, co)-summability refines p-summability.

The notion of (d, co)-summability is a noncommutative generalization of being d-dimensional
as the spectral triple defined from a Dirac operator on a closed d-dimensional manifold (as
in Subsection 2.2.1) is (d, co)-summable. We shall see an abundance of Lij-summable, truly
noncommutative, examples where p-summability and (d, co)-summability fails for all p and d.

The notion of -summability generalizes both (d, co)-summability and Lij-summability, and
appears naturally in examples of (semi-) group actions on manifolds (see Subsection 5.1 and
(19, 33]). We will make use of this notion in Section 4 where certain conditions on v allows
one to compute the tracial state defined from a -summable unital semifinite spectral triples
in terms of Dixmier traces on Ly (7).

Remark 2.9. Tt is readily verified that Lis;-summability is equivalent to
‘.]’(e*tw'l/s) < oo, fort >ty for some critical value to,
and that Li ,-summability is equivalent to

‘J’(e_tlD‘l/s) < oo, fort>0.

In particular, (A, 3, D,N,T) is f-summable if and only if

‘J’(e_tDQ) < oo, forallt>0.

Historically, 8-summability has been studied more in depth than Lij-summability. This can
in part be explained from the two facts that the JLO-cocycle only requires §-summability and
classically, the heat operator e D7 ig geometrically more interesting than e P! to study on a
manifold. The two operators e~D% and e~ P! can be compared by explicit integral formulas, see
[29, Chapter 4]. We will exploit the observation that large classes of examples of §-summable
spectral triples are also Lij-summable.
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In the bulk of the paper, we are interested in computing asymptotics of heat traces of the
form ‘J'(Be_tw‘l/s) for B € N as t approaches a critical value. When (A, H, D, N, T) is Li() ,-
summable, the critical value of ¢ is 0, and in several classical examples (e.g. on closed manifolds)
the heat trace ‘I(Be_tw'l/s) admits an asymptotic expansion. The following result is useful for
relating heat trace asymptotics to zeta function asymptotics in the case of the nice behaviour
appearing when tg = 0.

Theorem 2.10. Let s € (0,1]. Let (A,3(,D,N,T) be an Li() ,-summable semifinite spectral
triple and B € N. The following are equivalent.

1. There are constants p*®** >0, € > 0 and cl}aeat € C such that

heat

T(Be DIy = cheaty—sp™t | O(=sP" ey gt 0.

2. The (-function ((z; B,|D|Y*) := T(B|D|~%/%) is well-defined for large Re(z) and there
are constants p* > 0, € > 0, CCB € C and a function f = f(z) holomorphic in the region
Re(z) > sp® — € such that

q
1 c
; B,|D|Y*) = —E .
(B D) = gy g + 1)
In this case, pP* = p¢ and c%eat = cCB. Moreover, if the conditions above hold for one s € (0,1],

it holds for all s € (0,1].

If B =1 and either of the conditions above hold, then (A, 3, D,N,T) is pS-summable.

The proof of Theorem 2.10 follows by noting that I'(2)¢(z; B, |D|'/*) is the Mellin transform
of ‘.T(Be_tw‘l/s) and using [34, Proposition 5.1].

Recall that we use the notation Pp := X[g o) (D) for the non-negative spectral projection of D.
Let us state a fundamental lemma on the commutators of A with the function of D defined by

Fp:=2Pp — 1.
Note that Fp differs from the phase D|D|~! by the T-finite kernel projection of D.
Lemma 2.11. Let (A,H,D,N,T) be a semifinite spectral triple. Then for any a € A
[Fp,a] € Ky.

Moreover if (A, H,D,N,T) is unital, then if (A, H,D,N,T) is p-summable, then [Fp,a] €
LP(T) for all a € A, and if (A, H,D,N,T) is Lis-summable, then [Fp,a] € Lis(T) for all
a € A. More generally, if (A, 3, D,N,T) is -summable then [Fp,a] € Ly(T) for all a € A.

Proof. The proof of the operator inequality —||[D,a]|||D|™! < [Fp,a] < ||[D,d]|||D|! for

invertible D and a = —a* is found in the proof of [61, Proposition 1]. The assertion follows
from the definition of p-, Lig- and t-summability, resp.

In the non-invertible case we replace (A, H, D, N,T) by
A 0 D u
<<0 0> S HEOH, D, = </L @) ,MQ(N),T@TI‘]\JQ) , (2.2)

11



for p € [0,1]. When p > 0 we are back in the invertible case. Let @ be the strong limit
lim,, 0 Pp,. The proof of [6, Proposition 2.25] shows that for any a € A and all p € [0, 1] we
have

[Pp, — Q,a] € Ly(T)

whenever (u?4D2?)~1/2a € £,(T). Hence [Q, a] € L£(T) as well. Writing Py for the projection
onto ker(D), whenever (1% + D?)~1/2a € £,,(T) we necessarily have Pya € £(T). Finally, the

equality
([ Fp 0 —Py F
2Q_1_<0 —FD)+(P0 P0>’

shows that [Fip,a] € L£(7). O

2.1.1 Semifinite spectral triples from unbounded Kasparov modules

For several kinds of C*-algebras one can capture the noncommutative geometry through an
unbounded Kasparov module. This is a bivariant generalization of spectral triples. Localizing
an unbounded Kasparov module in a positive trace gives rise to a semifinite spectral triple as
in Theorem 2.12 below. Several of the examples in this paper arises in this way. We briefly
recall this construction, which has been informally used for some years.

Let A and B be unital C*-algebras. A unital unbounded (B, A)-Kasparov module is a collection
(B, X, D) where

e B C B is a dense *-subalgebra,
e X is an A-Hilbert C*-module carrying a left action of B as adjointable operators,

e D is an A-linear, densely defined, self-adjoint, regular operator on X with A-compact
resolvent (i & D)~ € K4(X) and

e for a € B the operator [D, a] is defined on dom(D) and is bounded in the norm on X.

If 7 is a positive trace on A, we write L?(X,7) := X ®4 L?(A,7) where L?(A,7) is the
GNS-representation associated with 7.

For {,n € X, we write O, for the rank one operator O¢ ,(v) = {(n|v)a. The von Neumann
algebra N (X) := (End*(X)®14)"” C B(L?(X, 7)) coincides with the weak closure of the set of
operator spanned by {O¢, ® 14 : {,n € X} and carries a positive, normal, semifinite, faithful
trace Tr; characterized by Tr (O¢, ® 14) := 7((n|€)a), see [47, Section 3]. The following
theorem also appears in [51].

Theorem 2.12. Let (B, X 4,D) be a unital unbounded (B, A)-Kasparov module and 7 : A — C
a faithful norm densely defined norm lower semicontinuous tracial weight. Then the data
(B, L*(X,7),D®1,N,;(X), Tr,) defines a semifinite spectral triple. The von Neumann algebra
is No(X) = (End}(X) ® 1)” and Trr : N.(X) — C is the (positive faithful semifinite normal)
trace dual to the normal extension of T to A” C B(L*(A,T)).

Proof. The operator D ® 1 is self-adjoint by [48, Proposition 9.10]. The commutant of N,(X)
in X ®4 L%(A,T) is the algebra A” (acting by right multiplication). Every unitary in A” thus
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preserves the domain of D®1 and so D®1 is affiliated to N (X). Plainly commutators of D®1
with B remain bounded. Since we start with an unbounded Kasparov module, the operator
(14 D?)~1/2 € K4(X). So we can approximate (1 + D?)~/2 in norm by finite rank operators
>~ Oz, and we can take the z;, y; € X. Hence (1+ (D ® D)2 =1+D*) V2 ®1isin
the norm closure of the finite trace operators in N (X), and so T-compact. ]

A conceptual viewpoint is that (B, L2(X,7),D ® 14, (End*(X) ® 14)",Tr,) is a semi-finite
refinement of the unbounded Kasparov product of (B, X, D) with the Morita morphism A —
K4(X) and the *-homomorphism K (X) — K(Endy (x)@1,4)7- There is a close relationship
between the semifinite index and the Kasparov product, described in [6, 40].

We remark at this stage that there is to date no general theory of symmetrically quasi-normed
operator ideals in Hilbert C*-modules, and, as such, no satisfactory way of describing summa-
bility. In concrete applications, it is possible to circumvent this problem by choosing a frame
on X, implicitly using the machinery of [54]. In the examples of most relevance to this paper
the spectrum of D is discrete, and we can use the following proposition to study summability.

Proposition 2.13. Let (B, X,D) be a unital unbounded (B, A)-Kasparov module, where D
has discrete spectrum o(D) C R, and 7 be a positive trace on A. Set Py := x1 (D) € Ka(X)
for X € a(D). Then it holds that

1. (B, L*(X,7),D® 14,N.(X), Tr,) is Lis-summable if and only if

Z et Tr-(Py) < o0,
Xeo(D)

for t large enough.

2. (B,L*(X,7),D ® 14, N,(X), Tr;) is p-summable if and only if

> 1+ M) PPT(P) < oo
Aeo(D)

The proof follows from the following formula:

Tr, (f(D) = 3 FON)Te(P),

Ao (D)

which holds for every positive Borel function f.

2.2 Examples

To give some further context before entering into the main construction of this paper, let us
recall some well known examples that we will further explore later on in the paper. The focus
in our presentation is on Lij-summability and heat traces. We remark that the constructions
in this subsection are rather lengthy, and the reader familiar with the literature can at a first
read restrict themself to glancing through this subsection.

13



2.2.1 Dirac operators on closed manifolds

The prototypical example of a spectral triple arises from Dirac operators on a closed Rieman-
nian manifold M. We can work with a rather general type of Dirac operators: if S — M
is a Clifford module on M and I is a first order elliptic operator acting on C*°(M, S) being
symmetric in the L?-inner product and ]DQ is a Laplacian type operator', we say that ) is a
Dirac operator. In this case, the closure of I) in its graph norm defines a self-adjoint oper-
ator on L?(M,S) that we by an abuse of notation also denote by Ip. It is well-known that
(C>(M),L*(M, S), D) is a spectral triple on C°°(M). We summarize the main properties of
its heat traces in the following proposition.

Proposition 2.14. Let M be an n-dimensional Riemannian closed manifold, 1) a Dirac op-
erator on M, and (C™(M), L*(M, S), ID) the associated spectral triple. This spectral triple is
(n, 00)-summable and for any classical zero-th order pseudo-differential operator A on S with
principal symbol a € C*°(S*M,End(S)) and every s € (0,1] we have

Trr2m,s) (Ae_t”ml/s) =T(sn+ l)cflt_‘g”/ Trg(a)dV + O(t*"1¢), ast — 0,
S*M

for some dimensional constant ¢, > 0 and € > 0. Here Trg(a) € C*°(S*M) denotes the
fibrewise trace of a.

The dimensional constant ¢, is determined by the Weyl law for |I?| describing the ordered
sequence (A (|1]))xen of eigenvalues as

1

M(PD) = ek (5]

nkl/n + O(kl/n_m),

for some €y > 0. The Weyl law is proven in many places, for instance [28]. The general heat
trace asymptotics follows from Theorem 2.10 and [28]. We return to this example below in
Example 3.5 (see page 28) and Subsection 5.1 (see page 43).

Later on in the paper, we will make use of a modification of the spectral triple coming from
a Dirac operator that is also compatible with non-isometric semigroup actions. Similar con-
structions were previously considered in [19, 33].

Definition 2.15. Let ¢ : [0,00) — (0,00) be a positive measurable function.

e We say that 1 is regularly varying of index p if for all A > 0
von

A »(t) (23)

e We say that 1 is smoothly regularly varying of index p if 1 € C* and for any k € N,

k., (k)
tlgglow:p(p—l)m(p—wrl)- (2.4)

.e. the symbol of E)2 coincides with the Riemannian metric as a function on 7" M.
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A regularly varying function satisfies sup;~ % < oo and there is an associated weak ideal L,
as in Definition 2.6. By [33, Lemma 7.1], any smoothly regularly varying function v satisfies
that 9F(t) = O(¥(t)(1+%)7%/2) so if ¢ additionally is bounded, v belongs to the Hormander

class S°.

Smooth regular variation is a strengthening of having regular variation — a condition used
below in Section 4 in the context of defining and computing Dixmier traces. See more also
in [33]. By [3, Theorem 1.8.2], any regularly varying function asymptotically behaves like a
smoothly regularly varying function. Smooth regular variation allows for defining associated
classes of pseudo-differential operators and computing Dixmier traces of geometric operators
by means of a Connes trace theorem, see [33, Section 7 and 9].

For a decreasing smoothly varying function v : [0, 00) — (0, 00) with limy_, 9 (¢) = 0, we define
the self-adjoint operator

Dy = Fpp(ID|M)
It follows from [33, Proposition 10.1] that 1, € L%_l(M ,S) (see [33] for the meaning of this

symbol) and its ¢-principal symbol is cg(€)|&]7 1w (€]) 7!, where cg : T*M — End(S) denotes
Clifford multiplication. The next result follows from [33, Proposition 10.3].

Proposition 2.16. Let M be an n-dimensional Riemannian closed manifold, 1) a Dirac op-
erator on M, and v as above with

()t =0, ast— .

Then (C>®(M), L*(M, S),]ﬁw) 1 a Y-summable spectral triple whose associated K-homology
class coincides with that of (C°(M), L*(M,S),1p). If ¥(t)~' = o(t'/™), then for any a €
C>°(M), the operator [IDy, a] is compact with

p(t, [Py, al) = O Ymp(t)™h),  ast — oo.

We return to the problem of computing heat traces involving IZ)¢ below in the Section 4 (see
page 38) and Subsection 5.1 (see page 43).

The spectral triple (C*°(M), L?(M, S), D,;) does in some cases extend to a crossed product by
a semigroup action. For simplicity, we consider an action of N by a local diffeomorphism g :
M — M. Following [33], we say that g acts conformally if there is a function ¢, € C*°(M, Rx)
such that g*gyr = cggm where gy denotes the Riemannian metric on M. We say that g lifts
to the Clifford bundle S — M if there is a unitary Clifford linear morphism u, : g*S — S. For
simplicity, we assume M to be connected and define N := #¢~!({z}) for some x € M. Since
g is a local diffeomorphism and M is connected, N is independent of the choice of x.

If g: M — M is a surjective local diffeomorphism, acting conformally and lifting to .S, we can
define the isometry

Vy: LA(M,S) — L*(M,S), V& :=c/AN"2uy(¢og). (2.5)
The isometry V satisfies the following for a € C(M):

VyaVy) = (a0 g)V,Vy, and VSaV, = £y(a),
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where £4(a)(z) = 3 /)=, a(y). See more in [19, Proposition 8.3]. Define A as the *-
algebra generated by C*°(M) and V,. By [19, Proposition 8.6], the C*-closure of A is
the image in a representation on L?(M, S) of the Cuntz-Pimsner algebra Op, defined from
E, :== C(M)V, (see more in Example 2.30 (see page 23) and Example 6.6 (see page 53)).
The space E;, = C(M)V, C B(L*(M,S)) is considered as a bimodule over C(M) and is an
fgp bi-Hilbertian C'(M)-bimodule because E, can be identified with C (M) with the bimodule
structure (afb)(x) = a(z)f(x)b(g(x)) for a,b, f € C(M), for details, see Example 2.30 below
on page 23 or [19, Section §].

Definition 2.17. Let ¢ : [0,00) — (0,00) be a decreasing function and g : M — M a local
diffeomorphism of a Riemannian manifold.

e We say that ¢ and g are compatible if there is a constant C' > 0 such that for all z € M
and & € Ty M, the differential Dg satisfies

[w([(Dg)LeD) — v(€)] < Cu(lg])>.

o We say that g acts isometrically if Dg acts isometrically on each fibre.

The following results poses restrictions on a function 1) compatible with a local diffeomorphism
which acts non-isometrically.

Proposition 2.18. Let 1) : [0,00) — (0,00) be a decreasing function with limy_ ¥ (t) = 0
and g : M — M a compatible local diffeomorphism of a Riemannian manifold. If 1 has reqular
variation, then either g acts isometrically or ¢ has reqular variation of indez 0.

Proof. Assume that ¢ acts non-isometrically, we shall prove that in this case 9 has regular
variation of index 0. Since v is decreasing, it suffices to show that lim; ﬁ(&? = 1 for some
r # 1 by [33, Proposition 2.15]. If g acts non-isometrically, there is a point z € M and a unit

vector & € T M such that [(Dg)L |y # 1. Set

r = [(Dg)%&lge) # 1.

Since v is compatible with g, there is a constant C' > 0 such that

[ (1(Dg)z€)) — w(lED] < Clé))?

and by setting £ = t&y, we arrive at the inequality

[(rt) — ()] < Cap(t)*.

After dividing by (), taking the limit ¢ — oo and using that lim;_, ¥ (t) = 0 we arrive at

the desired equality limy_, % =1. ]

A prototypical example of a function with regular variation of index 0 is ¢ (t) := log*(2 + t),
for k € Z. This function satisfies the condition lim;_,, 1 (¢) = 0 appearing in Proposition 2.18
if £ < 0. This function is compatible with any conformal local diffeomorphism and has been
considered in the context of constructing spectral triples in [19, 30, 31, 33, 52].
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Proposition 2.19. Let M be an n-dimensional Riemannian closed manifold, 1) a Dirac op-
erator on S — M, g : M — M a surjective local diffeomorphism acting conformally and lifting
to S and v : [0,00) — (0,00) a decreasing function compatible with g, having smooth regular
variation and satisfying lim;_,.0 () = 0 and (t)~' = O(t'/™) as t — oo. Let A denote the
x-algebra generated by C*°(M) and the isometry Vg from Equation (2.5) (see page 15). Then
(A, L*(M, S),qup) is a unital ¥-summable spectral triple.

This result follows in the same manner as in [19, Section 8] and [33, Theorem 10.6]. Clearly, if
Y(t)~! = O(log(t)) ast — oo, then (A, L*(M, S), D) is Lij-summable. The reader should note
that the K-homology class [(A, L*(M, S), Dy)] € K*(Og,), where Og, is the Cuntz-Pimsner
algebra of the module E; = C(M)V,, discussed later. The class [(A, L?(M, S), ID,;)] restricts to
[(C®(M),L*(M,S), D)] € K*(C(M)). Thus the class [(C>°(M), L*(M,S), D)] € K*(C(M))
obstructs [(A, L*(M,S),Dy)] € K*(Og,) being a Kasparov product with the Cuntz-Pimsner
boundary extension in KK'(Og,,C(M)) — we will return to study this boundary extension
and its associated semifinite spectral triples below in Subsection 2.2.3.

2.2.2 Graph C*-algebras

A class of examples carrying interesting noncommutative geometries with a well-studied set of
KMS-states is that of graph C*-algebras. With a finite directed graph G = (V, E), with edge
set E and vertex set V', one associates a C*-algebra C*(G) [56]. For simplicity we suppose
that we have no sources nor sinks. The C*-algebra C*(G) is generated by partial isometries
(Se)ecE and projections (py)yey satisfying the relations

S:Se:pr(e)a and p, = Z SeS:7

s(e)=v

where r(e) denotes the range of the vertex e and s(e) its source. The C*-algebra C*(G)
can be described as a Cuntz-Pimsner algebra in several ways, a class of C*-algebras carrying
noncommutative geometries that we will study in the next subsection. In this subsection, we
focus on a construction of noncommutative geometries along an orbit in the infinite path space
of G — a construction based in the model of C*(G) as a groupoid C*-algebra. The associated
noncommutative geometries come from [30]. As explained in [32] the groupoid model can be
seen as a Cuntz-Pimsner model of C*(G) using the one-sided infinite path space

Qg :={x=ejea--- € EN . s(ej) =r(ejr1) Vit
The path space Qg is a compact Hausdorff space in the subspace topology Q¢ C EN. It carries

a shift mapping og : Q¢ — Qg, og(erezes--+) := ezes - --. The shift mapping is a surjective
local homeomorphism. We can define an étale groupoid g over Qg by

S¢ == {(z,n,y) € Qs x Z x Q¢ : Ik > max(0, —n) such that ol (z) = o&(y)}.

The range mapping is defined by r(z,n,y) = x, the source mapping as s(z,n,y) := y and the
product by
(x,n,y)(y,m, z) := (z,n+ m,z).
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The topology of Gg is uniquely determined by declaring the groupoid to be étale and the
mappings (z,n,y) — n and

ka(z,n,y) = min{k > max(0, —n) : Ug+k(33) = ok (y)},

to be continuous. There is an isomorphism 7g : C*(G) — C*(9¢g) determined by defining
7G(Se) to be the characteristic function of the set {(z,1,0¢(x)) : © € C.} where C, :=
{e1ea--- € Qg 1 e1 = e}. See [18].

Define the function ag : {(n,k) € ZxN:n+k >0} — Z by

n, k=20

k) =
ao(n, k) {—]n—k:, k> 0.

For a point y € Qg, we define the discrete set

Vy:=d ' ({y}) = {(z,n) : (z,n,y) € Sc}.

The set V, is the union of all forward orbits of all backward orbits of y under o where we keep
track of the lag n. Since V, is a fibre of the domain mapping, point evaluation in y induces a
representation m, : C*(G) — B(¢*(V,)). If G is primitive C*(G) is simple and m, is faithful.
At the level of the generators,

Oexnt1), T(x)=s(e),
Ty(Se)d(am) = {0(, Y TELU; - SEG;

Proposition 2.20. Define the operator D, densely on (*(V,) as the self-adjoint operator with
'Dyé(x,n) = Oéo(n, :‘i(.%', n, y))é(x,n)

The triple (Ce(Sa, £2(Vy), Dy) is an Liy-summable spectral triple. Moreover, under the isomor-
phism K'(C*(G)) 2 ZF /(1 — Acage)Z¥, of odd K -homology with the cokernel of the edge adja-
cency matriz, the class [(Ce(Sa, £2(Vy), Dy)] is mapped to the element 6 mod (1 — Acage)ZF
where 6, € ZF denotes the basis element corresponding to e € E.

Proof. 1t is proven in [30, Theorem 5.2.3] that (C.(Sq, ¢%(Vy),D,) is a spectral triple whose
K-homology class corresponds to the element §. mod (1 — Aegge)Z” under K'(C*(G)) =
ZE | (1 — Acage)ZF. Tt remains to prove that (C¢(Sq, £2(V,), Dy) is Lij-summable. We compute
that

Tr(eftlDyl) — Z e~ tnl+ra(zny)) Z Z #{(z,n) : ke(z,n,y) = k}e—t(\nHk)'

(z,n)EVy n€Z k=max(0,—n)

However, if (x,n) is such that kg(z,n,y) = k the path = is determined by y except for its first
n + k steps so #{(z,n) : kg(z,n,y) = k} < |E|"tE < eloa(ED(n+k) - We conclude that

Tr(e 1Py < 0o if ¢ > log(|E|). O

We return to this example below in Example 3.6 (see page 28) and Subsection 5.2 (see page
47).
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2.2.3 Cuntz-Pimsner algebras

In this subsection we consider the construction of semi-finite spectral triples on Cuntz-Pimsner
algebras — a broad class of examples which include both Cuntz-Krieger algebras and crossed
products by Z. Quite general techniques for constructing spectral triples for these algebras
were developed in a series of papers (in rough chronological order) [30, 58, 32, 31, 59]. We
consider the set up of [58] and [32], which provide a means of lifting data from the (unital)
coefficient algebra of a bi-Hilbertian bimodule to its Cuntz-Pimsner algebra.

We start with a unital, separable C*-algebra A, and a finitely generated projective (fgp) bi-
Hilbertian bimodule E over A, i.e. a module fulfilling the conditions of the following definition.

Definition 2.21. An fgp bi-Hilbertian bimodule E over A is an A-bimodule equipped with
the following structures:

e F has both left and right A-valued inner products which induce equivalent norms on F.
e The left and right actions are both injective and adjointable.

e [ is finitely generated and projective as both a left and right module.

To separate the left and the right structures, we write F4 when we want to emphasize the
right module structure and (|-)4 for the right inner product. Similarly, 4E denotes the left
module defined from E and 4(:|-) the left inner product.

The algebraic Fock space ?%lg is the algebraic direct sum of the A-modules E€4*¥. The Fock
space g is defined as the right A-Hilbert C*-module completion of Sr%lg. The Cuntz-Toeplitz
algebra Tp C End’(Fg) is the C*-algebra generated by the creation operators 7),§ = p ® §
for p € i}'%lg. The Cuntz-Pimsner algebra Op is defined from the short exact sequence

0= Ka(Fg) > Tg — O — 0.

We call this short exact sequence the defining extension of Of.

A set (ej)évzl C FE of vectors is a frame for the right module E, if for all e € E we have
e = ) ;ejejle)a, and similarly for a left frame ( fe)_,. Since E is finitely generated and
projective, there exists left and right frames and we can for simplicity assume that they have
the same cardinality. For e and f in the right Hilbert module E 4, we denote the associated
rank-one operator by O, y := e(f|-). Then the frame condition can be expressed as

and similarly for f,. The frame (ej)j.V:l induces a frame for ES* namely (€p)|p|=k Where p is
a multi-index and e, =€, @ --- ® e, .

We define the right Watatani index of E®* as the element of A given by

et =" aleglen) = D alege’ley). (2.6)

lpl=k Io/|=k—1
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The right Watatani index is positive, central and since the left action is injective, also invertible.
Therefore 5, is a well defined self-adjoint central element in A. The key assumptions we make
concern the asymptotic behaviour of the right Watatani indices. In [58, Section 3.2] we define
an A-bilinear functional ®, : O — A. This functional gives us an A-valued inner product on
Op. The construction of ®,, begins by defining

Op s Endy(E®%) —» A, ®p(T) = ) a(Teyle,). (2.7)
lpl=Fk

Here we use the notation End* (E®*) for the C*-algebra of A-linear adjointable operators on
E®F_ 1t follows from [42, Lemma 2.16] that ®; does not depend on the choice of frame. We
note that e’ = ®;(Idges). Since @ is independent of the choice of frame, so is e®*. We
extend the functional @, to a mapping End’ (Fg) — A by compressing along the orthogonally
complemented submodule E®* C Fp. To obtain a good “limiting functional” ®.(T) :=
limy,_y00 @x(T)e P on the Cuntz-Toeplitz algebra, we impose the following condition on the
Watatani indices.

Definition 2.22. Let E be an fgp bi-Hilbertian bimodule over the unital C*-algebra A. We
say that E is W-regular if for every k € N and v € E®* there exists a # € E®* satisfying

e Prvefr—r — bl per — 0 asn — oo.

In [58] the reader can find several examples of Cuntz-Pimsner algebras for which a stronger
version of W-regularity as defined in Definition 2.22 holds. There are no known examples of
modules that are not W-regular. When FE is W-regular, [58, Proposition 3.5] guarantees that
limy,_oo @ (T)e Pk is well defined for T from the *-algebra generated by the set of creation
operators {1, : v € ?%g} and is continuous in the C*-norm. In Section 6.3 we shall see that
there are ways around W-regularity, and even the existence of an A-valued left inner product,
when constructing semifinite spectral triples giving rise to KMS-states.

We thus obtain a unital positive A-bilinear functional ®,, : Tg — A. The functional &,
annihilates the compact endomorphisms, and descends to a well-defined functional on the
Cuntz-Pimsner algebra Op. By an abuse of notation, we also denote this functional by @ :
Op — A. Since ®;, and eP¢ do not depend on the choice of frame, neither does ®... We define

the inner product
(51’52)14 = q)oo(SikSQ), Sl, Sy € Og.

When computing these inner products, the following fact is useful.

Lemma 2.23. Let E be a W-regular fgp bi-Hilbertian bimodule. For homogeneous elements
W, VE ?%lg we have

Do (5,55) = lim a(ple™ e =11) = A(u|P). (2.8)
k—o0
In particular, if S € Og is homogeneous of degree n # 0, then ®o,(S) = 0.

Completing Op modulo the vectors of zero length (with respect to ®,) yields a right A-
Hilbert C*-module that we denote by Z4. The module =4 carries a left action of O given by
extending the multiplication action of O on itself. By considering the linear span of the image
of the generators S, v € ?%g, inside the module =4, we obtain an isometrically embedded
and complemented copy of the Fock space. We let ) be the projection on this copy of the
Fock space.
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Theorem 2.24 (Proposition 3.14 of [58]). Let E be a W-regular fgp bi-Hilbertian bimodule
over a unital C*-algebra A. The tuple (Op,Z4,2Q —1) is an odd Kasparov module representing
the class of the defining extension

O%KA(FE)—)TE—}OE—)O (29)

To construct an unbounded representative of (Op,Z4,2Q — 1), we will add an additional
assumption regarding the fine structure of the operation v —  in the definition of W-regularity
(see Definition 2.22). Assuming W-regularity, we can define the operator g, : E®* — E®F by

qev = = lim e Pryeln—r,
n—oo
Definition 2.25. Let E be an fpg bi-Hilbertian bimodule over the unital C*-algebra A. We
say that E is strictly W-regular if it is W-regular and for any k, we can write q; = cp P, =
Pycr where P, € End’ (E®%) is a (necessarily A-bilinear) projection and ¢ is given by left-
multiplication by an element in A.

Remark 2.26. As with W-regularity, the reader can in [58] find several examples of Cuntz-
Pimsner algebras for which strict W-regularity holds. There are no known examples of modules
that are not strictly W-regular.

Remark 2.27. If there is a decomposition qx = ¢ Py as in the definition of strict W-regularity,
[32, Lemma 3.8] shows that it is unique and of a very specific form. Indeed, each ¢ is central,
invertible and ¢, = ®x(P;)"!. Strict W-regularity is readily verified in practice using [32,
Lemma 3.8]. For instance, if 51 is central for the module action on E, ¢ = e Pk = ¢kh1 g
central for the module action on E and Py, = 1gex.

When FE is strictly W-regular, an unbounded self-adjoint regular operator D, on =4 is con-
structed in [32] making (Og,=4,D,) into an unbounded Kasparov module representing the
K K-class of the defining extension (2.9). The operator D, is of the form

Dy = Z Z a(n,r)Pp,,

n€Z r>max{0,n}

where o : Z x N — [0,00) is a function with certain Lipschitz properties (see [32, Remark
3.20]), and the P, , are projections on finitely generated projective subspaces, [32]. While the
particular choice of function o does not matter much, we will take the function

a(n,r) = " n=r
7| —(2r —n) otherwise

The projections P, , form a sequence of mutually orthogonal projections satisfying that the
direct sum EB:O:ma.x(O,n)anT is the projection onto the A-linear span of {S,S; : |u| — |v| =
n,max(0,n) < r < rg}. In particular, P,, is the projection onto E®" for n € N. More

precisely, the projections are defined by

Pn,r — {Qn,'f - Qn,r—la r> maX{07 7’L} (210)

Qn,r r = max{0,n}
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where the projections @, are defined in terms of the right frame (ej)é\[:l and the left frame

(fj);\[:1 as
Qn,'r = Z @W

—1/2 W a2
€p,c Ppfo  ep.c Pr fo
lol=lo|=n,|p|=r "ol i

(2.11)

where Pr = ®P;, is the projection on the Fock module coming from Definition 2.25. Here we
have written We , € 4 for the element defined from S¢S € Op where § € E®" and n € E®F.
For details, see [32, Lemma 3.10 and Proposition 3.11].

To obtain a semifinite spectral triple, we localize (Og,Z4,D,) in a positive trace on A. Fol-
lowing Proposition 2.12, we consider the semifinite spectral triple

(OE7 LQ(EAu 7—)7 Da, NT(EA)a Tr’l’)'
Here L?(Z4,7) := 24 ®4 L?(A,7) and Tr, is the dual trace on N, (Z4) := (End%(Z4) ® 1)
which satisfies Tr- (O, 5) = 7((fle)a), [47, 64].

Lemma 2.28. Assume that the fgp bi-Hilbertian bimodule E is strictly W-regular and that T
s a positive trace on A. Then the semifinite spectral triple

(OE, L2(EA7 T)a DOév NT(EA)’ TrT)
1s Li;-summable.

Remark 2.29. The assumptions on the existence of limiting behaviour for the Watatani indices
are really just for convenience here. These assumptions relate to existence and behaviour of
norm limits, but we have passed to the ‘measurable setting’ and so really only need weak limits.
We will explore this point of view in Subsection 6.3.

Proof. We need to prove that the following expression is finite for ¢ large enough:

TrT(e_t‘D‘ﬂ) = Z Z o~ te(nr)] T (Ppr).

n€Z r>max{0,n}

By definition (see (2.10)), Pn, = Qny — Qnr—1 when r > max(0,n) and P, , = Qn, when
r =max(0,n) and @, is defined as in (2.11). Using the computations of [32, Lemma 2.8], we
see that

T (@nyr) = Z T <(Wep,cUII/QPFfa|Wep,call/2PFfa)A> (2.12)

lp|—=lo|=n,|p|=r

= Z 70 Qoo <S 1/2PFfaS:pS€pS:1/2PFfa>

o ol ol o]
lol=lel=n, [p|=r
=S aPefelPrfsleplen)n))
lpl=lo|=n, |p|=r
Using the fact that the elements of the frame have norm bounded by 1, we see that
T (@)l < Y. 1T (a(PrfolPrfaleples)a)) |
lpl=lo|=n, |pl=r

< > aPrfol Prfoleplen)a)la < N2 < elostMlvinnl,
lpl—lo|=n, |p|="
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where NV is the number of elements in the left frame and the right frame. We can now estimate

Tep(e 120 =3 3 e 1 T (Quy — Q)

n€Z r>max{0,n}

+ Z Z eft|a(n,r)| TrT(Qn,r)

n€Z r=max{0,n}

<2 Z Z e—t|a(n,r)|| TrT(Qﬂ,T)‘

n€Z r>max{0,n}

<Y Y e et < o,

n€Z r>max{0,n}

if ¢t > log(N). O

We return to Cuntz-Pimsner algebras below in Example 3.7 (see page 29) and Section 6 (see
page 51). Let us discuss a special case of Cuntz-Pimsner algebras arising on a commutative
coefficient algebra.

Example 2.30. Let Y be a compact Hausdorff space and ¢ : ¥ — Y a surjective local
homeomorphism. We consider the module E, = C(Y') with the bimodule action

(afb)(z) = a(z)f(x)b(g(x)), a,be C(Y), fe E,.

This is an fgp bi-Hilbertian bimodule in the inner products

cory(fi, fo) = fifa and  (filfo)eqyy = £4(fif2),

where £, : C(Y) — C(Y) is the transfer operator

L) = > [f. (2.13)

yeg~(z)

The Cuntz-Pimsner algebra O, can be realized as a groupoid C*-algebra as in [18] (see also
[19, Theorem 3.2]) over the solenoid

X={z=yy2--- €Y": glyps1) = yr Vk}.

The case that X equipped with the shift mapping is a Smale space was studied in [19].

The module Ey has a right frame (ej)j»\/:1 where e; = ,/x; for a partition of unity (Xj)é.\le
subordinate to an open covering (Uj)évzl of Y such that g|y, is injective for all j. Using this
partition of unity, one sees that 3 = 0 for all k. It follows that Ej is a strictly W-regular

module.

The case that g : M — M was a surjective local diffeomorphism acting conformally was con-
sidered in Subsection 2.2.1 (see page 14). However, the spectral triple considered Proposition
2.19 on Og, differs greatly from the semifinite spectral triples considered in Lemma 2.28 — the
latter are in the image of the boundary mapping in KK1(Og,, C(M)) defined from Equation
(2.9) while the former is not if [D] # 0 € K*(C(M)).
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Another class of examples already considered arises from a finite graph G as in Subsection 2.2.2
(see page 17) where the shift mapping og : Qg — Q¢ is a surjective local homeomorphism
and C*(G) = Og,,. The spectral triples in Proposition 2.20 (see page 18) arises from the
construction of Lemma 2.28 by taking the trace 7 : C(Qg) — C to be defined from point
evaluation in y.

2.2.4 Group C*-algebras

We now turn our attention to examples coming from the reduced group C*-algebra of a discrete
group. A well known construction associates a spectral triple with a length function on the
group, we consider this example and a semifinite modification thereof which is possible for
a-T-menable groups, i.e. groups with the Haagerup property. The methods extend to a-TT-
menable groups, a class of groups containing all hyperbolic groups, see more in [53, Chapter
7.2].

Let I' denote a countable discrete group. Recall that a length function ¢ : I' — R>q is a
function satisfying £(e) = 0 for e € T the identity, ¢(y) = £(y~!) and () < () + £(v') for
all group elements v, € I'. We say that £ is a proper length function if £ is a proper function,
i.e. the set {y € I' : ¢(y) < R} is finite for any R > 0. If there exists a constant 5 > 0 such
that #{y € T : £(y) < R} = O(e’f) as R — oo we say that (T, /) has at most exponential
growth.

Define the operator D, densely on ¢2(T) as the self-adjoint operator with
Ded, = €(7)3,.

The space of compactly supported functions c.(I") is a core for Dy. We define the x-algebra
cp(I') x®8 T as the x-algebra generated by multiplication operators (by bounded functions on
') ¢,(I') € B(¢2(T")) and all left translation operators.

Proposition 2.31. Let £ be a proper length function on T'. The triple (cy(T') x*& T, £2(T"), D)
is a spectral triple defining the trivial class in the K-homology of the C*-algebra cy(T') %, I'.
Moreover, if (', £) has at most exponential growth the spectral triple (cy(T') x8 T, £2(I"), Dy) is
Lij-summable.

Proof. Since ¢ is proper, it is clear that D, has compact resolvent and if (T',¢) has at most
exponential growth, then there is C' > 0 such that

c
t\D| t0(y . — tn E: (t=Bpn — __ ~
¢ E e ngo#{vef.ﬁ() nte” " < C e 1 Bt < 00.

ver

To show that (c,(I') x®8 T, £2(T"), D) is a spectral triple, it remains to show that c,(I'") x*8 T’
preserves the domain of D, and has bounded commutators with D,. Domain preservation is
clear. For an element a\, € ¢,(I") 2 T and a function f € c.(I') we compute that

(D, ay]f(g) = alg)(U(g) — L(v ) fF(v ).
It follows that

1De, a2y < llalle,r Sup 10(g) — Ly g)| < llalle,myl(y)- O
g
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The K-homology class of (cy(T') x& ', 2(T), Dy) is trivial. We shall now consider a topolog-
ically more interesting semifinite spectral triple that can be constructed on groups with the
Haagerup property. We are grateful to Branimir Caci¢ for sharing this construction with us.
Similar ideas appeared in [39, Appendix B|.

Let T" be a discrete group with the Haagerup property. Then there is a proper isometric action
of T on a real Hilbert space Hr. By the Mazur-Ulam theorem there exists an orthogonal
representation

r I'— O(J{F)

on the Hilbert space Hr and a proper cocycle cr for #r, meaning that cp : I' — JH is a proper
function satisfying the cocycle identity

cr(172) = er(v1) — mr(v)er (92). (2.14)

The cocycle identity allows us to define a length function on I" by

() = ller (9)llacr -

Since cr is proper, so is £.

Remark 2.32. The existence of a proper isometric action of a group I' on a Hilbert space is
equivalent to I' having the Haagerup property, also known as a-T-menability. Our construction
extends to the case when there exists an orthogonal representation 7 : I' — O(Hr) and a
proper quasi-cocycle cp : I' — Hp. That is, when

Q(cr) := sup [ler(1172) — er(1) + mr(v)er (2) llse. < oo
V1,72
In this case, £(7y) := |ler(7)||s¢. could fail to be a length function but still satisfies £(y7") <
() +£(y") + Q(cr) which suffices for our purposes. The existence of a proper quasi-cocycle on
a Hilbert space is equivalent to I' being a-TT-menable. Hyperbolic groups are a-TT-menable.
For notational simplicity, we restrict our attention to cocycles.

Definition 2.33. Let C{(Hr) denote the the complex Clifford algebra of Hr and assume
that cg : C/(H) — B(Sy) is a representation of C/(H). We say that a unitary representation
g : I' = U(Sy) is a lift of np to Sy if for all v € H and g € T we have

ms(g9)es(v)ms(g™t) = es(mr(g)v). (2.15)
When H is finite dimensional this is just the well-known Clifford algebra, but when H is infinite
dimensional we refer to [8, 67] for a description of this algebra.

For a representation Sy of C£(H) we consider the new Hilbert space £2(T', S3¢). Assuming that
g lifts mp to Sy the Hilbert space ¢2(T", Sy) carries a representation of I' defined by

7: D= UM, S%),  (7(9)f)(v) =ms(9)flg~"). (2.16)
On the Hilbert space ¢(T', Sg¢) define a self-adjoint operator D, by declaring
(Def)(v) = cesler)) f (), f € ce(I', Sx). (2.17)

Since cg(v)? = ||v||3, for all v € K, the domain for D, can be deduced from
(D2F)(y) = L) f()-
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The compatibility requirement Equation (2.15) and cocycle property Equation (2.14) imply
that for g, € I' we have

ms(g)es(er(v)) = cs(m(g)er(v))ms(g) = es(er(9))ms(g) + es(er(g9y))ms(g)-

Then the commutator of D, and a group element is

([De, ®(9)1F)(7) = es(er(M)ms(9) f (g~ y) = ws(g)es(er(g™ ) f (g™ )
= cs(er(9)ms(9) f(g™) = (es(er(9))7(9))(f)()-

Hence the commutators between D, and group elements are bounded. It is moreover clear that
these commutators lie in Ny x I' where Ny = ¢g(Cl(H))"”. We define N as the von Neumann
algebraic tensor product B(¢?(I"))@No.

Finally,
’ (1+D?) e K(AT) @1 CcKET)) @ K,

where K is the compacts in Ny for a choice of normalized positive trace 7. Let Tr, be the
trace on N defined from the trace 7 on Ny. We conclude that (1 + D?)~! € Kry,. Finally, if ¢
has at most exponential growth then Tr, (e tPel) = Zyer e () < oo for t large enough. As
such, (i & D.)~! € Liy if £ has at most exponential growth. We conclude the following result.

Proposition 2.34. Assume that ¢g : C(H) — B(Sy) is a representation of CL(H) and that
the unitary representation ms : I' — U(Sy) lifts mr to Sy. Let c(I') be the (continuous)
bounded functions on T, and define a representation of cp(I') x I on £2(T, Sg¢) by

Ts(arg)f(v) = a(y)[7(9) f1(7),

where 7 is as in (2.16). Then the triple (cp(T') x28 T, £2(T, Sy¢), D, N, Tr,) is a semifinite
spectral triple which is Lij-summable if £ has at most exponential growth.

We return to the example of this subsubsection in Example 3.9 (see page 30) and Subsection
5.3 (see page 48).

Example 2.35. The following example of a proper group cocycle shows the construction’s
geometric advantage compared to only using a length function. Consider the trivial action of
the discrete group I' = Z™ on Hr = R™. The inclusion Z" — R"™ is additive and proper, and
therefore a proper group cocycle for the trivial action. The semifinite spectral triple associated
with a finite dimensional Clifford representation c¢g : R” — End¢(S) can when restricted to
C*(Z") = CO(T™) be identified with the semifinite spectral triple (C°°(T"), L*(T", S), Dr» ®
15, B(L?(T")) ® Cl,, Tr,) using Fourier theory on the dual torus T" = Z". We observe that
to extract K-homological content from this construction we need to specify a grading if n is
even. In particular, it is unclear how to interpret the construction above in K-homology when
Hr is infinite-dimensional.

3 KMS states constructed from Li;-summable spectral triples

This section contains the fundamental technical construction of the paper. Starting from a
semifinite Li;-summable spectral triple, we use the associated algebra of Toeplitz operators to
construct an action from the operator D and a KMS-state from the operator |D].
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3.1 The positive part of the spectrum and heat traces

Throughout this section we suppose that (A, H,D,N,T) is a unital semifinite spectral triple.
The spectral triple can be semifinite, in which case we let T denote the given positive faithful
normal semifinite trace. In general T is not unique, and coincides with a non-zero multiple of
the operator trace in the “usual” non-semifinite case N = B(H). We write Ky for the compacts
for 7. Again, Ky coincides with the usual compacts in the case of the type I factor N = B(H).

We write NT for the von Neumann algebra PpNPp. By an abuse of notation, we write T also
for the induced faithful normal semifinite trace on N*. The T-compacts on NT will be denoted
by K;\}.

Definition 3.1. The operator D is said to have positive T-essential spectrum if for some
B € [0,00), we have T(Ppe P) < oo for t > § and T(Ppe™*P) oo as t \, S.

Proposition 3.2. Let D be a self-adjoint densely defined operator affiliated with N satisfying
that (1 + D2?)~1/2 € Liy (7). We define the number

Bp = inf{t > 0 : T(Ppe ?) < o0}. (3.1)
Then B € [0,00) and D has positive T-essential spectrum if and only if

lim T(Ppe *P) = 0o.
Jim (Ppe™™)

In particular, if Bp = 0 then D has positive T-essential spectrum if and only if T(Pp) = oo.

Proof. By definition, if (14 D?)~Y/2 € Li; then T(e*Pl) < oo for ¢ large enough. Therefore,
T(PpetP) = T(Ppe~tP!) < 0o for t large enough and By := inf{t > 0 : T(Ppe~*?) < oo} will
be a number in [0,00). By definition, T(Ppe~*?) < oo for t > Bp and if limy g, T(Ppe™*P) =
oo then D has positive T-essential spectrum with 5 = (. Conversely, if D has positive T-
essential spectrum there is a 3 € [0, 00) with T(Ppe ) < oo for t > 3 and T(Ppe ) 7 oo
as t \( 8, and in this case it is clear that 8 = SBp. O

Remark 3.3. We will often impose the assumption of positive T-essential spectrum. If for some
B €[0,00), T((1 = Pp)et?) < oo for t > B and T((1 — Pp)et®) oo as t \, f, we can equally
well use —D in our construction.

Proposition 3.4. Let D be a self-adjoint densely defined operator affiliated with N satisfying
that (14 D?)~1/2 € Li|(T). Then D has positive T-essential spectrum, if and only if both of the
following conditions fail:

1. Pp has finite T-trace.

2. There exists a p > 0 such that Ppe™ Pl € LP(T)\ NyspL9(T).
The reader should note that conditions 1. and 2. are mutually exclusive.
Proof. If D has positive T-essential spectrum, then clearly 1. fails. Also 2. fails if D has positive
T-essential spectrum because condition 2. is equivalent to Sp = p and limy, ‘.T(Ppe_tD) being

finite.

27



Conversely, if Condition 1. and 2. fails, then either Bp = 0 and lims\ T(Ppe~*P) must be
infinite not to violate T(Pp) being infinite or fp > 0 and the set {p > 0: Ppe~Pl € LP(T)} is
open (due to condition 2. failing) showing that T(Ppe™*) 7 oo as t \, SBo.

Example 3.5. Dirac operators on closed manifolds, as considered in Subsection 2.2.1 (see
page 14), have positive essential spectrum. In this case, we can compute By = 0 and the
leading term in the heat trace asymptotics using Proposition 2.14. If (C*°(M), L?(M, S), D)
is the spectral triple associated with a Dirac operator, Proposition 2.14 implies that

TrLz(M’S)(P@e_tW‘) =nlc,t™" Trs(pp)dV +O0@t™"), ast—0,
S*M
where pj is the principal symbol of the zeroth order pseudo-differential operator Pp. A
direct computation shows that pp(z,§) = $(cs(§)+1) for x € M and £ € S;M. Here
cs : T*M — End(S) denotes Clifford multiplication. More generally, Proposition 2.14 allows
us to conclude that for a € C*°(M),

TrL2(M7S)(PDae—tIlD\) =nlc,t™" / TTS(plp)adV + O(t_”+e) _
=nle,t™ ”/ / Trs p]p(HT f))dVS* (f)dV(:c) —|—O(t*n+e) _
= 5ntn/ adV +O0(t "), ast—0,
M

for a new constant ¢, > 0, depending only on the dimension of M and the rank of S. In
the last equality we used that pj — 1 /2 is an antisymmetric function under the involution
(x,§) — (z,—&) of S*M and therefore

/ Trs(pp (2. €)) AVssar = / Trs(pyy(ar, —€)) dVss s =
SEM SxM

rank(.5) / rank(S)rdim(M)/2
= dVszmr = . :
2 . ['(dim(M)/2)

Example 3.6. The spectral triples for graph C*-algebras from Proposition 2.20 (see page 18)
also have positive essential spectrum. We compute Sp and the heat trace asymptotics assuming
that G is primitive. In this example, Pp, is the projection onto the subspace 2V, N Iﬁél (0)).
We use the notation

V5=V, N ko' (0) = {(z,n) €Vy:n >0, ol(z) =y} (3.2)

The space Pp, %(V,) is therefore spanned by the orthonormal basis (6(93,”))(1,7”) evy- Note that
if o¢(x) = y then x is uniquely determined by y and a finite path o = o109 - - - 0, wWith x = oy.
Note that paths of the form x = oy, with s(o,) = 7(y), exhaust all possible z € o,"({y}).
Using that Pp, Dyd(yn) = nd(yn) for (z,n) € V', we compute that

Tr(PDye_t‘D“) = Z Z e ! = Z #{o € B, : s(op) =r(y)ye ™

n=0aeo5" ({u}) n=0
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Let A denote the edge adjacency matrix of G and r,(A) its spectral radius. If G is primitive,
(i.e. all entries of A¥ are positive for some integer & > 0) we let w € CF its ¢>-normalized
Perron-Frobenius vector. It follows from [58, Lemma 3.7] that there is an ag € [0, 1) such that

o € By : 5(00) = ()} = [l ity o (A" + O(aro (A))"),
asn — oo. We can conclude that there is a function f holomorphic in Re(t) > log r,(A)+log ag
such that

_ [[0]| g1 20y
TI'(PDye t‘Dy|) = T(/l)(ey)_t + f(t)

Therefore, Tr(PDye_t‘Dy‘) - % has a holomorphic extension to Re(t) > logr,(A) +

log cvg whenever G is primitive.

More generally, if G is primitive, the method above shows that for two finite paths p and v we
can compute that

Tr(Pp, SpSpe 1) =6, 3 > 1S58 m e ™™
n=0ze05" ({y})

n=|ul

e_tl/’l‘l
:5u,vws(u)wr(y)T(A)e_t + O fuy(t),

for a function f,,, holomorphic in Re(t) > logr,(A) + log ay. We conclude that
ro(A)~IH
t —log(rs(A))’

has a holomorphic extension to Re(t) > logr,(A) + log oy whenever G is primitive. As such,
Bp, = log(rs(A)) and D, has positive essential spectrum.

Tr(PDy SMS;e_t‘Dy‘) — 5u’ywd(u)wr(y)

Example 3.7. Let Op be a Cuntz-Pimsner algebra defined from a strictly W-regular (recall
Definition 2.25) finitely generated and projective bi-Hilbertian bimodule E4 and a positive
trace 7 on the coefficient algebra A. The semifinite spectral triple considered in Lemma 2.28
(see page 22) also has positive Tr-essential spectrum assuming a criticality condition on 7
that we formulate below (see Definition 6.2 on page 51). The heat trace asymptotics are
slightly more involved, and we compute these explicitly in Subsection 6.2 under a condition
on 7 previously studied by Laca-Neshveyev [47] in the context of KMS-states. However, for a
general 7 we can proceed as in the proof of Lemma 2.28 to deduce the following.

Proposition 3.8. For any strictly W-reqular fgp bi-Hilbertian bimodule E over the unital
C*-algebra and a positive trace T on A,

o0
Tr, (Pp, e Po) = Z e T (E®AT),
n=0
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where T, : Ko(A) — R denotes the map induced by T on K -theory. In particular, Tr,(Pp, e tP«)

does not depend on the choice of inner products on E but only on T and the bimodule structure
on E.

Proof. We compute that

TrT(P@e*t‘D ol Ze*’w"”)'TrT ) Ze oy (Qnn) = Z Z ety T((eplep)a)-
n=0

n=0|p|=n

On the other hand, 7, (E®4™) = (T@TI’MN )(pE®An) where pposn € My(,)(A) is a projection
representing E®A™. Using the choice of frame (ej)jvzl, we can take N(n) := N" and ppen =

((eplev)a)|uj=|p|=n- In this choice of representing projection,

r(EOA) = (7 © Trary, ) (Proan) = Teaty o (F((€ulen) ) pimipizn) = |Z ((eplep)a). O

This computation shows that it is in general difficult to compute Sp. In this case Sp depends
on the asymptotic properties of the sequence (7,(E®4™)),en as n — oo.

For a simple tensor o € E®™ write 0 = 07, where the initial segment o will be of a length
understood from context (|g| = |u| in the next computation). With this notation, we can
compute our functional on a typical S,,S;, € Of, where u € E®k 1 ¢ E® are simple tensors.
We find

o0
Tr(PpSuSpe ™ 1Pol) = 6,1 > e Tr, (8,55 Qnon) (3.3)
n=0
= Oju|,|v| Z > e ((SheolSies) gen-iun)
Iul lo|=n
- 5\#\ [v| Z Z e nT ((pleq) puies | (Vlea) piulea) pem—iun)-
n=|ul|o|=n

Example 3.9. Consider a length function ¢ on a countable group I' as in Subsection 2.2.4.

Definition 3.10. We define the critical value of (I',¢) as

B(I',4) :=inf{t > 0: Ze 7 < o).

vyel

If E%F e M) Moo ast N\, B(T, ), we say that £ is critical.

It follows directly from Definition 3.1 that the operator D, appearing in Proposition 2.31 (see
page 24) has positive essential spectrum as long as ¢ is critical. The heat trace of an element
a)g € cp(T) x*8 T is given by

Tr(Pp,adge20) = Te(age ) = 6., 3" a(y)e 0.
yel’
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Similar computations can be carried out for the semifinite spectral triple constructed in Propo-
sition 2.34 using a Hilbert space valued cocycle cr (see page 26). Note that

_ 1 [ esler(y))
o fla) =3 (Hcmg)rm " 1) '

Therefore, the heat trace of an element a\; € ¢,(I") X8 T is given by

TI‘T(PQCCL)\geitlDC‘) = %Z <5’Y7 T <CS(CF(9)) —+ 1) a(glf)/)(sg’y> e*tﬁ(’Y) —

< fer (9) e

1 _ 1 _
= iée,gZa(’y)e ) = §Tr(P@,_,a)\ge HDely,
vyel

Here we use that 7(cg(v)) = 0 for any v € Hr which holds due to the fact that we can pick a
w € Hr orthogonal to v and compute that

7(es(v)) = T(es(w)es(v)es(w)) = —7(es(w)*es(v)) = =7 (cs(v))-

If the length function £() := |ler(y)|ls. associated with cr is critical, we say that cr is
critical. We conclude that the semifinite spectral triple from Proposition 2.34 has positive
essential spectrum if cp is critical.

3.2 To-plitz or not To-plitz
We proceed under the same working conditions as in the previous section to construct states
from spectral triples. Recall that N™ = PpNPyp and that KJ‘G = PpKyPp.

Definition 3.11. Let (A, H,D,N,T) be a semifinite spectral triple. We define the Toeplitz
algebra of (A, H,D,N,T) as
Ts = PpAPp +Kj CNT.

The saturated Toeplitz algebra of (A, H, D, N, T) is defined by
TA,@ — OF (U eisﬂTAe—isD> —C* (U eiSDPDAPQG_iSD + K;'\}) C Nt
seR seR
Proposition 3.12. The Toeplitz algebra T4 of a unital semifinite spectral triple (A, H, D, N, T)

is a C*-algebra.

Proof. Tt follows from Lemma 2.11 that [Pp,a| € Ky for all a € A. Therefore, the mapping
ﬁ@ A — N—'—/K;\}, a — PpaPp mod K;\},

is a *-homomorphism and fp(A4) € NT/KJ; is a closed C*-subalgebra. By definition, Ty is
the preimage of 8p(A) under the quotient mapping N* — NT /K and is therefore a C*-
algebra. ]

The reader should note that Proposition 3.12 also holds in the non-unital setting because it
only relies on Lemma 2.11 which holds non-unitally.

31



Proposition 3.13. The saturated Toeplitz algebra of (A, H,D,N,T) carries an R-action o :
R — Aut(Tap) defined by

o (T) := Ppe*PTe P Py = Ppe®lPlTe=IPl pyy | sER, T €Tap.

s

This proposition is a consequence of that Ty p is constructed as the saturation of 7’4 under
the action ot extended to N*. We note that if we identify T4 p with a subalgebra of N, we
can also write o} (T) := e®PTe#D = eisIPlITeIP,

Define a one-parameter family of states (¢¢0)i>p on T4 p by

rT(P@Te_tD)

¢t,0(T) = r‘T(PDeftD) :

We shall compose the family (¢¢0)¢>g with an “extended limit” as t — f:

Definition 3.14. An extended limit as ¢t — (3 is a state w € L*(3,00)* such that w(f) =0
whenever lim;_,g f(t) = 0. For an extended limit w and f € L*°(3, 00), we write

w-lim f(t) := w(f).

t—f

Let w be any extended limit and define
Guw0: Tap = C,  ¢uo(T) :==wodro(T) = ui;hgl bro(T).

Lemma 3.15. Let (A, H,D,N,T) be a semifinite Lij-summable spectral triple with positive
T-essential spectrum (see Definition 3.1 on page 27). For any extended limit w, the functional
Guw,0 1s a state on Ty . Moreover ¢, o(T) =0 for all T € Kj'f[

Proof. Tt is immediate that ¢, o is a state. For the statement that ¢, o(7) =0 for all T € K;\Lr?
we observe that since ¢, is a state, it is also norm-continuous. It therefore suffices to prove
that ¢, 0(7) = 0 for all projections T' € N* with T(T') < co. For such T', we can estimate that

T(PpTe™tP) __T(1)

Pr0(T) = T(Ppe~tP) = T(Ppe~tP)’

Since, T(Ppe ') /oo as t \, 3, it follows that lim;_, g ¢¢,0(T) = 0. We conclude that for all
projections T' € NT, with T(T') < oo, and any extended limit w as t = 3, wo ¢ o(T) =0. O
Due to Lemma 3.15, we can make the following definition.

Definition 3.16. Define the C*-algebra Ap := TA,@/K;} and the state ¢, on Ap as

¢ (T mod KY) 1= o, 0(T).

The state ¢, 0 also restricts to a state on T4, and Lemma 3.15 implies that ¢, |7, descends
to a state on A via the x-epimorphism SBp : A — TA/K;\Ff (see the proof of Proposition 3.12
on page 31). To analyse the situation of the state on Ap versus that on A, we consider the
following ideal

I:={a€A: PpaPp € K}
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so that PpIPp = PpAPp N K;{[ Since Ty € T'y,p, we obtain a commuting diagram

0 K Tf A/l 0
0 K;\} TA”D AD 07

with exact rows. The mapping A/I — Agp is indeed injective by the four lemma. We identify
A/I with a subalgebra of Ap. The induced mapping v : A — Agp is compatible with the states
¢ and ¢, 0 in the sense that ¢, o(PpaPp) = ¢ (v(a)) for a € A.

The R-action o} (T') := ePTe=sD op T4,» induces an R-action on A/I. The following propo-
sition follows from the construction of 7'y p as the saturation of Ty under ot.

Proposition 3.17. Let § € R. The algebra Ap carries an R-action o : R — Aut(Aqp) defined
by declaring the quotient mapping Tap — Ap to be equivariant. The C*-algebra Ap is the
saturation of A/I under the action o, i.e. Ap is generated in NT /K by Useros(A/I).

The aim of our construction is to obtain a KMS state on A, or, failing that, on A/I. As a
first step we introduce conditions ensuring that we at least get a KMS state on T4 p, and so
on Ap. To this end we make the following assumption

Definition 3.18. Let (A,H,D,N,T) be a semifinite spectral triple. We say that a subset
S C A is analytically generating at 3 if the set PpSPp + K generates the Toeplitz algebra
T4 as a C*-algebra and if 5 # 0, then for each a € S there is an € # 0 with €5 > 0 satisfying
that e3P pp g Ppe=(B+D ¢ N+,

We say that the semifinite spectral triple (A, H, D, N,T) is [S-analytic if it admits an analyti-
cally generating set at (.

We note that this condition is empty if 5 = 0. The condition of being [S-analytic is just
requiring that we have enough analytic elements in T4 p to verify the KMS condition. Indeed
we have the following.

Proposition 3.19. Let (A, 3, D, N,T) be a semifinite spectral triple and 8 € R\{0}. Consider
the following statements:

i) The semifinite spectral triple (A, H,D,N,T) is S-analytic.

i) There is a dense o -invariant subspace Tg p € Tap of elements satisfying that for any

T e T&D there is an € # 0 with €3 > 0 such that the function fr : R — N, fr(t) := o, (T)
has a bounded holomorphic extension to the strip {z € C: Im(z) € (—f —¢,0)}.

ii1) There is a dense o-invariant subspace AOD C Ap of elements satisfying that for any
a € Ay there is an € # 0 with €8 > 0 such that the function f, : R = N, fo(t) := o¢(a)
has a bounded holomorphic extension to the strip {z € C: Im(z) € (-8 —¢,0)}.

It holds that i) implies ii) which implies iii). If I :={a € A: PpaPp € K{} =0, iii) implies
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Proof. 1t is clear that i) implies ii) since for an analytically generating set S at 8 we can take
T ,91,93 to be the oT-invariant x-algebra generated by PpSPpUFp, where Fp C K;\} is the dense
two sided ideal in N generated by the spectral projections of D over compact intervals in R.
The implication ii)=>iii) is seen from taking A} :=T9 , /(T ;, NK).

If I =0, the set S = A% N A is dense in A, and for every s € S we find that there is an € # 0
with €3 > 0 such that e(#T9)IPlse=(B+9IPl ig 4 bounded operator in N. Thus PpSPp + Kjff
plainly generates T4 and for each a € S there is an ¢ # 0 with ¢5 > 0 satisfying that
eB+D P Pre~(B+9D ¢ N+, We conclude that S is analytically generating at 3 and that iii)
implies 1) if I = 0. O

Proposition 3.20. Let (A, H,D,N,T) be a Bp-analytic Liy-summable spectral triple with pos-
itive T-essential spectrum. For any extended limit w as t — PBp, the state ¢y, is a Bp-KMS
state on Tap for the one-parameter group o™ .

Proof. 1t follows from Proposition 3.19 that the dense subalgebra TgD C T consists of
Bp-analytic elements of Ty p. The twisted trace property relative to the one-parameter group
o™ holds on TY 4, by direct computation: for all Ty, T» € TS

_ T(T e Pl T (e!PITye=tPlT e~ t7)
TV TY) = w-lim = 2¢ ) = b (o_i5(Ty)TY).
b (ThT5) v T(Ppe—t171) iy Mo T(Poe D)) buw(0—ip(T2)T1)

By definition, ¢y, is a Sp-KMS-state for o™. O

Corollary 3.21. Let (A, H,D,N,T) be a Sp-analytic Li; -summable spectral triple with positive
T-essential spectrum. For any extended limit w as t — Bp, the state ¢, is a Bp-KMS state on
Aq for the one-parameter group o, defined in Proposition 3.17.

Proof. This follows from Proposition 3.19 and Proposition 3.20 because ¢, o vanishes on the
compacts and the fact that ¢, is induced from ¢, o. O

In practice, for a Sp-analytic Li;-summable spectral triple with positive T-essential spectrum,
we will want to check that in fact T4 p = Ta. In this case Ap = A/I and ¢,, induces a
KMS-state on A/I. In the often occuring special case PpAPp N KJ'G = 0, we obtain a KMS
state on the algebra A. In practice, these things are all checkable and we will do so in several
examples in the subsequent sections.

The special case 8 = 0 has been addressed by Voiculescu, [65, Proposition 4.6] under the
assumption that D is positive. Exponential S-compatibility is superfluous when Sp = 0. By
Proposition 3.2, when g = 0, positive T-essential spectrum is equivalent to T(Pp) = oo.

Theorem 3.22. Let (A, H,D,N,T) be a unital Lij-summable semifinite spectral triple with
Bp = 0 and T(Pp) = oco. Then A has a tracial state. Indeed, for any extended limit w as
t— 0,

. T(Ppae™'?)
dula) = wlim oy

is a tracial state.
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Theorem 3.22 applies to unital Li(g) ;-summable semifinite spectral triples with T(Pp) = oo
since Li(g),;-summability implies Sp = 0.
Remark 3.23. If the heat trace has an asymptotic expansion as in Theorem 2.10, then Theorem

3.22 can be further simplified. Assume that there is a p > 0 and that for any a € A, there is a
¢o(a) € C such that ¢o(1) # 0 and

T(Ppae Py = ¢g(a)t™ + O(t7PF), ast— 0,

for some € > 0 (which can depend on a). Since ¢o(1) # 0, it follows that ¢¢ is continuous in

the C*-norm on A and ¢, (a) = igg?g for all a € A. In fact, ¢o(a) = I'(p)Res.—p((z; Ppa, |D]).

The construction of the state ¢, in Corollary 3.21 involves the operator Pp. We shall now
provide a result allowing us to remove Py from the definition of ¢, in the presence of certain
symmetries on the spectral triple. The result provides a checkable set of conditions to compute
b, by means of asymptotics of e 7Pl

Lemma 3.24. Let (A, H,D,N,T) be a unital Liy-summable semifinite spectral triple and 5 > 0
a number such that T(e "P) < oo fort > B and T(e HPl) A oo ast \, f. Assume that there
exists self-adjoint operators vi,...,ynv € NNA' such that

N
1. Zj:l ’7J2 =1;
2. ~v; Dom(D) C Dom(D) and [D, ]+ := Dv; + ;D has a bounded extension to H;

8. For j = 1,...,N and some € > 0, the function t — e_tw"yjetw‘ extends to a morm
continuous function from the interval [3, 8 + €) to N with

: —t|D t|D
th_{%e Ply;elPl = ;.

Then Bp = B and D has positive T-essential spectrum. Moreover, for any extended limit w as
t = PBo,

. T(ae™tPh
Pula) = @l oy

Example 3.25. Before proceeding with the proof of the lemma, we give some examples of how

the operators y1,...,7n € NNA’ can arise. The most trivial instance is when (A, 3, D, N, T)
is even, in which case the grading ~ will satisfy the conditions of Lemma 3.24.

Here is a more geometric example. Let (C°(M),L?(M,S), )) denote the spectral triple
defined from a Dirac operator on a closed Riemannian manifold M as in Proposition 2.14
(see page 14). If we take a collection X1, ..., Xy € C®°(M,TM) of vector fields spanning the
tangent bundle T'M in all points, the collection of Clifford multiplication operators

N —1/2
v = es(X;) (ch<Xk>2> , J=1,...,N,

k=1

is readily verified to satisfy the conditions of Lemma 3.24. This construction extends to

semi-finite spectral triples defined from the fibrewise Dirac operator of a Riemannian spin®
submersion 7 : M — B (see more in [41]) and a measure on B by taking Xi,..., Xy to be
vertical vector fields spanning the vertical tangent bundle ker d7 in all points of M.
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Proof. Recall that Fip := D|D|~! modulo a finite trace projection. For any self-adjoint a € A,
we write

N
1
T(Fpac™ PN ==T ((Fpa + aFp) _tw') = 5‘] Zyj(F@a—i- aFp)e Pl | =

j=1

1
T2

l\.')\r—t

N
! (Z’w Fpa+ aFp)ye P! | +
7=1

+ 57 Z% Fpa + aFyp)(e 1Pyl — ) P =
j=1
1 N
- i(I ZV?(FDCL + aFD)e_tw‘ +
j=1
1 N
=57 | 2 %([Fp.yila+ alFp, ]y yje 1!
j=1
1 N
+ 5T | 2 i(Fpa+ aFp)(e”Ply;ell?l —5;)e™?1 | =

J=1

N
_ 1 _
= — T (Foac™®) = 5 [ 375 ([Fb, 1 + alPo, ) )vje 1
j=1
1 N
+ 57 Z’yj(FDa + aF@)(e_tlDl'yjetlDl - ’yj)e_t‘DI
j=1

Since [D,~;]+ is bounded, [Fp,~;]+ is compact and an approximation argument by finite
T-rank operators shows that

N
> i([Fo,v5lva + alFo, vl )ye 11| = o(T(eP])),
j=1
as t \( 5. By norm continuity of ¢ — e*tID\%etID\ we can also deduce that
N
> i(Fpa+aFp)(e " Plyel™l — y;)e Pl = o(T(e1P1)),
j=1
as t \( B. In conclusion, for a self-adjoint a,
T(Fpae Py = —T(Fpae Pl + o(T(eHPY).

We can conclude that 7(Fpae P!y = o(T (e UP1)) as t \, . Since 2Py = Fp + 1, we have for
any a € A that
T(ae Py = 2T(Ppae~P!) + o(T(e 1PN), ast\, f.
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In particular 8 = Bp and T(Ppe *Pl) # oo as t \, 3. We compute that

T(ae Pl T(Ppae~tP))

T (e~ tPl) - T (Ppe—tl) +o(l), ast\/p.

In particular, for any extended limit w as t — S,

. T(ae tPh . T(Ppae Pl
-1 ————— = w—hm — Q-
t— 8 ‘J'(e—ﬂ@\) t— 8 ‘J'(P@e—t|93|)

This concludes the proof of the lemma. O

3.3 Modular spectral triples and modular index theory

Modular spectral triples and their (equivariant) index theory were considered in [10, 12, 7],
with the definition laid out most clearly in [60, Definition 2.1]. These were defined in order
to study the (equivariant) index theory of KMS weights associated to periodic flows, so one
might wonder how modular spectral triples fit into our scheme.

Given a KMS state ¢ : B — C with inverse temperature [ for a one-parameter group o :
R — Aut(B) on a unital C*-algebra and a faithful expectation onto the fixed point algebra
® : B — B7, we can emulate the constructions that inspired the definition of modular spectral
triples.

First we construct the right C*-module X over B? by completing B in the norm coming from
the inner product

(z|y)Bs = @(2"y).

Then we can use [47] to construct Try, : Kpo(X) — C the trace dual to ¥|g-. The action o
induces a one parameter unitary group on L%(X, ), and we let D be the generator of this one
parameter group. By [7], when the action o is periodic, the data

(B7 L2(X7 w)a Da KB" (X)”7 qu)a

where ¢p(a) := wa(e_ﬁgmae_ﬁpﬂ), gives us a modular spectral triple. The operator D is
affiliated to the semifinite algebra (K(X )‘7% )

Proposition 3.26. Let (A, H,D,N,T) be a semifinite spectral triple such that that for all
t>p
T(Ppe Pl < o0

and limy g T(Ppe ) = co. Assume that PpAPp N Ky = {0} and the spectral triple is (-
analytic. Then we obtain the KMS state ¢, : Ap — C, and provided that D has discrete
spectrum we obtain an expectation ® : Ap — AJ) onto the fized point subalgebra.

Provided that the group o is periodic we then obtain a finitely summable modular spectral triple
(‘ADv L2 (A®> ¢w)7 Dv (KA% (AD))”7 d)'D)a

where the operator D generates the one-parameter group induced by o on L?*(Ap,¢,) and
pp = Try, (e7BP/2 . e=BD/2) . The spectral dimension is 1.
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Proof. The existence of the KMS state ¢, comes from Corollary 3.21.

In general the action o is real, but assuming that the operator D has discrete spectrum, the
action will factor through a (compact) torus. To see this, one takes a rational basis of the
eigenvalues (possibly an infinite basis), and takes a product over the circles corresponding to
these individual actions.

Consequently, by averaging over this torus, there is an expectation ® : N — N? onto the fixed
point algebra for t s (T — e?PTe*P). Of course D is affiliated to the fixed-point algebra.

Finally if the action o is periodic then [7] proves that we have a modular spectral triple, and
that ¢p((14 D?)~%/?) < 0o for s > 1. O

For circle actions there is a local index formula in twisted cyclic theory, but for real actions
factoring through a torus there is not.

One serious issue that comes up in this more general setting is the compactness of the resolvent
of D, and determining summability. We leave this issue to another place.

4 The KMS-state ¢, and Dixmier traces

In the present section we discuss a relation between the trace ¢, from Theorem 3.22 and
Dixmier traces. For a decreasing function v : [0,00) — (0,00) we denote ¥(t) := fg P(s)ds.
Let £4(7) be the principal ideal defined as in Definition 2.6 (see page 9). Let Er be the
spectral projection of an operator T affiliated with N and let ng(s,T) := T(E7|(s,00)) be its
distribution function.

The following result extends [50, Lemma 12.6.3].

Lemma 4.1. Let o be a regularly varying function of index —1. Let T € L (T) be strictly
positive and ps(t,T) ~ ¢(t), t — oo. For every q > 0 we have
1

T T /%) ~ T(1 + 5)1/;*1(55), t = oo.

Proof. The assumption ug(t,T") ~ ¢ (t) implies pg(t,T9) ~ [¢(¢)]?, t — oo. Since the distribu-

tion function is an inverse of the singular values function, it follows that ng (s, 7%) ~ w_l(s%),
s — 0+4. Next we have T(Ep—q(t)) ~ ns(1/t,79), t — co. Thus,

T(Ep-a(t) ~ (7). t - o.

Since 1 is varying regularly with index —1, [3, Theorem 1.5.12] implies that ¢)~! varies regularly
with index —1, too. Thus, T(Ep-4) varies regularly with index %. Writing the heat trace as a
Laplace transform

T T = /OO et AT (Bp—q(2))
0

and using the Karamata theorem [46, Chapter IV, Theorem 8.1] we obtain

T(e T/t~ T(1 + L)l (t74), £ — oo, 0
q
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Let P, : L*°(0,00) — L*°(0,00) be the exponentiation operator defined by (P,f)(t) =
f(t*), t>0.

Definition 4.2. [11] An extended limit w as ¢ — oo on L*°(0, 00) is said to be exponentiation
invariant if

w-lim(P, f)(t) = w-lim f(2)
for every f € L*°(0,00) and every a > 0.

Definition 4.3. Let ¢ : [0,00) — (0,00) be a regularly varying function of index —1. For any
extended limit w as t — oo on L*°(0,00) a linear extension of the weight

1 t
= w-lim —— <
Twu(T) (,g_l}ggl 0 /0 pg(s,T)ds, 0<T € Ly(T)

is said to be a Dixmier trace on £y (7).

Remark 4.4. Usually Dixmier traces are defined on Lorentz ideals corresponding to the function
VU (which are strictly larger than £, (7)) by exactly the same formula as in Defninition 4.3 (see
e.g. [20, 15, 50]). Then, Dixmier traces on L (7T) are restrictions of those on Lorentz ideal to
L(7T). Since we do not deal with Lorentz ideals here, it is convenient to define Dixmier traces
directly on Ly (7).

It should be pointed out that on Lorentz ideals to define Dixmier traces one needs an additional
assumption on w: either dilation invariance [20, 50] or exponentiation invariance [26, 63]. As
it was shown in [62, Lemma 16 and Theorem 17] these requirements are redundant on L (7).

Also note that the condition of the regular variation of ¢ is not optimal. The existence of
Dixmier traces was proved in [21] under the milder assumption that

W(2t
lim inf (2¢) =1
t—00 \I/(t)
However, in this setting one needs an additional assumption on w that ut)—lim % =1, termed
— 00

U-compatibility in [45]. Since we assume v to be a regularly varying function of index —1, it
follows that (o8

lim L =1.

t—0o0 \I/(t)

Thus, every extended limit is W-compatible.

The proof of the following theorem is the same as that of [50, Theorem 8.5.1] and thus omitted.
Note however, that in [50] the result was proved for Lorentz ideals and required dilation
invariance of the extended limit w. For the case of £,(T) one can refer to [62, Lemma 15] to
remove this assumption.

Theorem 4.5. Let f € C?[0,00) be a bounded function such that f(0) = f'(0) = 0. Let
T € Ly(T) be positive and let B € N. For every extended limit w as t — oo on L>(0,00) we

have
gt (gt [ 3060 % ) = [7760% gt (515 [ S
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Below we will need the relation between generalised heat kernels and Dixmier traces on £ (7),
which was proved in [26] under the additional assumption that

Au(a) = Tim 2 st ) (4.1)
«) = lim exists for every a : .
v 0 U(E) Y
Recall the notation W(¢ fo s)ds. The corresponding (natural) assumption on 1) is that
to ta—l
a- tliglo % exists for every o > 0. (4.2)

Note that condition (4.2) implies the condition (4.1) [26, Proposition 1.7]. By the L’Hopital
rule, the number appearing in Equation (4.2) equals Ay ().

Let H : L*(0,00) — L*(0,00) be the Cesaro mean defined as follows:

:1/Otf(s)ds, t>0.

Let My : L*(0,00) — L*°(0,00) be the Cesaro mean twisted by ¥, that is

(Mo f)(t) - = [(H(f o ¥~ 1)) 0 U] / F(s)(s) ds, t > 0.

Lemma 4.6. If ¢ satisfies condition (4.2), then
MyoP,— P,oMy: LOO(O, OO) — Co(o, OO)

for every a > 0.

Proof. For f € L*(0,00) we have

to 1/a—1
(My o Puf)(t / £(s \;t) [ et — s
Using conditions (4.1) and (4.2) we obtain
11 "
(Mg o Pof)(t) € AW(G)AW(Q)W ; f(s)¥(s) ds + Co.

Direct calculations show that Ay (a)Aw (L) = 1. Thus,
(Mg o P, — Py o My)f € Co. 0

Lemma 4.7. If ¢ : [0,00) — (0,00) is a decreasing function with reqular variation of index
—1. Then for any d >0, as t — oo,

W (t) = o((log(1)) ™).

Y(2t) 92— 1

Proof. Since 1 is decreasing and lim;_, S ON

C. > 0 such that for t € (2F,2F+1],
1/J(t) < 05(2 — e)fk: 062*10g2(2*€)k < CﬁtflogQ(Qfe)'

, we can for any € € (0,1) find a constant

For details, see [33, Proposition 2.21]. Therefore, by taking ¢ < 2 — /2 we see that 1 (t) =
o(t~1/2) which implies (t) = o((log(t))~9). O
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For the next result we need to assume the (stronger) condition, that the function 1 satisfies

L (t)
tlggo =T =c, (4.3)
for some constant ¢ > 0.

Remark 4.8. For every k € 7Z, the functions ¥ (t) = @ and ¢(t) = logjlggf ) satisfy condi-

tion (4.3). The functions ¢ = U with ¥(t) = e’ t do not satisfy (4.3) for any 5 > 0.

In the following result we use a singular values function of an unbounded operator affiliated
with N. For such operators the formula (2.1) cannot be used. The singular values function of
an operator T affiliated with N is defined [25] as follows:

ps(t,T) :==1inf{s > 0: ny(s,T) < t}.
Theorem 4.9. Let d > 0 and ¢ : [0,00) — (0,00) be a decreasing function with regular
variation of index —1, satisfying conditions (4.2) and (4.3). Assume that (A,H,D,N,T) is a
unital semifinite spectral triple such that
1. T is infinite;
2. D is positive;
5. pia(t, D) ~ (1)1,

Then (A,H,D,N,T) is Li(g),1-summable with positive T-essential spectrum. Moreover, for
every a € Ap and every exponentiation invariant extended limit w as t — oo we have

$5(a) = Ty p(a(l +D%)~4?),
where @ := wo(JMyJ) and J : L>(0,00) — L*®(0,00) is defined as the pullback alongt — t*.
Proof. By Lemma 4.7 ¢(t) = o((log(t))~%). Therefore, uy(t, D) = o(log(t)) and the semifinite

spectral triple (A, H, D, N, T) is Li(g) ;-summable. Since T is infinite, T(e™*P) Moo ast N\, 0.
The operator D therefore has positive T-essential spectrum. Thus,

T —tD

is a trace on A by Theorem 3.22. The assumption on D implies that g (t, (14+D?)=%2) ~ o)(t),
t — co. Applying Lemma 4.1 with 7' = (1 + D?)~%? and ¢ = 1/d yields

TP~ TA+d) (), t — .

Using the properties of extended limits, the definitions of P, and J and Lemma 4.6, we obtain

1 . T(ae~ D/t
ot~ gy et 3575

B 1 : T(ae= D™D
ST e Mee ( OL(1/1)

1 : T(ae=(P™H7H
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Using the definition of My and assumption (4.3) we obtain

—(tD—4)~1/d t —(sD—dy~1/d
My <‘J’(ae )) _ 1 / T(ae )¢(3) ds
0

(1)) W(t) »1(1/s)
€ \I]}t) /Ot T(ae—<s®‘d>‘”d)g + Cp(0, 00). (4.5)

Since w is exponentiation invariant extended limit, combining (4.4) and (4.5) we obtain

1 1 1/t —dy-1/d. ds
- T - —(sD™%) / o
vala) = (1+d) «-lim (qf(m) /1 T(ae )32) '

Now we apply Lemma 4.5 twice with T = D™, f(x) = e~ "% and then with f(z) = e
Since - d )
/ e—z_qj — F(l + 7)7

0 T q

we obtain
) 1 t _(sp—dy-1,ds M\ —d/2
oe(a) :cijlcglJ <\I'(t)/1 T(ae~ P9 )32> = Tup (a(l—i—D )~/ >,

where the last equality follows from [26, Theorem 4.7]. O

We can now provide sufficient conditions on a general Li(y) ;-summable unital semifinite spec-
tral triples ensuring a relation between the trace ¢,, of Theorem 3.22 and Dixmier traces.

Corollary 4.10. Let (A,H,D,N,T) be a unital semifinite spectral triple with T(Pp) = oc.
Assume that there is a number d > 0 and a decreasing function 1 : [0,00) — (0,00) with
reqular variation of index —1 satisfying conditions (4.2) and (4.3) and

u(t, PyD) ~ w(t)~4.
Then, Bp = 0 and for any exponentiation invariant extended limit w ast — oo and a € Ap,
¢ (a) = Tou(Poa(l + D)™,

where @ s as in Theorem 4.9.

The corollary follows immediately from Theorem 4.9 applied to the unital semifinite spectral
triple (T, PpH, PpD, N, T) where ¥ is the *-algebra generated by PpAPp.

Example 4.11. Let us revisit the spectral triple constructed in Proposition 2.16 (see page
15). If ¢ : [0,00) — (0,00) is a smoothly varying function with lim;_,o(t) = 0 and (¢)~! =
O(tY/™) as t — oo, and ) a Dirac operator on a Riemannian closed n-dimensional manifold
M, a i)-summable spectral triple (C>° (M), L*(M, S), Ew) was constructed in Proposition 2.16,
where Dy, := Fpi(|P|")~!. The Weyl law for | )| and Theorem 2.10 applied to B = Py shows
that the order of the spectral asymptotics of |IP| coincides with the order of the spectral
asymptotics of PP so p(t, Pylp,) ~ cip(t)~! for some constant ¢ > 0.

42



If ¢ has regular variation of index —d for a d > 0, Corollary 4.10 shows that the tracial state
on C(M) defined from the spectral triple (C°°(M), L*(M, S), ID,;) takes the form

duw(a) = ¢ Tryy(Ppa (1B,

for some proportionality constant ¢. Applying Connes’ trace theorem as in [33, Theorem 9.1],
it follows that

bula) = ][Madv,

where dV' denotes the Riemannian volume measure on M and ][ the normalized integral.
M

The computation above requires 1 to have strictly negative index of regular variation. We note
that by Proposition 2.18 (see page 16), the computation above can only extend to the spectral
triple from Proposition 2.19 (see page 17) on a crossed product by a local diffeomorphism if
the local diffeomorphism acts isometrically.

5 The KMS-state ¢, in examples

We are now in a state where we can compute the KMS-states associated with the spectral triples
considered in Subsection 2.2 (see page 13). The computations for the KMS-states associated
with the unbounded Kasparov cycle on Cuntz-Pimsner algebras considered in Subsection 2.2.3
(see page 19) are more involved and dedicated a separate section, Section 6 (see page 51).

5.1 Dirac operators on closed manifolds

For a closed manifold M with a Dirac operator I) acting on a Clifford bundle S — M,
we consider the spectral triple (C*°(M), L?(M,S), Ip) as in Proposition 2.14 (see page 14).
The following theorem can be deduced immediately from Example 3.5 (see page 28) or from
Corollary 4.10 and Connes’ trace theorem for pseudo-differential operators.

Theorem 5.1. Let (C*°(M),L*(M,S), D) be the spectral triple associated with a Dirac op-
erator on a closed manifold, w an extended limit as t — 0 and ¢, the associated tracial state
from Theorem 3.22 (see page 34). The trace ¢, is the normalized volume integral on M, i.e.

forae C(M),
¢u(a) = ][MadV.

For completeness, let us describe the Toeplitz algebras T (ar), Tomy,p and the flow o on
C(M)p in this example. We remark that since ¢, is a trace in this case, the flow induced
from our construction is irrelevant for the study of ¢, but it could nevertheless serve to clarify
the constructions of Subsection 3.2. The relevant algebras are all contained in the C*-algebra
W2, (M, S) defined as the C*-closure of the x-algebra W% (M, S) of zeroth order classical pseudo-
differential operators acting on L*(M, S). It is well known that ¥2. (M, S) fits into a short
exact sequence

0 — K(LA(M, S)) — 2. (M, S) 2 O(S* M, End(S)) — 0,

43



where symb denotes the continuous extension of the principal symbol mapping ¥% (M, S) —
C>(S*M,End(S)). Since Py is a projection in W9 (M, S), we can consider the C*-algebra
\IJOC*’JF(M, S) := Pp¥e. (M, S) Py and we obtain a short exact sequence

b
) syrn

0 = K(PyL*(M,S)) = 0. (M, S C(S*M,End(ppS)) — 0,

where py € C°°(S*M,End(S)) denotes the principal symbol of Pj;. The algebras Ty and
T, p are characterized by the following commuting diagram with exact rows

0—=K(PyL2(M, S)) Toon symb C(f@ 0
0 ——K(PyL2(M, S)) Teon, symb C(M)y 0
l_ j symb \L\

0 ——K(PyL*(M,S)) — ¢ ,(M,S)

C(S*M,End(ppS)) —0,

The composition of the mappings in the right most column coincides with the pull back ho-
momorphism C(M) — C(S*M) composed with the inclusion C(S*M) C C(S*M,End(ppS)).

To describe the flow o on C(M)y, we describe it on C°°(S*M,End(ppS)). Surjectivity
of the principal symbol mapping implies that any a € C°°(S*M,End(ppS)) is the symbol
of an operator A € PpWY(M,S)Py. By Egorov’s theorem [23] (see also [36, Section IV]
and [22]), P Ae~s? is again an element of Py U0 (M, S)Py and the expression o,(a) :=
symb(e's? Ae=isP) gives a well defined flow on C°(S*M, End(ppS)). Again by Egorov’s
theorem, using that og(a) = symb(e®?l e~y for A Py (M,S)Py, we have that
os(a) = gi(a) where g5 : S*M — S*M is the Hamiltonian flow associated with the symbol
€| of |P|. On the cosphere bundle, this Hamiltonian flow coincides with the geodesic flow.
We conclude that the flow o is induced by geodesic flow and C (M), C C(S*M) is a closed

subalgebra invariant under geodesic flow. This discussion should be compared with that in
[16].

As in Subsection 2.2.1, we consider a local diffeomorphism g : M — M. We assume that g
acts conformally and lifts to S — M. Since g acts conformally, |(Dg)T¢| = c;/ 2\5 | and it is

readily verified that g is compatible with the decreasing function ¥ (t) := from the

1
log(1-+t2/m)
mean value theorem and ¢'(t) = O (¢(t)2). We use the notation lﬂlog = lDw for this particular
choice of 1. Note that

Iplog = Fplog(1+ 122) and e tPuogl — 1+ @2)4

By Proposition 2.19, we arrive at a spectral triple (A, L?(M, S), lDlog) where A is the x-algebra
generated by C°°(M) and an isometry V. Let us compute KMS-state constructed from
(A, L*(M, S),lplog). Before diverting into this computation, we recall that the C*-closure
of A coincides with the image of a representation of Og,. As such, we can write elements of
A as linear span of elements of the form S,,S;, where pp = a1V, ---aiVy and v = b1V, --- bV,
where ay,...,ax,b1,...,b0p € C®°(M).

Proposition 5.2. Set § := C*(M)U C>®(M)V, C A. For any B € R, the set S is an
analytically generating set at B for (A, L?(M, S), lDlog).
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Proof. For notational convenience, write D = lﬂlog. The set S generates A, so PpSPp + K
generates Ty. For any § € R, and a € S

e PP PpaPpe®® = (1 + %) P PyaPy(1 + D).

The proposition follows from that Dom((1 + lDQ)ﬁ ) = H?’(M, S) as Banach spaces and any
a € S extends to a continuous operator on the Sobolev spaces H2%(M, S) for all 3. O

Theorem 5.3. Let M be a connected n-dimensional Riemannian manifold, ID a Dirac operator
onS — M, and g : M — M a local diffeomorphism acting conformally and lifting to S. Then
the spectral triple (A, L*(M, S),lplog) 1s Lii-summable, has positive essential spectrum with
Bp =n/2 and is n/2-analytic.

Assume for all m € Ny, that the set of fized points
{weM:g™(@) =2},

has measure zero with respect to the volume measure. Then the state ¢, on A constructed from
Corollary 3.21 (see page 34) is independent of w and takes the form

Gu(SuSy) = 6, 1/|][ (cp 20584 (ch?by 1 L4+ £(ch?biar)az) - ap—1)ax) AV, (5.1)

For p=a1Vy---apVy and v =0V, ---bV,. Here dV denotes the Riemannian volume form.

The state ¢, viewed as a state on Op, via its representation on L*(M,S) is KMS for the

action defined by v¢(aVy) = clgm/2an with inverse temperature 1.

We note that the state Theorem 5.3 is a KMS-state on a Cuntz-Pimsner algebra, but not for
its gauge action. If c4(x) < 1 for some x € M, the generator of 7 is not positive on E, and the
Laca-Neshveyev correspondence [47] does not apply in the context of O, with the action 7.

In the case k = [ = 0, the formula (5.1) should be interpreted as ¢, (a) = ][ adV for
M

a € C*°(M). This special case follows from Connes’ trace theorem.

Proof. Fort > n/2, standard techniques of pseudo-differential operators show that the integral
kernel Ky of the trace class operator Ppy(1+ E2)_t belongs to C'(M x M,END(S))NC>®(M x
M\ Ay, END(S)). Here Apy € M x M denotes the diagonal and END(S) denotes the big
endomorphism bundle defined by END(S),,) := Hom(S,, Sy) for (z,y) € M x M. By [19,
Proposition 8.3], V' takes the form

Vg* _ Nl/QSS,gC;n/47
where £g 4 is the L?-extension of the operator

£579 : C(M7 S) — C(M7 S)? 2579€<m) = ug(y)_l"g(y)'
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Take ai,...,a,b1,...,0p € C®°(M) and write p = a1V ---arVy and v = b1V ---bV;. We
introduce the notation a; := ajcg/4 and Z)j = bjcg_n/4. We can compute for ¢t > n/2 that

* = * 7%k * * 7k 2\
TrL2(M,S)(P1,Z)SuSue tlwlogl) :TyLz(M,S)(alVg---aquV'g b; Vq Vq b1PD(1+D ) t)

= N—(k=D/2 TrLz(M’S)(alcg/‘lugg* e akc;’/"‘ugg*ﬁg_,gc;”/‘*bf e C;n/4£579b>1kplp(1 + IDQ)_t)

k k41
— N-(k=D/2 /M > (H dj(rrj)) ( 1T Bjk(ffj)*> Ki(kt1,1)dV (z),

(@1,eenszig 1) EM (2,k,0) \J=1 j=k+1

where M (z, k,1) C M**!is defined as the k + I-tuples (x1,...,24;) such that for j = 1,...,k,
z; = ¢ 1(z), 7k = g(zpy) and for j =k +1,...k+1—1, g(x;) = zj11. Note that M(x,k,1

is finite for all z, because g is a local homeomorphism, and that x1 = x for (x1,...,254) €
M(z, k,1).

Define M%(z,k,1) C M(x,k,1) as the k + I-tuples (z1,...,2r4;) where 2341 = 1. The set
MPO(z, k,l) can be characterized as the k + I-tuples (x1,...,25y;) With * = x1 = 241 and

zp = g¢'(rp4) such that for j = 1,... k, z; = ¢ Yz), and for j = k+1,...k+1—1,
zj11 = g(z;). In particular, if M%(z,k,1) is non-empty then g¥(z) = g'(z). In other words,
(z1,. ., 211) € MO(2,k,1) if and only if ¢*(z) = ¢!(x), and ; = ¢/ }(x) for j = 1,...,k
and z+; = ¢/ () for j = 1,...,1. Therefore, M°(x,k,l) contains at most one element.
In particular, since M%(z, k,1) is non-empty then ¢*(z) = ¢'(z) and the set of fixed points
{z € M : ¢"(z) = x} has measure zero for all m € Ny by assumptions, then

MOz, k1)) =0 ifk+#1ae. in .

As t approaches n/2, the integral kernel Ky localizes (up to lower order term) to the diagonal
and the leading order terms come from the sum over M°(z, k,1). The Weyl law for ” and an
explicit pseudo-differential computation of the principal symbol of Pp(1 + $2)_t implies that
there is a constant ¢ and an € > 0 only depending on ) such that

Tr 12 (n1,) (P Sy Spe1Presl) =
k Kl
=0y (t — n/2)_1/ > ITa)) I ojr(@) | dV(2) + fuu (@),
M (g1 mes) EMO (2,k, 1) \J=1 j=k+1
where f,, is holomorphic on a neighborhood of the intervall [n/2 — €,n/2].

Recall the notation a; := ajcg/4 and b; := bjc;n/4. For k =1 and (1, ...,75) € M°(z, k, k)
we write

k 2k k
(TTasn) | TT bises) | = [Laste’ @b (o' () =
Jj=1 j=k+1 Jj=1
k
= [T aste’ @05 @) = ([anbillg" (a2b)][(9*)" (azb3)] -~ [(6") (arbi)]) ().
j=1
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By the same argument that V" = N_1/2257gcg7n/4, we can partially integrate [, ag*(b)dV =

fM cg/za bdV for a,b € C(M). By partially integrating k¥ — 1 times we deduce that for
some functlon fu,» holomorphic on a neighborhood of the intervall [n/2 — €, n/2].

Trrz(u,s) (PB)SMS;e_tmloﬂ) —
=clp (t —n/2)! /M[alb’ﬂ[9*(a2b§)][(92)*(a2b§)] (g (arb)AV + () =
= o, (t — N/Q)_l / Sg(C?/Qb};Sg(cg/szilgg(. .. Sg(CZ/Zb’fal)ag) e )R )dV + fu ()
M

We conclude that formula (5.1) holds.

It remains to show that ¢, defines a KMS-state on O, for the action defined by ~(aVy) :=

Ztn/ 2aV Let 7 denote the tracial state on C'(M) defined from integrating against the volume

form and L € EndC(M)( 4) the generator of v, i.e. L = Flog(cy). Some yoga with inner

k
products shows that for p = a1V, @ --- @ apVy, v =01V, ® --- @ bV, € E?CW) , we have the
computation

¢ (8,5%) = / Lo (21 L (ch by _1 L9 (- - L4(cM?bjar)as) - - - a—1)ag)dV =
M

=T (blvg XX katq’e_L(al‘/:q) (SRR e_L(ang))E@;c(M)k = ¢w(S;’Yz(S/L))
g

We conclude that ¢, (ab) = ¢, (byi(a)) for a,b € A and ¢, is a KMS-state on Og, in the action
- O

5.2 Graph C*-algebras

For a finite graph G we consider the spectral triple on C*(G) constructed in Proposition 2.20
from the choice of a point y € {2 in the infinite path space. We will assume that G is primitive,
in which case C*(G) is simple. For an element (x,n) € V, and a finite path p, we compute
that ‘ ' ‘

ezsgyP@ySuP@ye_ZSDyé(xm) = e“‘“‘P@ySMP@yé(r’n).

It follows that o4(S,,S%) = e*(H=ID g, S* and & coincides with the gauge action on the graph
C*-algebra C*(G). We can conclude that C*(G) = C*(G)p, is closed under the flow 0. The
reader can recall from Example 3.6 (see page 28) that Pp (*(V,) = (*(V,) where V is defined
in Equation (3.2). Moreover, T«(q) € IBS(F(V;)) is the C*-algebra generated by the creation

operators
Te(s(x,n) — 5(ex,n)7 T<e) = S('CC>7
0, r(e) # s(x).
cC

Proposition 5.4. Let f € R. The set S = {S.:e € E}
set at B for (Ce(Sa), £(Vy), Dy).

<(9¢) is an analytically generating

Proof. Since Pp, S.Pp, = T, it is clear that S satisfies that Pp, SPp, + K(EQ(V;F) generates
the Toeplitz algebra Tc«(g) as a C*-algebra. Moreover, ey P S, Pre APy = P PpS. Py is
bounded and the proposition follows. O
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We conclude the following theorem from Example 3.6.

Theorem 5.5. Let G be a finite primitive graph with edge adjacency matriz A and y € Qg.
For any extended limit w as t — logrs(A), the KMS-state ¢, on C*(G) associated with the
spectral triple (Ce(Sc), €2(Vy), Dy) (see Proposition 2.20 on page 18) as in Corollary 3.21 (see
page 34) is given by

S1SE) = By, (A)
¢UJ( H I/)_ 'u’l/HnglrU( ) )

where v and p are finite paths and w € CF is the (>-normalized Perron-Frobenius vector. The
state ¢, is KMS for the gauge action and its inverse temperature is log(rs(A)).

The KMS-state ¢, on C*(G) in Theorem 5.5 is the unique KMS-state by [24]. Numerous
authors present constructions of this state and for more general graphs, eg [1, 2, 13, 43].

5.3 Group (C*-algebras

For the reduced group C*-algebra of a countable discrete group we considered two types of
(semifinite) spectral triples in Subsection 2.2.4 (see page 24). We now compute the associated
KMS-states.

We fix a length function ¢ on the discrete countable group I'. For technical simplicity, we
assume that I' is an exact group ensuring that I' acts amenably on its Stone-Cech boundary
OscT (see [55]). We assume that (I, £) is of at most exponential growth and that ¢ is critical (see
Definition 3.10 on page 30). Let (cp(T') %8 T, ¢%(T"), D;) denote the associated Lij-summable
spectral triple as in Proposition 2.31. Since D, > 0, we have that

ch(F)NTF = Cb(F> X, I+ K(ﬁz(I‘)) = Cb(F) X, I

The last equality follows from that co(T") %, I' = K(¢2(T")). We conclude that we have a short
exact sequence
0 = K(*(T)) = Toryw,r — C(0scT) %, T = 0.

The flow o on T, 1y, r = c(T') %, T is given on an element a)\, € ¢,(I') x T' by

ol (arg) = eis(g(')*f(gil')a)\g, (5.2)
and we conclude that T¢, )., r is invariant under oT. Therefore Ty ()il = Toy (), 1,0, -
Proposition 5.6. Let 3 € R. The -algebra cy(I') x*8 T is an analytically generating set at 3
for (cp(T') x¥8 T, £2(T), Dy).
Proof. Note that Pp, = 1 because Dy is positive. For a\; € c,(I") X8 T, we compute that

eﬁDza)\ge*m)e _ e*ﬁ(f(')*f(g_l'))a)\g‘

Since £(y~!) = £(~) we have that ||e_ﬁ(€(')_€(971')ach(p) < elmé(gfl)Hchb(p), and it holds that
e#Pea),e™PPe € ¢ (T') x*8 T'. The proposition follows. O

Proposition 5.7. Let 3 € R. The -algebra cy(I') x*8 T is an analytically generating set at 3
for (ep(T) x¥8 T, £2(T, S3¢), Dy N, Trr).
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Proof. For a)\, € c,(I") x*8 T, we compute for f € £2(T, Sy) that

APelig(arg)e el f(y) = e PE=UT D o (y)[7(g) £](7)-

The estimate He_ﬂ(f(’)_z(g_l')chb(p) < e|ﬁ|€(g_1)||a||cb(p) shows that e®IPelig(a),)e APl ¢
# (cp(T') %8 T'). Therefore,

e#Pe Py (cy(T) ™8 ) Py e FPe

= Py eIVl (¢y(0) ™8 D)e APl Py C Pp_(ey(T) x¥8 )Py C N,
and the proposition follows. O

Definition 5.8. If w is an extended limit as ¢t — [(I',¢), and ¢ is critical, we define the
Patterson-Sullivan measure p,, on the Stone-Cech boundary dgcI as

> ver a(y)e
/ adpy, = w-lim =2 ey
dgcl’ t—=B(I,0) ZVEF € v

for a function a € C(9scI') and where a € ¢(I") is any function with @ = a mod cy(I).

Remark 5.9. It is possible to define the Patterson-Sullivan measure y,, as an extended weak*-
limit of the family of probability measures on I'

Z’YGF élyefte(’}/)
Mt = —Zwer oty

In the literature, Patterson-Sullivan measures are usually defined as weak™® accumulation points
of (Mt)t>5(1"76) but we allow for a slightly more general construction with extended limits. A
priori, p, is a probability measure on the Stone-Cech compactification of T'. Since the support
of u, is contained in the closed subspace dsol' we consider p,, as a measure on dgcl'.

Theorem 5.10. Let I" be a discrete group and ¢,, the KMS-state on C(0scT') %, T’ constructed
as in Corollary 3.21 (see page 34) using an extended limit w as t — B(I',£) and either of the
following two semifinite spectral triples:

o The spectral triple
(ep() %™ T, £3(T), D)

associated with a critical length function of at most exponential growth as in Proposition
2.81 (see page 24).

o The semifinite spectral triple (cy(T') x8T, ¢2(T, Sy¢), D, N, Tr;) associated with a critical
proper Hilbert space valued cocycle of at most exponential growth as in Proposition 2.3/
(see page 26).

Then ¢, is given in terms of the Patterson-Sullivan measure p,, by

du(adg) = (56,9/ adp,.

dgcT
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The state ¢, is KMS at inverse temperature B(I',£) for the flow on C(dscT') x, I' induced by
the action ot on cp(T') %, T' given in Equation (5.2). Moreover, ¢, extends to a KMS-state at
inverse temperature 1 on the von Neumann algebra L (0scT, pw)x I with its Radon-Nikodym

flow .
dg*'u,w 18
oV (a),) = ( i, > ahg.

Proof. By the computations of Example 3.9 (see page 30), the spectral triple associated with
a length function as in Proposition 2.31 have the same heat traces as the semifinite spectral
triple associated with a proper Hilbert space valued cocycle as in Proposition 2.34. In both
cases, Example 3.9 shows that for @\, € ¢;(T') x*# ' we have

Z'yer‘ a(fy)eite(v)
€9 Z’yel_‘ eftf('y) ’

It follows that ¢, (aMy) = de g fascl“ ady,, in both cases.

Pro(arg) = de

To relate ¢, to the Radon-Nikodym flow, we first show that p,, is strictly positive, i.e. that
p(U) > 0 for any open set U C dscI'. For any open set U C OscT’, the translates (yU)yer
cover dgcl'. If uy,(U) = 0, then by quasi-invariance p,(yU) = 0 which contradicts p,, being a
probability measure.

The fact that p,, is strictly positive ensures that the Radon-Nikodym derivatives g*““’ are well

defined and strictly positive. The mapping g — g*““” is a cocycle, i.e. for h,g € T,

d(gh)«pe dg*uw( ~1ys [dh*ﬂw:|

dpg, B dp dfte

The proof is completed by computing that for a\y, bA, € C(9scT) X8 T we have the identity

D (aAgbAR) = )y g1 (ah* (D)) = 8, 1 / ah* (b)dp, =

dscl

= 5h,g_1 / h* (g*(a)b) dIUJw = 5h,g_1 / g*(a)bd(h*uw) _
9scT OscT

dhs pte,
=4 _1/ bg* a de =
h,g 9ol ( ) de

_ dg*ﬂw -1
) 1/ b(h~h)* a() dpw =
g dscl ( ) ( dlu’w

~1
= Pu <b)\h <ddg*Mw) a ) Guw (b)‘ho' (a)‘ ))

Mo

In the third last identity we used the cocycle identity implying that if hg = e, then

_ dg*ﬂw) APt
hhy* ( =1. O
() dpe ) dpw

Remark 5.11. The reader should note that ¢w|c:(r‘) coincides with the ¢2-trace.
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6 KMS-states on Cuntz-Pimsner algebras with their gauge action

In this section we consider the constructions of Corollary 3.21 in a broad class of examples which
include both Cuntz-Krieger algebras and crossed products by Z. Here we use the techniques
from Section 3 in conjunction with those from Subsection 2.2.3 to analyse the KMS states on
Cuntz-Pimsner algebras, and compare them to the Laca-Neshveyev correspondence establishing
a bijection between KMS-states on Cuntz-Pimsner algebras and tracial states on its coefficient
algebra.

6.1 KMS-states on Cuntz-Pimsner algebras from traces on the coefficient algebra

Firstly, we shall show that a critical positive trace on A (see Definition 6.2 below) gives rise to
a KMS-state on the Cuntz-Pimsner algebra Og assuming that E is strictly W-regular. Recall
Lemma 2.28 (see page 22) giving the construction of the Lij-summable semifinite spectral triple
(OE, Lz(EA, T), Da, NT(EA), TrT), where NT<EA) = (Endz<EA) XA 1)”.

Lemma 6.1. Let FE be a strictly W-regular fgp bi-Hilbertian bimodule over A, 8 € R and T a

positive trace on A. The set S = {Se : e € E} C O is an analytically generating set at 3 for
(OEv L2(EA7 7—)7 Da, NT(EA)7 Tr’r)’

Proof. Since Ty, p is precisely the Toeplitz algebra T, it is immediate that the set of operators
{PS.P : e € E} generates Ty, p. The analyticity condition on the Fock space is likewise
obvious from the computation

HPopy S, Pp e PP = PPy S Py . O

Definition 6.2. Let E be an A-bimodule which is fgp from the right and 7 a positive trace
on A. We define the critical value of (E,T) as

ﬁ(E, 7') = inf{t >0: ZT*(E®An)eftn < OO}
n=0
We say that 7 is critical for F if

oo
lim T (E®4M)e " = oco.
NB(ET) =
Remark 6.3. Note that the critical value of a trace and the notion of it being critical only
depends on [E] € KKy(A, A), in fact only on the sequence (chg(E®4™)),eny € HCy(A) in cyclic
homology. Just as in the proof of Lemma 2.28 we obtain the estimate 0 < S(E,7) < log(N),
where N is the number of elements in the left frame and the right frame.

It follows from Definition 3.1 and Proposition 3.8 that the Li;-summable semifinite spectral
triple (Og, L2(Ea,7), Da, N-(E4), Tr;) of Lemma 2.28 has positive Tr,-essential spectrum if
and only if 7 is critical.

By construction, the projection Pp, is the projection onto the Fock module Fg and therefore
N, (Z4)T = (End% (Fr)®a1)" is a subalgebra of B(L?(Fg, 7)). We let N denote the number op-
erator on L?(F g, 7) — the self-adjoint operator defined from Nlgeng,r2(4,7) = Mdgeng , 12(4,7)-
The next proposition follows from the definition of the Toeplitz algebra of a semifinite spectral
triple.
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Proposition 6.4. The Toeplitz algebra To,, of the semifinite spectral triple
(OEv LQ(EAv T)a Da, NT(EA)v TI'T)

s given by
Top = Te ®a 1a + Ky (5p)0.41)"
where T C End’y (Fg) is the Cuntz-Toeplitz algebra of E. Moreover, the action ot preserves

To, and is generated by the number operator in the sense that for jn € EF, v e E® and
K e K(Endg(?E)@)Al)”: we have

ol (T, T+ K) = e sUnl=IDp, 7% 4 ¢isN [eeisN

An immediate consequence of Proposition 6.4 is that O = Tp, /K(EndZ(gE))// and that the
action ¢ on O coincides with the gauge action 04(S,S;) = e*IH=IVDg S*  The following
theorem is readily deduced from the computations of Example 3.7 (see page 29).

Theorem 6.5. Let E be a strictly W-regular fgp bi-Hilbertian bimodule over A. For any
positive trace T on A which is critical for E and any extended limit w ast — B(E, 1), the KMS-
state ¢, on Op associated with the semifinite spectral triple (Og, L*(Ea,7), Do, Nr(E4), Try)
as in Theorem 3.21 (see page 34) is given by

o] E®n —tn
Gro(SuS5) = Spp e " FDHL wlim Znzo e (Wlp) g )™
RS SBET) 3 T (et

where v € E®* and p € E®'. The state ¢, is KMS for the gauge action on Op and its
inverse temperature is B(E,T).

Proof. By Lemma 6.1 the semifinite spectral triple (Og, L2(EA,7), Do, N7 (E4), Tr;) is B-
analytic for any § € R. By Definition 3.1 and Proposition 3.8 it has positive Tr, -essential
spectrum. Thus the state ¢, as in Theorem 3.21 is KMS for the gauge action on O with
inverse temperature (E, 7). Using the computation in Equation (3.3), we see that

Greo(SuS5) = Oy - w-lim Yol Liol=n € "7 (((Hlec) gl €7 | (V) pint €7) gan-inn)
TwAPuy) = Cluljv] t—B(E,7) EzozoZ|p|=n7((€p‘€p)A)e_m

i

for v € E®* and € E®'. However, this expression can be vastly simplified using that ¢, is
KMS. Using

Dr0(SuS5) = O wie P EM G (85S,) = 8 e P ETM L ((WI1) poln),
we obtain
¢T,W(SMS;) = 5|,u|,\u|e_6(E’T)w¢w((u|/‘)E®\M)

o0 —tn
= S e PEDHL wlim 2en=0 Llol=n ° 7((eo | (V1) pins €5) pon)
| HHED T oo S T(Eplep) )T

®n _
= Oyl \l/le_/B(E’T)‘M - w-lim 2n=g Try (W) gim) e tn.
s t—B(E,T) Z?LO:() Tr§®n (1)e—tn
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The reader should note that in the formula computing ¢, it is only the right inner product
on F that appears.

Example 6.6. Let us consider the construction from Theorem 6.5 in a specific example. As
in Example 2.30 (see page 23), we consider a compact Hausdorff space Y, a surjective local
homeomorphism g : ¥ — Y and the associated bimodule E,. Let us compute ¢, starting
from a positive trace 7 on C(Y'), i.e. a positive measure A on Y. By the argument of Theorem
6.5, the KMS-condition on ¢, guarantees that it suffices to describe ¢, (a) for a € C(Y).
By the Riesz representation theorem,

breola) = /Y adh,

for a probability measure A,. We compute that for a € C(Y),
®n n n
TrTE (a) = Z 7((eslaeqs)cyy) = /Yﬁg(a) d\ = /Yad[(f,g)*)\].
lo|=n
From Theorem 6.5, we conclude that A, is given by an extended weak* limit of measures

. > 0 e’t”(EZ)*A

Aw = w-lim SR .

1B(Eg,m) =g € (£5)AI(Y)

The KMS-condition on ¢, translates into (£4)«\, = ePET) )\, which is readily verified for
the measure A, .

We remark that the construction above is reminiscent of the method in [66] to construct
equilibrium measures. In the case that g is mixing, i.e. for all open subsets U,V C Y there is
an N > 0 such that ¢"(U) NV # 0 for all n > N, then there exists a unique KMS-state on
Og, (see [19, Theorem 6.1]). In particular, for mixing g, the KMS-state ¢, on Og, does not
depend on the choice of trace 7.

6.2 The Toeplitz construction vs the Laca-Neshveyev correspondence

In the previous subsection we saw that there is a mapping from the set of positive critical
traces on a C*-algebra A to the set of KMS-states on the Cuntz-Pimsner algebra Op when FE
is strictly W-regular. As Example 6.6 shows, this mapping is not injective in general, but it
is surjective in some cases (e.g. when g is mixing). We now compare our construction to the
bijective correspondence between a certain set of tracial states on A with KMS-states on the
Cuntz-Pimsner algebra Op first discovered by Laca-Neshveyev [47].

Definition 6.7. The positive trace 7 : A — C satisfies the Laca-Neshveyev condition for oo > 0
if
Tr7 (La) = ¢*7(a),

where L, denotes the left action of ¢ on E.

For notational simplifity we often write TrZ(a) instead of TrZ(L,). Given a positive trace
7 : A — C satisfying the Laca-Neshveyev condition, it was proven by Laca-Neshveyev [47,
Theorem 2.1 and 2.5] that the expression

GLN(SuSy) = Sy e T (Vn)a),
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defines an a-KMS state on Op. Moreover, Laca-Neshveyev proved that the construction 7 +—
@LN,- is a bijection between tracial states on A satisfying the Laca-Neshveyev condition for
«a > 0 and a-KMS states on Op.

The work of Laca-Neshveyev [47] gives more context to the construction in Theorem 6.5 (see
page 52). For a unital C*-algebra A, we let T(A) denote the set of positive traces on A. If F is
an A — A-correspondence which is finitely generated and projective as a right module, we can
also define €Tg ,(A) as the set of positive critical traces 7 with S(E,7) = . We also define
L£NE o (A) as the set of positive traces satisfying the Laca-Neshveyev condition.

Following [47, Discussion proceeding Definition 2.3], we define
Frpo:%T(A) = T(A), Fgarla) =TrE(a)e™. (6.1)

Proposition 6.8. For any positive trace 7 on a unital C*-algebra and an A-A-correspondence
E which is fgp from the right, it holds that

Fg@T(a) —=e " Trfm(a), n € Ny.

Proof. By definition, Fg o7(a) =e™® Z;VZI 7(ejlaej) 4 for a right frame (ej)évzl of E. A direct
computation shows that

Fg ,r(a) =e " Z T(es|aes)a =e " TrTE®n(a). O
lo|=n
Proposition 6.9. Let E be an A-A-correspondence which is fgp from the right. Then T € T(A)
is a fived point of Fg o if and only if T satisfies the Laca-Neshveyev condition from Definition
6.7 (see page 53).
Proposition 6.9 is a direct consequence of Definition 6.7 and the formula (6.1).

Proposition 6.10. Let E be an A-A-correspondence which is fgp from the right. If T € T(A)
s a tracial state satisfying the Laca-Neshveyev condition for a > 0, then

T (E®A") = " Fp ,7(1) = ™.

Proof. The proposition follows from the computation
T (EAT) = T (1) = o Ff o (r)(1),
and Proposition 6.9. O

Proposition 6.11. Let E be an A-A-correspondence which is fgp from the right and o > 0.
Then the following holds:

1. A positive trace T € T(A) is critical for a if and only if the positive trace

o0
SE’QT = E e_t”F&aT,

n=0

is finite for t > 0 and satisfies Si—;’aT(l) — o0 as t — 0. In particular, we have an
inclusion of sets
L£NEo(A) CCTE A (A).
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2. For any extended limit w as t — 0, the mapping

W w . StE‘ aT
SE,oz . Q:QE"a(A) — SMEp[(A), SE,aT = c%;hgn m,

Sw
is well defined. Moreover, (S%7a)27' = S%i:(Tl) and Sg, , surjects onto the set of tracial
states in £Ng o(A).

Proof. Statement 1 is an immediate consequence of Proposition 6.10. The first part of state-
ment 2 follows from the computation

SEQT(I) - FE@SE’QT(l) =7(1) = O(StE’a’T(l)), ast — 0 for 7 € €T o (A).

The second part of statement 2 follows from the fact that Proposition 6.9 implies that for
T € LMo (A4),
SE’QT =(1—-e ). O

Remark 6.12. For Example 6.6, the mapping Fg, takes the form Fg 7 = e £ 7. In par-
ticular, the computations of Example 6.6 is a special case of the constructions in Proposition
6.11. We shall see that this holds in general below in Proposition 6.14.

Using our previous results, Proposition 3.8 (see page 29) and Proposition 6.10 (see page 54),
we can deduce a computation of heat traces.

Proposition 6.13. Let E be a strictly W-regular fpg bi-Hilbertian bimodule over a unital C*-
algebra A. If T is a tracial state on A satisfying the Laca-Neshveyev condition for a > 0,

then
1

1 —ext’
In particular, for any tracial state T satisfying the Laca-Neshveyev condition for o > 0 the

semifinite spectral triple (Op, L*(Z4,7), Da, N7 (24), Tr;) has positive Tr,-essential spectrum
with fp = B(E,T) = a.

Tr, (PpetPel) =

Proof. We compute that

[o¢] o0
1
—t|Daly ® —tn __ —(t— _
T (Ppe™P0l) = 5 (B4 = 3 e = 1y

In the first step we used Proposition 3.8 and in the second step we used Proposition 6.10. [

We can now reformulate Theorem 6.5 in terms of the map Fg, and the constructions of
Proposition 6.11.

Proposition 6.14. Assume that E is a strictly W-reqular fgp bi-Hilbertian bimodule over A.
Let o > 0, w be an extended limit ast — o and T € QTE@(A) a critical trace. The KMS-state
Orw defined from Theorem 6.5 takes the following form:

Grw(SpSy) = Oy e WS T (W) a),  pov € Ty,

where we, s the extended limit at 0 obtained from translating w by a.
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Proof. The KMS-condition on Of reduces the proof to showing that ¢r.(a) = S5 7(a) for
a € A, just as in the proof of Theorem 6.5. Using Proposition 6.8 we can compute for a € A
that
oo mn E®n —tn © pn (g e—(t—a)n
fre0(@) = top-lim 2200 rtEm(“)e — ol == e @ pry
i—a Zn:() Tr‘r (1)e—tn t—a Zn:O FE,aT(l)e omn

= Sg‘j‘ar(a). O

Let KMS,(Opg) denote the set of a-KMS states on O for the gauge action and £NSg o(A)
for the set of tracial states satisfying the Laca-Neshveyev condition.

Theorem 6.15. Let o > 0 and let w be an extended limit as t — «. Assume that E is a
strictly W-regular fgp bi-Hilbertian bimodule over A. The mapping

SmGE,a(A) - KMSa(OE)a T Qb‘r,wa

defined from Theorem 6.5, and revisited in Proposition 6.14, is a well defined bijection of sets.
More precisely, ¢, : Op = C is a KMS, state for the gauge action, which is independent of
w and coincides with ¢rN -

Proof. By Theorem 6.5 and Proposition 6.13, the mapping 7 — ¢, is a well defined mapping
from the set of positive traces on A satisfying the Laca-Neshveyev condition for o and a-KMS-
states on Of for the gauge action. By the Laca-Neshveyev correspondence, the KMS-state
¢rw is uniquely determined by the trace ¢,,|a. We can therefore deduce that ¢, = ¢rn -
and the Theorem upon proving the identity ¢, |4 = 7. This statement follows immediately
from Proposition 6.14 and the second part of Proposition 6.11. O

There are some quasi-invariance assumptions on traces that allows us to compare the KMS-
states constructed in Theorem 6.5 and the Laca-Neshveyev correspondence to a simpler con-
struction involving ®,,. While the construction of ®,, depends on the left inner product on F,
the quasi-invariance condition we impose also depends on the left inner product. The following
quasi-invariance condition is a refinement of the notion of E-invariant functionals from [58].

Definition 6.16. Let o > 0 and E a finitely generated projective bi-Hilbertian bimodule. We
say that a positive trace 7 on A is a-quasi-invariant with respect to E and the extended limit
wo € £°(N)* if for all n € N and p, v € E®" we have

e~ ((v]p) 4) = wo-lim 7(p (T, T e ™Pk) = wo-lim 7 (4 (p|vede—1v1)e=Pr). (6.2)

k—o0 k—o0

If 7 is a-quasi-invariant with respect to E and some extended limit, we simply say that 7 is
a-quasi-invariant with respect to F.

Note, that @ are defined on page 20 (formula (2.7) and the paragraph after).

Observe that if E¥ is W-regular then the limit in the definition of quasi-invariance exists, and
so is independent of the extended limit wy.

Remark 6.17. Just like in [58, Lemma 4.2], if E is full as a right module, then any positive
functional 7 : A — C which is quasi-invariant in the sense of Definition 6.16 is a positive trace.
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To see this, observe that for all u, v € S"aElg and a € A, the centrality of the Watatani indices
ePx € A (see formula (2.6) for the definition) gives

e~ ((Wp)aa) = e Mr((V|pa) 4) = wo-lim 7( 4 (palvele-1v)e k)
k—o0

= wo-lim 7 (4 (p|va*e®-1)e By = e7elr(va*|p) 4)
k—o0

— el (a(vp)a)-

Example 6.18. We consider the module E,; over C(Y") defined from a surjective local home-
omorphism g : Y — Y as in Example 6.6 (see page 53). In this case, 8, = 0 for all n and
quasi-invariance of a positive trace 7 given by a positive measure A on Y is equivalent to the
condition

(£4)) = “A.

Another computation shows that this condition is equivalent to the Laca-Neshveyev condition.
In particular, for the module E,;, quasi-invariance is equivalent to satisfying the Laca-Neshveyev
condition.

Example 6.19. Let us consider the Cuntz algebra Oy defined as the Cuntz-Pimsner algebra
of the C-bimodule CV. In this case, (v|u)a = a(p|v) for all u,v € (CN)®™ and 3, = nlog(N).
Therefore, quasi-invariance of a trace 7 on C is equivalent to

e“T = NT.

That is, any non-zero trace on C is log(V)-quasi invariant.

Our immediate aim is to connect the quasi-invariance of Definition 6.16 with the condition
imposed by Laca-Neshveyev, [47].

Lemma 6.20. Let E be an fgp bi-Hilbertian bimodule. Suppose that T satisfies the a-quasi-
invariance condition of Definition 6.16 with respect to E. Then T satisfies the Laca-Neshveyev
condition for .

Proof. This is a computation using Definition 6.16 of quasi-invariance and a frame (e;) for E4.
So

TrE(L,) = Tr, <Z a@ejye]) = ZT((ej|aej)A) = e” wp-lim ’T((I)k(z TaejT;j)e—ﬁk)

- - k—o0
j j J
= % wo-lim 7( E axlejlejelt—1)e k) = e wo-lim 7(ac e ~Pr) = %7 (a). O
k—ro0 : k—ro0

If 7: A — C satisfies the a-quasi-invariance condition of Definition 6.16, then we can rewrite
the Laca-Neshveyev KMS state ¢rn - : O — C as

SN, (L) = 8 e M ((ulv) a) = wo-lim 7(@4 (T, T3 )e ).

k—o0

This computation proves the following. Note that the next result does not require any W-
regularity from the module E.
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Proposition 6.21. Let E be an fgp bi-Hilbertian bimodule and consider an a-quasi-invariant
positive trace T : A — C with respect to E. The state on Og defined by

8,85 v wo-lim 7(Px (T, T3 )e ), (6.3)
k—o0
is a-KMS for the gauge action on O and coincides with ¢, 7.

If E is W-regular, the definition ®.(5,S5;) := limg_o0 @k(THTj)e*B’V shows that the state in
Equation (6.3) coincides with 7 o ®,. We conclude the following.

Corollary 6.22. Let 7 : A — C be an a-quasi-invariant positive trace with respect to an fgp
bi- Hilbertian bimodule E. Assume that E is a W-regular. Then, the state 7 o ®oo on Op is
a-KMS for the gauge action on Op and coincides with ¢ -

By Theorem 6.15 and Corollary 6.22, we have that ¢, = 7 0 ®, for any a-quasi-invariant
positive trace 7 and extended limit w at « assuming that E is strictly regular.

6.3 Obstructions to bi-Hilbertian bimodule structures

In the two previous subsections, we assumed our A-bimodule E to be an fgp bi-Hilbertian
bimodule, and imposed the additional assumption of strict W-regularity (see Definitions 2.22
and 2.25). The assumptions allowed us to construct a semifinite spectral triple from a Kasparov
module relying on both the left and the right inner product on E. Instead, we can just use [47]
to proceed from a KMS-state directly to a semifinite spectral triple whose associated KMS-
state as in Corollary 3.21 coincides with the original KMS-state. In order to compare the
indirect approach for strictly W-regular modules to the direct approach from the KMS-state
we will need to extend our module to von Neumann algebra coefficients, and along the way
we derive obstructions to having the structure of a strictly W-regular bi-Hilbertian bimodule
structure on an A — A-correspondence.

We suppose that we have a finitely generated projective right A-module E4, with A unital,
and carrying a unital left action of A. Let 7: A — C be a faithful positive trace satisfying the
Laca-Neshveyev condition for o > 0 (see Definition 6.7 on page 53), and define the associated
KMS-state on Of by

* — 1
GLN(SuS5) = O (W) a)e WM p, v e FHE.
By construction, ¢rn |4 = T.

The Cuntz-Pimsner algebra Op acts on the GNS-space L%(Og, érN,r) by left multiplication
and, since ¢rn, restricts to a trace on A, A acts by both left and right multiplication on
L*(Og, ¢rn.-). For notational simplicity, we identify 7 with its normal extension to A”. Note
that A” is independent of whether we take the bicommutant in L?*(Op, ¢y ) or L2(A, 7) and
by faithfulness of 7 we can identify A with its image under the GNS-representation and obtain
an inclusion A C A”.

Proposition 6.23. Let E be an fgp right A-Hilbert C*-module with o left unital action of
A, 7 a faithful positive trace on A satisfying the Laca-Neshveyev condition and let Py :
L*(Og,¢rn-) — L*(A,7) C L*(Og,¢Ln-) denote the orthogonal projection. It then holds
that

A" = POLP,.
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Proof. 1t is clear that A” C PyO,Py. To prove the converse inclusion, take T € PyO'L Py and
write T' = PyTy Py where Ty is the WOT-limit of a net T, = Zj Sur; S0, . € Op. We have that

Ux.j

PPy = Z SuriOva 0

Jila g1=[va 41=0

so PyINPy € Aand T € A" ]

We can define a conditional expectation
(i)oo : lll? — A”, &DOO(S) = P()SPQ,

which is well defined by Proposition 6.23. Using the expectation @, we can define a right
module Z 4~ by completing O in the norm defined by the inner product

(S1|92) ar == (i)oo(SikSQ), S1, S2 € Og.

It is clear that L?(Og, OLNr) = L?(Z 47, 7). The construction of =4~ does not require E4 to
be biHilbertian, just an A-A-correspondence. The following result follows from the relations
defining the Cuntz-Pimnser algebra and the fact that &, is a conditional expectation.

Proposition 6.24. For y € E®* and v € E®!,

oo (55.5) = 81,4y (1e]V) a-

In particular, the map p+— S, extends to an A”-linear isometric embedding Fp @4 A" — v
of the Fock module.

We now turn to describing the WOT-closure of E inside O%. We will identify E with an
A-sub-bimodule of Of via p— S,.

Lemma 6.25. Let A be a unital C*-algebra. Let E4 be a finitely generated projective right
A-module with a unital left action, and suppose that T : A — C satisfies the Laca-Neshveyev

condition on E for a > 0. Then

WO

=1 T
E":=FE c O%

is an A" -bimodule. Moreover, the following hold:

1. As right A”-modules, E" = E @4 A" and the isomorphism is an isomorphism of A”-
Hilbert C*-modules when equipping E" with the right inner product

(Wv)ar = Bos(S5S,), pveE".

2. The right A”-Hilbert C*-module E" is finitely generated and projective.

3. If E is finitely generated and projective as a left A-module, then E" is finitely generated
and projective as a left A”-module.
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4. If the implication
Pyee*Py=0=e=0 VYeecE", (6.4)

holds, the expression
alelf) = PySeSihy

gives a left inner product on E" making it into a bi-Hilbertian bimodule. The right
Watatani index of E" is 1 and qi, = 1dgner for all k (and so is invertible).

5. If E" is a finitely generated projective module from the left and the implication (6.4)
holds, then E" is a strictly W -reqular fgp bi-Hilbertian bimodule over A”.

Proof. The initial statement of the lemma is clear since E is an A-sub-bimodule of O, so its
WOT closure is a bimodule over A”. To prove statement 1. we note that E®Q 4 A” = EA” C OY,.
Moreover, using that E is finitely generated and projective, it follows that E” = EA” and
therefore E” =~ E @4 A" follows. Statement 1. now follows from Proposition 6.24. Statement
2. follows from statement 1. because F is finitely generated and projective over A. Statement
3. is proven in a similar way as Statement 1., indeed if F is finitely generated and projective
as a left A-module then E” = A” @ 4 E as a left A-module.

Statement 4. is less trivial. Assuming that the implication (6.4) holds, it is straight-forward to
verify that the left and right actions are compatible, i.e. that the A-action from the left /right is
adjointable for the right/left inner product. For E” to be a bi-Hilbertian bimodule it remains
to show that the norm arising from the left inner product is equivalent to the norm arising
from the right inner product. For any e € E, we compute that

lalele)lla = [[PoSeSe Poll 2 (ary = 15 PoSell 2+ 9,) = 1156 Sell L2 (m+,6,) =
= [I(ele) all 2= g,y = Il(ele) alla (6.5)

where the norm of S*S, is attained by S*PyS. on L?(E*, ¢,) by the assumption that (:|-) is

positive definite. Equation (6.5) shows that the two norms +/[|(-|)alla and /||a(-|-)]|a on E

are equivalent.

To finalize the proof of statement 4., we compute the right Watatani index of E, which exists be-
cause E” is finitely generated projective by statement 2. We compute on L?(A, 1) C L?*(Og, ¢-)
that

(0, alejles)a) = (a, Y Por' (O, o;) Poa) = ¢7(a* Por) (Idg) Poa) = ¢, (a*1aa) = 7(a*a).
J J

By the faithfulness of 7 and Cuntz-Pimsner covariance we can now deduce that the right
Watatani index is equal to 14. This immediately implies that q; = Idgr)er for all k.

Finally, statement 5. follows from that under the stated assumptions, E” is an fgp bi-Hilbertian
bimodule (using statements 1., 2. and 4.) and by statement 4. qj satisfies the condition in
Definition 2.25, so E” is strictly W-regular. O

Remark 6.26. There are examples of A-A-correspondences E that are fgp from the right but
not fgp from the left such that E” is fgp from the left. These examples come from (certain)
self-similar dynamical systems, see [44].
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Here is a simple example. Let A = C([0, 1]),
10,1 = [0,1] mx) =2/2, 72:00,1] = [0,1] v2(x) =1/2+ /2,

and F = C{(1i(z),z) : z €[0,1]} U{(72(z),x) : x € [0,1]}). The correspondence structure is
defined for a, b € A and e € E by

(a-e-b)((@),2) = aly;(@))e(y(a) )b(x) and (erles)ale) = 3 er(; (@), @)l (2), ).

7=12

The graphs of v; and 72 in [0, 1] x [0, 1] are disjoint and their respective characteristic function
x1 and xo are elements of E. One checks directly that {x1, x2} is a right frame for Ey4, and
since (x1|x2) = 0, there is an isomorphism of right Hilbert C*-modules E4 = C[0, 1] & C0, 1].
We conclude that E4 is fgp from the right. Using the frame {x1, x2}, we can identify 4E =
C[0,1/2]®C[1/2,1] as aleft C[0, 1]-module. As a left module, 4 E is therefore finitely generated
but clearly not projective as the rank of E, := E/Cy([0, 1]\ {z})E is discontinuous at x = 1/2.

We shall now see that it is even impossible for a left inner product compatible with the right
inner product to exist. Let 0 < ¢ € A be 1 on [0,1/2]. Then if we have a compatible left
A-valued inner product

Alxalx2) (@) = a(é - x1lx2)(w) = () alxalx2)(z) = alxalx2)(®)d(z) = alx1]¢ - x2)(2).

Taking the infimum over such ¢ we see that the support of 4(x1|x2) is contained in {1/2}.
Then for arbitrary a, b € A

Alaxa + bxzlaxi + bxea)
= aa(xi[x1)a” +balx2lx2)b" +a(1/2)b"(1/2) a(xalx2) + b(1/2)a™(1/2) a(x2|x1)-

From here one can show that any inner product taking values in the continuous functions takes
values in the functions vanishing at 1/2. Then one shows that the associated norm can not be
equivalent to the right inner product.

The situation is better for E”. We consider the trace 7(a) := fol a(x)dz on C[0,1]. A short
computation shows that TrZ = 27 so 7 satisfies the Laca-Neshveyev condition for o = log(2)
and extends to a KMS-state on Op at inverse temperature log(2). It is readily verified that
C0,1)" = L*™[0,1], E” = L*[0,1] ® L*[0,1] as a right module and E” = L*>[0,1/2] ®
L*>[1/2,1] as a left module. In particular, E” is an fgp bi-Hilbertian bimodule over L*°[0, 1].

The same discussion applies to any ‘graph separated’ iterated function system satisfying the
open set condition. See [44] for more details.

Theorem 6.27. Let E4 be a right A-Hilbert C*-module with a unital left action and assume
that E is finitely generated both as a left and a right A-module and E" is finitely generated and
projective both as a left and a right A”-module. Then E4 has a left inner product such that
FE is an fgp bi-Hilbertian bimodule, has finite right Watatani index and is W -regular with qj
invertible for all k if and only if ®oy is faithful and @ (Og) C A.

We remark that if E' is W-regular and qj is invertible for all &k, then F is strictly W-regular by
[32, Lemma 3.8].
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Proof. First suppose that @, is faithful and ®.,(Og) € A. Lemma 6.25 shows that E” has
a left inner product making E (not just E”) bi-Hilbertian with right Watatani index 14 and
(invertible) q; = Id(g)ex. Since E, both as a left and a right module, is finitely generated and
admits a Hilbert C*-module structure it is also projective.

Conversely, if F is an fgp bi-Hilbertian bimodule with finite right Watatani index and is W-
regular with invertible g, then [58] proves that the map ®(S,,5;) = a(u|qp,|(v)) is a (faithful)
conditional expectation. That it agrees with d., is a computation. ]

Remark 6.28. The issue with qi being non-invertible is as follows. Since gy = 1 Qq1 ® - - ®q1,
the non-invertibility occurs with q;. Supposing Of to be strictly W-regular, we can define the
right module =4 as the completion of Og for the norm coming from ®.,. Then CiJOO(SeS]’i) =
Alelqi(f)), and so if q; is not invertible, we do not get a left inner product in this way. See [58,
Example 3.10] for an example where we have strict W-regularity with q; not being invertible.

Heuristically, one should view the passage to = 4 as erasing the information about the left inner
product on E, corresponding to the kernel of q;. On the other hand, if q; is invertible for all k
then we can replace our left inner products A(-HE@k by A(-|qk(-))E®k and obtain an equivalent
inner product structure with right Watatani index 1.

We can now relate our constructions above back to KMS-states.

Proposition 6.29. Let A be a unital C*-algebra, E a finitely generated projective right A-
Hilbert C*-module with a unital adjointable left A-action, a > 0 and T a positive trace on A.
We assume that this data satisfies the following conditions:

e 7T satisfies the Laca-Neshveyev condition.
o The A”-bimodule E" is finitely generated and projective from the left.
e The implication (6.4) (see page 60) holds.

We define a semifinite spectral triple (Og, L*(Og, 1N +); Doy N, T) using that L*(Og, ¢y +) =
L*(Opn,¢rn-) = L*(Ean, 7) and pulling back the semi-finite spectral triple defined from the
fap bi-Hilbertian A”-bimodule E"” as in Lemma 2.28 along the inclusion Oy — Ogn. This
semi-finite spectral triple is Lii-summable, a-analytic, has positive essential T-spectrum with
B, = a and its associated KMS-state for the gauge action (as in Corollary 3.21 on page 34)
coincides with ¢rN .
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