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Abstract

We consider the general properties of bounded approximate units in non-self-adjoint
operator algebras. Such algebras arise naturally from the differential structure of spectral
triples and unbounded Kasparov modules. Our results allow us to present a unified ap-
proach to characterising completeness of spectral metric spaces, existence of connections
on modules, self-adjointness and regularity of induced operators on tensor product C*-
modules and the lifting of Kasparov products to the unbounded category. In particular, we
prove novel existence results for quasi-central approximate units in non-self-adjoint opera-
tor algebras, allowing us to strengthen Kasparov’s technical theorem and extend it to this
realm. Finally, we show that given any two composable K K-classes, we can find unbounded
representatives whose product can be constructed to yield an unbounded representative of
the Kasparov product.
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Introduction

In this paper we analyse the completeness of metric spaces associated to (nonunital) spectral
triples, the existence of differentiable structures and connections on modules over algebras
associated to spectral triples, and we prove that Kasparov products can be lifted to the un-
bounded setting in a very strong sense. The precise conditions under which such liftings
exist have become important due to recent applications of the unbounded Kasparov product,
[12, 13, 32, 41].

These seemingly disparate topics are in fact related by the systematic use of approximate
units for differentiable algebras, introduced below. Technical advances in approximate units
have often heralded conceptual advances in operator algebras and noncommutative geometry.
Pertinent examples include quasicentrality [1], Higson’s proof of Kasparov’s technical theorem,
[26], and the early approaches to summability for nonunital spectral triples, [24, 46].

In this paper we refine the notion of approximate unit further by looking at differentiable
algebras of spectral triples (or unbounded Kasparov modules). Given a separable C*-algebra A
with spectral triple (A, H, D), we define a differentiable algebra to be a separable x-subalgebra
A with

ACAp = {a € A: [D,a] is defined on Dom D, |a|p := H ([Daa] 2> H < oo} ,

which is closed in the norm | - |[p and dense in the C*-algebra A. Here | - ||~ is the usual
norm of operators on H @ H. While we can always choose an approximate unit (u,) for A
consisting of elements of the prescribed dense subalgebra A, the requirement that (u,) be an
approximate unit for A is much stronger, and yields finer information.

For spectral metric spaces associated to spectral triples we obtain a characterisation of metric
completeness in terms of the existence of an approximate unit (u,,) for the C*-algebra A whose
Lipschitz norm is uniformly bounded in the sense that sup,, ||[D,un]||lcc < oo. This extends
previous results of Latrémoliere [39] to unbounded metrics. By addressing completeness in a
way compatible with [40], we complement Latrémoliere’s more refined picture of unbounded
spectral metric spaces.

In addition, we obtain stronger forms of metric completeness, characterised by the requirement
that the ‘derivatives’ [D, u,] of the approximate unit converge to zero in norm. This property
corresponds to ‘topological infinity’ being at infinite distance, and reflects the behaviour of
geodesically complete manifolds. We present examples illustrating this analogy in Section 2.

Beyond metric properties, we use completeness and approximate units to describe a refinement
of unbounded Kasparov modules and correspondences for which the Kasparov product can be
explicitly constructed. Our main results then show that any pair of composable K K-classes



have representatives which can be lifted to such modules. These results rely in an essential way
on the two notions of completeness we introduce in Sections 1 and 2, and generalise all previous
such constructions by incorporating projective modules defined by unbounded projections. We
now describe these results in more detail.

We begin Section 1 by establishing the basic concepts and notation that we will use throughout
the paper, in particular (non-self-adjoint) operator algebras and their approximate units. Then
we prove a range of results about bounded approximate units in operator algebras, which
greatly extend known results about contractive approximate units. A key result is Theorem 1.7
which says

Let A be an operator algebra with bounded approximate unit (uy), and 7 : A — B(H) a cb-
representation. Then m(uy) converges strongly, and hence weakly, to an idempotent q € B(H)
with the following properties:

1) for alla € A, gr(a) = w(a)q = 7(a);

2) 4% = [r(A)3];

3) (1 —¢q)H = Nil w(A);

4) gl < il supy fuall-

The close relationships between the notions of approximate unit, unbounded multiplier and
strictly positive element for differentiable algebras which one would expect from the correspond-
ing C*-theory only hold when we have the strong form of completeness, namely [D, u,] — 0 in
norm. Such approximate units may be normalised by replacing them by @, := Huu% to obtain
an approximate unit that is contractive, i.e. ||ay|p < 1. The result on which the rest of the
paper relies is Theorem 1.25 which says

Let D : DomD C Ep — Ep be self-adjoint and regular and A C Lip(D) a differentiable algebra
such that [AEg] = Ep. Then the following are equivalent:

1) there exists an increasing commutative approrimate unit (u,) C A with ||[D, uplllco — 0;
2) there exists a positive self-adjoint complete multiplier ¢ for A;

3) there is a strictly positive element h € A with Im (D 4i)~'h = Im h(D £14)~L, and constant
C > 0 with £i[D,h] < Ch?.

Our characterisations of completeness are also essential ingredients in constructing useful mod-
ules over differentiable algebras. By considering the behaviour of approximate units for the
finite rank operators on such modules, we are led to two classes of modules: projective modules,
and complete projective modules. Geometric examples coming from fibre bundles necessitate
the use of projections whose derivative is unbounded in the sense that [D,p] is unbounded,
[13, 23]. This is a substantial extension of the situation considered in [32, 42].

These complete projective modules are characterised by the existence of certain types of ap-
proximate units for their compact endomorphisms, and it is in this setting that we can system-
atically relate frames, splittings of the Cuntz-Quillen sequence, and existence of connections.
This is discussed in Section 3. In particular we gain tools for studying self-adjointness of
operators arising in the context of Kasparov products, and Theorem 3.18 proves

Let £ be a complete projective module for the unbounded Kasparov module (B, Fe, D). Then
the densely defined symmetric operator 1 @y D on ERgsFe is self-adjoint and regular.

The proof of the self-adjointness of the operator 1 @y D relies on the local-global principle, due
to Pierrot and Kaad-Lesch, [31, 45], and on the completeness of the module 5. The resulting
argument is in the spirit of self-adjointness proofs for Dirac operators on complete manifolds.



To prove our results about representing Kasparov classes as composable unbounded Kasparov
modules, we extend the notion of quasi-central approximate units to differentiable algebras.

We obtain a novel, strong form of quasicentrality in the general context of non-self-adjoint
operator algebras in Theorem 4.15. Our results concerning existence of such approximate
units are new even for C*-algebras. This study culminates in a refinement of Kasparov’s
technical theorem for differentiable algebras in Theorem 4.18. Both the statement and the
proof are in the same spirit as Higson’s version, [26].

With this tool in hand, we show that given an arbitrary pair of composable Kasparov classes,
we can find unbounded Kasparov modules which represent these classes and whose product can
be constructed in the unbounded setting. This is done by associating to a bounded Kasparov
module a correspondence in a slightly broader sense than was used in [13, 32, 42]. Earlier forms
of this lifting construction were first considered in [4] to handle external products, and later
in [37], in the context of internal products. We prove successively stronger lifting results in
Theorem 4.7, Proposition 4.20, Theorem 4.23 and Proposition 4.29, culminating in Theorem
4.30 which says

Let A, B,C be separable C*-algebras, v € KK(A,B) and y € KK(B,C). There exists an
unbounded Kasparov module (B, Ec,T) representing y and a correspondence (A, Eg,S, V) for
(B, Ec,T) representing x. Consequently (A, EpRpEc,8®1+1®v T) represents the Kasparov
product x Qp y.

This result can also be interpreted as an alternative proof of the existence of the Kasparov
product. By proving the existence of unbounded representatives of a very special form, the
product can be constructed via an explicit algebraic formula. To lift Kasparov modules to
unbounded representatives, we prove the existence of, equivalently, either a frame, an approx-
imate unit or a strictly positive element possessing certain properties. Given such a frame,
connections and so products become explicitly computable.

The unbounded Kasparov modules we construct are ‘complete’ in the strong metric sense, so
every K K-class has such a representative. On the other hand, not every unbounded repre-
sentative of a Kasparov class is ‘complete’. For instance Kaad’s example of the half-line, [30],
or Baum, Douglas and Taylor’s examples, [5], from manifolds with boundary will not satisfy
our completeness requirements. If we take the associated K K-class of the Dirac operator on
a manifold with boundary, and then lift a bounded representative to a complete unbounded
module, we will have seriously altered the geometry.
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1 Approximate units and unbounded multipliers for operator algebras

This section begins by recalling some of the basic elements of operator algebras we require.
Then we address the definitions of, and relationships between, approximate units, strictly



positive elements and unbounded multipliers. For C*-algebras these notions are closely related
due to the connection between the norm and the spectrum. Here we must work somewhat
harder, but the outcome is a systematic way of capturing the notion of metric completeness,
and this plays a significant role throughout the rest of the paper.

1.1 Operator algebras and differentiable algebras

By an operator algebra we will mean a concrete operator algebra, that is, a closed subalgebra
A C B of some C*-algebra B. By representing B isometrically on a Hilbert space H, we can
always assume that B = B(H). An operator x-algebra [32, 42] is an operator algebra A C B(H)
with a completely bounded involution * : A — A. This involution will in general not coincide
with the involution of the ambient C*-algebra B(J), unless A itself is actually a C*-algebra.

There are two C*-algebras canonically associated to a concrete operator x-algebra A C B.
The first is the enveloping C*-algebra C*(A), defined to be the smallest C*-subalgebra of B
containing A. In fact this C*-algebra depends only on the inclusion A C B, i.e. on the
structure of A as a concrete operator algebra. The second C*-algebra is the C*-closure A,
constructed from viewing A as a Banach *-algebra, and completing in the C*-norm coming
from the square root of the spectral radius of a*a. The two C*-algebras are almost always
different, as A is always dense in A, but is usually not dense in C*(A).

The main examples of operator algebras that we consider arise in the following setting. Given
an unbounded (even) (A, B) Kasparov module (A, Ep, D), we denote the algebra of adjointable
operators on the C*-module Ep by End;(FE). The algebras A and B are (possibly trivially)
Zo-graded, as is the module E, and all commutators are Zs-graded. The grading operator on
E will be denoted by « or vg when needed, and we observe that if B is non-trivially graded,
~E is not an adjointable operator, and yg(eb) = vg(e)yp(b), where g is the grading on B. In
addition we have the identities

[D;m(a)] = Dr(a) = m(va(@))D,  [Dw(a)]" = =[D,w(vala”))],  7(yala)) = yem(a)ye.

See [6] for more information. When no confusion can occur, we will just write v in all cases.

We realise the full Lipschitz algebra
Ap={a€A: aDomD C DomD, [D,a] € Endj(E)}
as an operator x-algebra via

| e (@0 Y
mp: Ap dar mp(a): <[D,7r(a)] 7r('y(a))> € Endp(F @ FE). (1.1)

Here m : A — Endj(F) is the representation implicit in the Kasparov module (A, EFp,D)
and it will often be suppressed in the notation (as in the Introduction). We also recall that
[D,7(a)] € Endj(F) is short hand for the densely defined commutator having an adjointable
extension to all of Fp.

Throughout the paper we will denote U = ((1) _1). The involution is completely isometric in
this case because

x\ __ 7T 7'('(’)/(@)) 0 " =U*n a))*
mp(a*) =U <[fD,7T(7(a))] w(a)) U=U'rp(v(a))'U,



cf. [42, cf. Proposition 4.1.3].

We will call mp the standard Lipschitz representation of Agp, and always consider Agp to be
topologised by the operator norm ||7p(a)|le in this representation. If A is not represented
faithfully on E'g, the standard Lipschitz representation should be modified to

a—a®dmpla) € A® Endp(E & E).

We will always suppress this modification as it is inconsequential for our computations (in fact
it only obscures them).

A more general setting where this operator algebra structure can be discussed is symmet-
ric spectral triples or symmetric Kasparov modules, [28, Section 3]. Here we have a triple
(A, Ep, D) with D a (closed) symmetric regular operator such that a(1+D*D)~1/2 is compact
for all a € A. We also require that the subalgebra A of a € A for which a - Dom D* € Dom D
and [D*, a], defined on Dom D*, has an adjointable extension to all of Ep is dense in A.

Remark 1.1. In this case [D*,a]* = —[D*, ~v(a*)], both initially defined on Dom D*. The
equality on Dom D* proceeds as in [22, cf. Proposition 2.1], but to see that the equality
holds on all of Ep relies on the stronger assumptions needed for unbounded Kasparov modules
(as opposed to spectral triples). Specifically, the quadratic forms associated to the operators
[D*, al* and —[D*,v(a*)] coincide on Dom D*, and the fact that [D*, a] has an adjointable (and
so bounded) extension to Ep ensures that the continuous extensions to Ep coincide.

We can again use the representation

mp  Ap 3 a— mp(a) = <[®f, ] ’y(Oa)> € Endz(E@ E) (1.2)

to give Ap the structure of an operator space. More generally still, associated to a closed
symmetric regular operator D on a C*-module Fp is the operator algebra

Lip(D) := {T € Endi(F) : T Dom D* C Dom D, [D*,T] € Endj(E)}, (1.3)

the Lipschitz algebra of D, which is an operator algebra in the representation mp (cf. [42, Def.
4.1.1]). Here, as above, [D*, T initially defined on Dom D* is required to have an adjointable
extension to all of Ep. By [42, Sec. 4.2], Lip(D) is spectral invariant in its C*-closure,
and hence stable under the holomorphic functional calculus. The same holds for any closed
subalgebra of Lip(D).

Definition 1.2. Let D : Dom D — Ep be a closed symmetric regular operator. A differentiable
algebra is a separable operator *-subalgebra A C Lip(D) which is closed in the operator space
topology given by mp. By projecting onto the first component of 75 (A), the C*-closure of a
differentiable algebra A coincides with the closure of A viewed as a subalgebra of Endg(E),
and is thus a C*-algebra.

Remark 1.3. We will present examples at the end of Section 2 showing that for an unbounded
Kasparov module (A, Eg, D), in general one needs to choose algebras smaller than Aq, in order
to apply the methods that we develop in the remainder of the paper. Therefore we employ the
notation (A, Ep,D) for unbounded Kasparov modules, where A C Aq is a closed subalgebra
in the Lipschitz topology whose C*-closure is A.



Operator spaces and modules play a central role in this paper and we now introduce some
concepts of operator space theory that we will need. All operator spaces we encounter are
concrete operator spaces, that is, given explicitly as closed subspaces of B(H) for some Hilbert
space H. For a comprehensive treatment of operator algebras and modules, see [7].

The main feature of an operator space X is the existence of canonical matriz norms, that is,
anorm || - ||, on My (X) for each n € N. For a concrete operator space X C B(J{) these norms
are obtained from the natural representation of M, (X) on B(H").

A linear map ¢ : X — Y between operator spaces X and Y is completely bounded if
[@lleb := sup{sup [|p(zi;)llar, vy = (@) |ar, (x) < 1} < o0,
n

and we refer to [|@]|cp as the cb-norm of ¢. The map ¢ is completely contractive if ||@||cp < 1.

If we are given an operator algebra A C B(H) and an operator space X C B(H), we say
that X is a concrete left operator A-module if A- X C X. Here - denotes the usual operator
multiplication in B(H). Right modules are defined similarly.

The Haagerup tensor product of operator spaces X and Y is defined to be the completion of
the algebraic tensor product X ® Y over the complex numbers, in the Haagerup norm

HZH% = inf{H szx:‘H H Zy:‘yZH C 2= foz ®yz}, (1.4)

and the completion is denoted X®Y. In case X is a left and Y is a right operator A-module,
the Haagerup module tensor product X®,4Y is the quotient of X®Y by the closed linear span
of the expressions * ® ay — za ® y. The norm on X®4Y is the quotient norm.

The main feature of the Haagerup tensor product is that it makes operator multiplication
X®A — X continuous for operator modules. An equivalent way of defining operator modules
is by requiring the multiplication to be contractive on the Haagerup tensor product, cf. [16,
Cor. 3.3]. See also [7, Thm. 3.3.1] and [10].

By an inner product operator module [31, 42] we mean a right operator module & over an
operator x-algebra B, that comes equipped with a sesquilinear pairing

ExE=B, (er,e2)— (e1,e2),
satisfying the usual inner product axioms,
(e1,e20) = (e1,€2)b, (e1,€2)" = (e, €1), (e,e)=0in B, (e;e) =04 e=0,

and the weak Cauchy-Schwarz inequality [|(e1,e2)||s < C|lei||e|lez]le on the level of matrix
norms, for some C' > 0. Notice that the norm || - ||¢ is part of the data and we do not require
€ to be complete in the norm |le||2  := |(e,e)|ls, which in general will be different from
|| - ||e. For example, consider the operator x-algebra Agp in the representation (1.1), viewed as

an inner product module over itself via (a,b) := a*b. Thus norm of a € £€ = A is given by

lall = llall3, = Imp(a)* mp(a)l| # rp(a*a)|| = llmp((a, a))]| = llalFn-

1.2 Bounded approximate units

In this section we gather some useful facts about bounded approximate units in the general
setting of operator algebras. We write || - || for the norm on an operator algebra, and this can



include the norm on operators on a C*-module or Hilbert space. When we need to stress the
distinction, we will write ||| oo for the usual norm on operators on a Hilbert space or C*-module.
For the example of a (symmetric) spectral triple (A, H, D) we have ||a| = || (a)||oo-

Definition 1.4. Let A be an operator algebra. A bounded approximate unit for A is a net
(ux)aen € A such that:

1) supy [Juxl| < oo;

2) for all a € A, limy_, ||ura — al| = limy_, [Jauy —al| = 0.

The bounded approximate unit is commutative if uyu, = uyu, for all A\, u € A and sequential
in case A = N.

By a cb-representation of an operator algebra A we mean a completely bounded algebra ho-
momorphism 7 : A — B(H), where H is a Hilbert space. A representation m is essential
(also called nondegenerate in the literature) if 7(A)H is dense in H. Our first aim is to show
that in any cb-representation of an operator algebra A, a bounded approximate unit converges
strongly to an idempotent.

Let 7 : A — B(3) be a cb-representation. For W C 3, denote by W+ its orthogonal
complement, by [W] the closed linear span of W, and set

T(A)H = {r(a)h:a € A, h € H}.
The Hilbert space H splits as a direct sum of closed orthogonal subspaces in two ways:
H = [n(A)H] @ [r(A)H] " = [x(A)* 3] @ [r(A) ]
Another important subspace of H associated to 7 is
Nil 7(A) :={h € H : w(a)h =0 for all a € A}.

Lemma 1.5. Let A be an operator algebra and © : A — B(H) a cb-representation. Then
Nil 7(A) = [7(A)*H]*L.

Proof. For h € Nil n(A) and v € H,a € A we have (h,7(a)*v) = (m(a)h,v) =0, so Nil 7(A) C
[7(A)*H]*L. Now let h € [r(A)*H]*t, v € H and a € A. Then (r(a)h,v) = (h,n(a)*v) = 0, so
7(a)h =0 and h € Nil 7(A). O

Lemma 1.6. Let A be an operator algebra with bounded approximate unit (uy) and also let
m: A — B(H) be a cb-representation. Then:

1) w(ux)h = h for all h € [w(A)H];

2) Nil 7(A) N [r(A)H] = {0} = Nil w(A)* N [w(A)*H].

Proof. To prove 1), let h = w(a)v and observe that m(uy)h — h since (u)) is an approximate
unit. So the convergence property is satisfied by all h in a dense subset of [7(A)H]. Uniform
boundedness of (u)) now gives the result for all h € [7(A)H].

For 2), let h be a vector in the intersection Nil 7(A) N [7(A)H] so that w(uy)h — h as above,
since h € [1(A)H]. On the other hand, since h € Nil 7(A), we have w(a)h = 0 for all a € A,
so in particular 7(uy)h = 0 for all A, so h = 0. Similarly Nil 7(A)* N [7(A)*H] = {0}. O



The following theorem generalises the observations in the appendix to [42]. The result has
been known for contractive approximate units for a long time: see for example [7, Lemma
2.1.9] and its proof.

Theorem 1.7. Let A be an operator algebra with bounded approximate unit (uy), and 7 : A —
B(H) a cb-representation. Then the net (w(uy)) converges strongly, and hence weakly, to an
idempotent q € B(H) with the following properties:

1) for alla € A, qr(a) = w(a)q = 7(a);

2) 4% = [r(A)3];

3) (1 —¢q)H = Nil 7(A);

4) gl < Il sapy fuall-

Proof. Denote by p the projection onto [7(A)H] and by p, the projection onto [w(A)*H]. The
bounded and self-adjoint operator

= (p+ (1-pi))z,
is injective, for if (p + (1 — p.))z = 0 then pz = —(1 — p,)z so
pz € [m(A)H] N [r(A)* H]F = [7(A)H] N Nil 7(A) = {0}.
Therefore pr = (1 — p,)z =0 and z = (1 — p)z = p.z, s0
z € [m(A)HE N [r(A)*H] = Nil 7(A)* N [x(A)*H] = {0}.
Since p + (1 — p) is self-adjoint,
[Im(p+ (1 - p.))] = ker(p + (1 — p.))" = K,

and therefore Im(p + (1 — py)) is dense in H. In particular, the subspace [r(A)H] + Nil 7(A)
is dense in H. Now let £ € H and € > 0. Choose z € [r(A)H] and y € Nil 7(A) such
that || — 2z — y|| < 35, with C := sup ||w(uy)||. Now choose A\ < p large enough such that
|7 (uy — uy)z|| < 5. Then

[l (ux = w )&l <l (un — wa) (@ + Yl + l|w(ur = u) (€ — 2 =y

< Jlm(ur = w)a|l + Iw(un w1 =z - ) < 5 + 5 =¢,

which shows that (7(uy)) is a strong Cauchy net. Since the strong operator topology is complete
on bounded sets, the sequence has a limit q. By definition of ¢

gr(a) =m(a) = m(a)g, (1.5)
which proves 1). From this it follows that
¢°¢ =limm(u)g¢ = limm(ur)§ = g¢,

so ¢ is idempotent and in particular has closed range. It is immediate from the definiton of ¢
and Equation (1.5) that
T(A)H C Imq C [7(A)H],



and so Im ¢ = [7(A)H], proving 2). For 3), observe that

m(a)(1 - ¢q) = (1 = g)m(a) =0,

so we have Im(1 — ¢) C Nil 7(A). If h € Nil 7(A), then gh =0, so h = (1 — ¢)h € Im(1 — q).
Finally, 4) follows from

lgll = sup |lghl| <
<1

sup || limm(ux)h|| < [|7|| sup [[ux| O
[|n]I< <1 A A

lIAl
Corollary 1.8. The Hilbert space H splits as a non-orthogonal direct sum H = [7(A)H]| &
[ (A)* 3]+

Such splittings for C*-modules need to be handled with more care, and we only treat the case
of symmetric Kasparov modules with some additional convergence hypotheses. Recall that the
strict topology on Endp(F) is defined by the seminorms ||T'|| := max{||Te||, || T*e||}, and thus
models pointwise convergence on Epg.

Proposition 1.9. Let (A, Eg,D) be a symmetric Kasparov module for which [w(A)Ep]| is a
complemented submodule of Ep and p € Endi(Eg) the corresponding projection. Let (uy,) be
an even sequential bounded approximate unit for the differentiable algebra A. Then:

1) p is the strict limit of (uy);

2) p|D*, uplp — 0 strictly;

3) if (Dune) converges for all e € Dom D* then p € Lip(D*) and [D*,p] is the strict limit of
the sequence ([D*, uy]).

Proof. Let p be the projection onto [r(A)Ep], which exists because this submodule is com-
plemented. For e € [7(A)EpR| we have u,e — e, since upa — a in the C*-norm. Moreover
pa = ap = a for all a € A, and thus (1 — p)a = a(1l — p) = 0. Therefore

limuye = limu,pe + uy (1 — p)e = lim u,pe = pe,
n n n

and u,, — p strictly, proving 1). Since (uy,) is a bounded approximate unit for A, the sequence
of operators [D*, uy,] is uniformly bounded. For a € A and e € Dom D* we have

[D* uplae = [D*, upale — u,[D*, ale.
Since ae = pae = ape, multiplying on the left by p yields
p[D*, up|pae = p|D*, unalpe — pu, [D*, ape.

Both terms on the right hand side converge to p[D*, a|pe, and so the right hand side converges
to zero. Hence the left hand side also converges to zero. As vectors of the form ae are
dense in pEp, we see that p[D*, u,|p converges pointwise to zero. Since we have a symmetric
Kasparov module and w,, is even, it holds that (p[D*, u,|p)* = —p[D*,u!]p, and so (u}) is
also a bounded approximate unit for A. Repeating the previous arguments for «) shows that
p[D, u)]p converges pointwise to zero, and so we see that p|D*, u,|p converges strictly to 0,

which proves 2).

To prove 3) we first show that p maps Dom D* into DomD. As (A, Ep,D) is a symmetric
Kasparov module, each u,, maps the domain of D* into the domain of D. Since, by assumption,

o () - (325
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is convergent and by 1) the projection p is the strict limit of the w,, we find that

: e\ _ (pe
7}1;(1010’11,71 (D*e) N <x> '

Now the graph of D is closed so it follows that pe € Dom D and
x = lim Duype = Dpe. (1.6)

n—oo
Now observe that, since p Dom D* C Dom D we can write for e € Dom D*
[D*, uple = [D*, up]pe + [D*, uy](1 — p)e

= Duype — upDpe + Duy (1 — p)e — u, D*(1 — p)e

= Dupe — upDpe — u, D*(1 — p)e

— Dpe — pDpe — pD*(1 — p)e by Equation (1.6)

= [D*, ple,
which tells us that [D*, u,] converges to [D*,p] on Dom D*. Since the sequence [D*, u,] is

bounded, it converges strictly on all of Ep, and the operator [D* p| is thus bounded on
Dom D*. This proves 3). O

Remark 1.10. It would be desirable to remove the convergence hypothesis in 3). At present it
seems unlikely to be possible without further assumptions.

In fact our seeming flexibility in allowing symmetric operators is redundant in the presence of
a bounded approximate unit.

Corollary 1.11. Let (A, Eg,D) be a symmetric Kasparov module with A - Ep dense in Ep.
If A has a sequential bounded approximate unit then D is self-adjoint.

Proof. Suppose we have an approximate identity (u,) with [D*, u,] uniformly bounded in n.
Then by Lemma 1.9, [D* u,] — 0 strictly, since p = 1. Thus for e € Dom D* we find

D*upe = [D*, uple + up,D*e — D*e.

As we also have up,e — e, and u,e € Dom D, we see that e is in the graph norm completion of
DomD. As e € Dom D* was arbitrary, Dom D* C Dom D and so D is self-adjoint. O

For the differential algebras appearing in unbounded (symmetric) Kasparov modules, we can
always assume that approximate units are self-adjoint and even and we do so from here on.

1.3 Bounded and unbounded multipliers of differentiable algebras

It is a well-known fact that for a Banach algebra A with a bounded approximate unit, the
multiplier algebra M(A) is isomorphic to the strict closure of A, and contains A as an essential
ideal [44, Ch 5]. Similarly, a representation A — B(H) of a C*-algebra A on a Hilbert space
H extends to a representation of the multiplier algebra M(A) on that same Hilbert space. We
discuss these notions here for operator algebras with bounded approximate unit.

For an operator algebra A, M(A) inherits matrix norms by viewing elements of M(A) as
operators on A. The next lemma shows that the presence of a bounded approximate unit
ensures that this norm, when restricted to A, is cb-equivalent to the original norm on A,
ensuring that the inclusion is a cb-equivalence.

11



Lemma 1.12 (cf. Chapter 5 of [44]). Let A be an operator algebra with bounded approximate
unit. Then the norm on My (A) is equivalent to the norm

lallop,n = e lablln,  llallop.n < llalln < Cllallop,n, (1.7)

with C' a constant independent of n.

Proof. Obviously, it holds that ||allop < |lal|. If uy is a bounded approximate unit, then
Slluall < 1 for some fixed constant C' and all A. For any £ > 0 there exists A such that
|b — buy|| < € and thus

1 1 1
S bl =2) < (bl = 15 = bual) < = lbull < [bllop

which proves the assertion. The argument for the matrix norms || - ||, is verbatim the same
using the bounded approximate unit (uy - Id,). O

Definition 1.13. Let A be an operator algebra with bounded approximate unit. We define
the multiplier algebra M(A) to be the strict closure of A. That is

M(A):={T : A — A :Janet (by) C Asuch that Va € A lim ||bya—Tal| = lim ||aby—aT || = 0},
with norm ||T'|| := ||T||op cf. Lemma 1.12.

It is worth noting that the strict topology on Endp(E) as defined before Proposition 1.9
coincides with the strict topology in the sense of Definition 1.13 defined by the ideal K(Ep).

Lemma 1.14. Let A be an operator algebra with bounded approzimate unit (uy) and 7 :
A — B(H) be an essential cb-representation. Then m extends uniquely to a cb-representation

m: M(A) — B(H) such that w(1) = 1.

Proof. By assumption H = [r(A)H], so for all h € H we have w(uy)h — h by Lemma 1.6.
Since M(A) is the strict closure of A, for all b € M(A) it holds that sup, ||buy| < oo and for
all a € A, (bupa) is a Cauchy net in A. Therefore

m(b)m(a)h := liin m(buya)h,

is a Cauchy net for all a € A and h € H. Thus w(buy)h converges for h € w(A)H. Since this
subspace is dense in H and the net (7(buy)) is uniformly bounded, the net is strongly Cauchy
on H. This proves that the assigment h — limy 7(buy)h defines a bounded operator on H.
For a € A and b € M(A), it is immediate from the definition that m(ab) = 7(a)7(b). Then for
a,b € M(A) we have

m(a)mw(b)h = w(a)(liinﬂ'(bu/\)h) = 1i§n m(abuy)h = 7(ab)h,

proving that the extension of 7 is a homomorphism. Since for all a € A and b € M(A) we have
buya — ba in A, it is immediate that any other cb-extension of m must coincide with the one
given, proving uniqueness. O
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Lemma 1.15. Let A be an operator algebra with bounded approximate unit (uy) C A and
7w A — B(H) an essential cb-isomorphic representation. Then:

1) the strict closure M(A) of w(A) is cb-isomorphic to the idealiser of m(A) C B(FH);

2) every element T € M(A) is the strict limit of a bounded net in A;

3) if § C A is a closed ideal, then J is a closed ideal in M(A).

Proof. By Lemma 1.14, 7 extends to a representation of M(A). Let T be an element of
m(M(A)), so that there is a net (by) C A with the property that for all a € A

lbxa — Tall, [laby — aT]| = 0.

Since A is norm closed and 7 is cb-isomorphic, it follows that w(T'a), w(aT) € w(A) for all
a € A, so m(T) idealises w(A). Now let T € B(H) be such that T'w(a), 7(a)T € w(A) for all
a € A. Consider the net T'w(uy) € w(A). For a € A we have

[T (ura) = Tr(a)|| < [ T[lllw(ura = a)lf = 0, [lw(a)Tw(ur) — w(a)T] = 0,

so since 7 is cb-isomorphic and essential, T" is the image of an element in M(A). For the second
statement, observe that 7 is the strict limit of the bounded net (T'uy), as in Lemma 1.12. For
the third assertion, let 7' € M(7(A)) and j € J. Since Tj € A, the net (ux1'j) converges to 1'j
in norm. But u)yT € A so this net actually lies in J. Since J is closed, T'j € J, and similarly
for jT. O

Theorem 1.16. Any cb-representation © : A — B(H) of an operator algebra with bounded
approximate unit extends uniquely to a representation m : M(A) — B(H) of the multiplier
algebra MI(A), such that (1) is an idempotent satisfying w(1)H = [w(A)H] and (1 —7(1))H =
Nil 7(A).

Proof. The Hilbert space H is cb-isomorphic to the nonorthogonal direct sum ¢H & (1 — ¢)X,
with ¢ as in Proposition 1.7. The representation 7 is essential on ¢J{ and 0 on (1 —¢)H. Thus,
Lemma 1.14 gives a representation M(A) — B(¢H), which extends to 0 on (1 — ¢)XH, thus
giving the desired representation 7 : M((A) — B(H). By construction 7(1) = q. O

We now consider multiplier algebras for closed subalgebras of Lip(D), and in particular for
differentiable algebras of spectral triples.

Proposition 1.17. Let D : DomD — Ep be a self-adjoint reqular operator and A C Lip(D)
a closed subalgebra with bounded approrimate unit and assume [AEg] = Ep. The multiplier
algebra M(A) is cb-isomorphic to the algebra

{T € M(A) : TDomD € DomD, TA, AT C A, [D,T]€ End*B(EB)}, (1.8)

topologised by the representation given in Equation (1.2). The inclusion M(A) — M(A) is
spectral invariant.

Proof. The algebra defined in (1.8) is clearly a subalgebra of M(A) contained in the idealiser
of mp(A) inside Endg(E @ E). The other inclusion can be seen by writing

<T11 T12>< a 0) _ (Tua—i-Tlg[D,a] T12a>
Tor T ) \[D,a] a Tora+ T22[D,al Thea)’
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and observing that for this to be an element of A for all a € A, Ti2a = 0 for all a € A and
hence T2 = 0 since A is essential. It then follows that T11a = Thoa for all a € A which implies
T11 = Ths, again because A is essential. Writing 771 = T, one again derives from essentiality of
A that T must preserve the domain of D. Finally we get the equation [D, Ta] = To1a+T[D, al,
which implies that T5; = [D,T] which is therefore bounded. Thus the algebra (1.8) contains
the idealiser of mp(A), and is therefore equal to it.

Since [AEpB] = Ep, we have mp(1) = 1, using Lemma 1.14, and the representation mp is
essential. An argument similar to that given in the proof of Lemma 1.14 shows that the strict
closure M[(A) maps into Endp(E @ E), whereas the argument given in Lemma 1.15 shows that
the idealiser of mp(A) in Endj(E @ E) coincides with the image of this strict closure. The
norm on the strict closure is given by Equation (1.7), and the equivalence of norms given there
proves that M(A) is cb-isomorphic to the idealiser (1.8). Spectral invariance of the inclusion
M(A) € M(A) now follows from spectral invariance of the inclusion Lip(D) C Endj(Ep), cf.
[42, Thm B.3]. O

In [43] it was shown that any operator algebra A admits a canonical unitisation. In this
paper, our main examples are closed subalgebras A C Lip(D), where D is a self-adjoint regular
operator on a C*-module Ep with essential A representation. In this setting we can construct
unitisations concretely.

Definition 1.18. Let D : DomD — Ep be a self-adjoint regular operator and A C Lip(D) a
differentiable algebra with bounded approximate unit and C*-closure A. If [AEg| = Ep, the
unitisation AT C M(A) C Lip(D) is the algebra generated by A and 7 (1) = 1.

Remark 1.19. The requirement that [AEg] = Ep is not a severe restriction. By [34, Lemma
2.8] every class in KK (A, B) can be represented by a bounded Kasparov module (4, Ep, F)
with [AER] = Ep. Combining this with Kucerovsky’s lifting results [37, Lemma 1.4, Lemma
2.2], every class in KK (A, B) can be represented by an unbounded module (4, Eg, D) with
[AEp| = Ep. Thus, the only serious hypothesis in Definition 1.18 is that A have a bounded
approximate unit. Unless otherwise stated,

from now on we assume that all unbounded Kasparov modules are essential.

Unbounded multipliers of C*-algebras were introduced by Baaj ([3]) and Woronowicz ([51]).
In the differentiable setting, the definition of unbounded multiplier requires a bit more care,
because of the absence of the strong relation between norm and spectrum.

Definition 1.20. Let A be a differentiable algebra. A linear map ¢ : Domec C A — A, defined
on the dense right ideal Dom ¢ C A is a multiplier if ¢(ab) = (ca)b for all @ € Domc and b € A.
The operator c is a symmetric unbounded multiplier if:

1) ¢ is closed;

2) for all a,b € Dom ¢ we have (ca)*b = a*(cb);

and c is self-adjoint if

3) ¢+ are surjective and (c +4)~! € M(A).

The multiplier ¢ is positive if for all a € Dom ¢ we have (ca)*a > 0 in A, the C*-closure of A.

The spectral invariance of the inclusion M(A) — M(A) (cf. Proposition 1.17) ensures that some

of the usual properties of positive and self-adjoint multipliers remain valid in the differentiable
context. As a first consequence of the inclusion M(A) — M(A), the resolvents (c4i)~! € M(A)
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define elements in the C*-multiplier algebra M(A). Hence ¢ defines a self-adjoint multiplier on
the C*-algebra A in the usual sense, with Domc = Im (c +4)~! C A.

Lemma 1.21. Let ¢ : Domc — A be a self-adjoint multiplier. For all A € C\ R, the operators
(c£)) : Domec — A are bijective and (c £ \)~1 € M(A). Moreover if c is positive then for all
A € C\ [0,00), the operators ¢ — X : Dom e — A are bijective and (c — \)~! € M(A).

Proof. The operators ¢+ A are bijective in the C*-closure A, and thus (c £ \)(c£i)~! € M(A)
are invertible. Spectral invariance then tells us that g = (c £ \)(c£14)~! is invertible in M(A),
whence ¢+ A : Dom ¢ — A is bijective. The inverse satisfies the equation

g =(cti)ctA) T =1F A —i)(ct ),

in M(A), and since both 1,971 € M(A), it follows that (c = A\)~! € M(A). The positive case
is proved similarly. O

If there is an orthogonal decomposition Ep = [r(A)Eg] @ [r(A)Eg]* (which is always the case
for Hilbert spaces) we can extend the self-adjoint multiplier to a self-adjoint operator on Ep
by defining c([r(A)Ep]*) = 0. We denote this extension to Ep by c as well. It is the affiliated
operator from [3, 51]. In case A has a bounded approximate unit, condition 3) of Definition
1.20 can be weakened to the requirement that ¢ 4 i have dense range and (¢ 4 4)~! are norm
bounded, as we now show.

Lemma 1.22. Let A be a differentiable algebra with bounded approximate unit. Then any
multiplier ¢ : Dom ¢ — A satisfying (ca)*b = a*cb for all a,b € Domc is closable.

Proof. Since A has a bounded approximate unit, the norm on A is equivalent to the norm
lallop := supjq<1 llab]| by Lemma 1.12 . Let (a,) be a sequence in Dom ¢ with a, — 0 and
can — b. Since ||(can)|| = ||(can)*|| and ¢ is symmetric, for arbitrary a € Dom ¢, we get

b*a = nh_)nolo(can) a= nh_)l’lolo ay(ca) = 0.

From this it follows that ||b*||op = 0, and therefore ||b*|| = 0 so ||b]| = 0. O

Corollary 1.23. Let A be a differentiable algebra with bounded approximate unit and let ¢ be
a symmetric multiplier such that (c £i)~" are densely defined and bounded. Then the closure
of ¢ is a self-adjoint unbounded multiplier with Dom ¢ = Im (¢ 1)~ !.

In the context of separable C'*-algebras, the notion of unbounded multiplier, approximate unit,
and strictly positive element are closely related. For a differentiable algebra A, an element
h € A is strictly positive if it has positive spectrum and hA is dense in A (for the topology
coming from 7p). Note that this implies that h is strictly positive in the C*-algebra A.

A more refined notion of unbounded multiplier for differentiable algebras which is compatible
with strict positivity is given in the next definition. The core idea is abstracted from [27,
Definition 10.2.8], which gives a commutator approach to properness of the metric. Examples
illustrating the connection are presented in Section 2.
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Definition 1.24. Let (A, Ep,D) be an unbounded Kasparov module, and ¢ a self-adjoint
multiplier of A. Then c is a complete multiplier if:

1) (c£i)7t € A;

2) Im(D+i) Y eti) P =Im(ctd)(D+4)"t C Ep;

3) [D, ] is bounded on the set Im (D £ i)~ (c44)7 1.

It should be noted that the condition in 2) is natural when dealing with commutators of
unbounded operators. The sets mentioned are the natural domain for the operators Dc and
¢D, as ¢ maps Im (¢ 44)~1(D £ 4)~! into Dom D and similarly for D.

The following theorem provides the relationships between unbounded complete multipliers,
approximate units, and strictly positive elements for differentiable algebras, and gives us our
strong notion of completeness. This strong completeness is analogous to that of a geodesically
complete Riemannian manifold, and is much stronger than completeness of a general complete
metric space. We exemplify these statements in Section 2.

Theorem 1.25. Let D : DomD C Ep — Ep be self-adjoint and regular and A C Lip(D) a
differentiable algebra such that [AEB] = Eg. Then the following are equivalent:

1) there exists an increasing commutative approzimate unit (u,) C A with ||[D, un]|lcc — 0;
2) there exists a positive self-adjoint complete multiplier ¢ for A;

3) there is a strictly positive element h € A with Im (D £i)~*h = Im h(D £ i)~!, and constant
C > 0 with +i[D, h] < Ch?.

Proof. We show that 1) < 2) and 2) < 3).

We assume 1), so that there is an increasing commutative approximate unit (u,) C A with
[D,un] — 0 in norm. Suppose without loss of generality that there exists 0 < ¢ < 1 such
that ||[D, un]||ee < £2™. Moreover, let {a;}ien be a subset of A whose linear span is dense, and
assume without loss of generality that for 1 < i < n we have |[(upyr1 — un)a;|| < €. Write

dp == Upy1 — up > 0 and define
o
c= Z e "dy,
n=1

which is a sum of positive elements of A. Then c¢ is densely defined, since for fixed a; and
i < k < £ we have

¢ / /
1Y e dnail <7 e " [(unsn —un)ail| < D",
n=~k n=~k

n=k

which goes to zero as k — oo and therefore ca; € A. Moreover, c¢ is obviously symmetric,
so by Corollary 1.23 it suffices to show that the resolvents (c £ 4)~! are densely defined and
bounded. Consider the truncations ¢y := 22:1 e~ "d, € A. By Proposition 1.17, M(A) is

spectral invariant in M(A), so as the operators ¢, £ i € M(A) are invertible in M(A), the
resolvents (c; & 4)~! are elements of M(A). Subsequently estimate

k k
1D, eillloo = 11D ™ ([ Dy tnta] = [Dyun)|| o <D e (D, untallloo + D, wn]lloo)
n=1 n=1
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from which we deduce that supy, ||[D, ck]||co < 00. Therefore

sup 1D, (e £4) oo = sup I(er £ ) 7HD, exler £9) oo < sup 1D, ex]lloo < 00,

so (cx +1)~! is a bounded sequence in M(A). Moreover, for the elements a; we have

m

((ceE )" = (em£d) Nas = (co i) (em i)"Y e dnas,

n=>~{

so the sequence is strictly Cauchy, with limit (¢ 4 i)~! € M(A), whence these operators are
densely defined and bounded. Hence the closure of ¢ is a positive, self-adjoint unbounded
multiplier on A.

Now we show that properties 1)-3) of Definition 1.24 hold true for ¢, starting with points 2) and
3). For 2), we need to show that the domain equality Im (c4-i) =1 (D4=i) =1 = Im (D=44) (i)
is true. Observe that for each y € Ep, the vector (¢ &)~ }(D £ i)~y is a limit

(e £9) YD +4) "Ly

lim
k—o0

Writing
(i) M (DE) =D+ Hep£i) P+ (D) Hew £0) D, er](cr £4) YD +4) 7,

and recalling that the sequence [D,cx](cx £14)71(D £ i)~! is uniformly bounded in operator
norm, it follows that

lim (cp 1) 7D, ex)(cx £) 1D +4) "ty = (e i) D, d(c i)"Y D +i) 'y € Im(c£i) .

k—o0

Thus Im (¢ 44) "1 (D +i)~t € Im (D £ i)~ (c£i)~!. The other inclusion is proved in the same
way by writing

(D+i) Hep i) = (i) U D)+ (cr 20)HD i) D, er)(cr £0) 1D +4) L.

To prove that point 3) of Definition 1.24 holds, observe that the commutator [D, ¢, defined on
Im (c+4)71(D £i)~L, is bounded because it is the strong limit of the operators [D, ¢x] on this
subset, and supy, ||[D, ck]||co is bounded.

Lastly, for 1), we need to show that (c £i)~! € A. Since these are elements of M(A), we have
a(c+i) ™t (c+i)la € A for a € A and (c £i)~! € Lip(D) by Proposition 1.17. We claim
that it suffices to show that (c +4)~! € A. For then u,(c+i)~! — (¢ £4)~! in C*-norm and
and since [D, ¢] is bounded and [D, u,] — 0 we find

[D,un(ct9) " = un[D, (c i)+ [D,un](c+14)~?
= —up(c£)7HD,c(ci) +[D,up](cti) = [D, (ci)7!].

Hence mp (un(c+i)™1) — mp((e£4)~!) and since u,(c4i)~! € A, it follows that (c+4)~! € A.

To prove that (c +1i)~! € A, we restrict to the commutative C*-subalgebra B C A generated
by the u,, so that by Gelfand theory there is a locally compact Hausdorff space X with
B = C*({un}) = Co(X) via the Gelfand transform. Every closed unbounded multiplier is
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determined by its Gelfand transform [50, Thm 2.1,2.3]. Under this identification, we wish to
show that (c44)~! € Cy(X) C A. To this end, fix t € (0,1) and consider the sets

Xp ={zx € X :uy(x) > t}.
The X, form an increasing sequence of compact sets such that X = UX,,. We claim that
Zz—:_"d > (1 —t)e* forzeX\ Xy,

which implies that (¢ £4)~! € Co(X). For such x € X \ X}, and any m > k it holds that

Z e "y ( Z e "dp( Z e "dp(z) + Z e "dp ()

n>m
> Zs_kdn(:r) + Z e "dy(x)
n==k n>m
= e M (umir —wp) (@) + Y e dy(2)
n>m
> e (Umr1(z) — ) + Y e "dn(2),
n>m

and since up,4+1(x) — 1 and > e "d,(x) — 0, the estimate follows. This proves 1) = 2).

n>m

Conversely, let ¢ be an unbounded positive complete multiplier for A. Let f,, : R — R be given
by fu(z) = e */". For y € Dom D

td (1-s)/ / L Y /
D _ = [ ec(l=s)/nq),—cs/n —_ _ —c(1=s)/n1p —cs/n
Dl = [ 5 (e ey} ds = = [ e I D, ey s

and since both sides are bounded, this equality extends to all of . Moreover

D, fa(@lo < = D, el

so that [D, fn(c)] — 0 in norm as n — oo. Finally we need to see that the f,(c) define an
approximate unit. The density of (¢ +i)~!A in A says that the inclusion of the commutative
subalgebra € generated by (c414)~! in A is essential. Since (f,(c)) is obviously an approximate
unit for €, we are done.

To see that 2) and 3) are equivalent, let ¢ be an unbounded multiplier on A and set h :=
(1 + ¢)~ !, which is positive with dense range in A. On the other hand, if h € A is positive
with dense range, then ¢ := h~! is densely defined on Dom A~ = Im h. The domain condition
follows from the fact that (h=1 +4)~! = (1 £4h)~!, and 1 & ih € M(A) is invertible, so that
(14 ih)~! maps Dom D = Im (D +i)~! bijectively onto itself. Then

Imh(14ih) X (D+i) " =Imh(D+i) ™ =Im (D i) th=Im (D +i) *h(l+ih)™*
From the further assumption that i[D, h] < Ch?, it follows that for e € Imh(D +4)~"'h
(G[D,h e, e) = —(h1i[D, hlh e, e) = (i[D, h]hte,h~te) < Clhe, h™te) = Cle,e).
Taking a sequence hy, — y € Ep, boundedness on the whole of Im k(D 4-i)~! follows. O

From now on, in addition to being self-adjoint and even, in view of Theorem 1.25 we assume
all approximate units for differentiable algebras to be commutative.
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2 Metric completeness via approximate units

We recall that if (A, H,D) is a unital spectral triple, then the formula
d(6,¥) == sup{|é(a) — (a)| : I[D.alll <1}, . v € 8(A) (2.1)
defines a metric on the state space S(A) of A provided that the set
B:={la) € A/C1 : |[D,a]l| < 1} (2.2)

is bounded. In the non-unital case we do not need to consider the quotient Banach space A/C1
in Equation (2.2), just A, and again the same conditions guarantee that we obtain a bounded
metric. It is known that in the unital case the resulting metric topology agrees with the weak*
topology provided that B is pre-compact, [39, 47]. We refer to the formula in Equation (2.1)
as Connes’ formula.

One would like to define unbounded metrics so that they restrict to bounded metrics on each
weak™® compact subset of 8(A), but it turns out that this is too strong. Latrémoliere identifies
a class of tame compact subsets for which this is possible, [40, Definition 2.28], and shows by
example that not all compact subset of $(A) are tame. As well as the difficulty in discussing
the weak*-topology, examples show that there is also the need to consider extended metrics,
so that points can be at infinite distance.

Our initial results concerning completeness of metric spaces rely on a weaker notion of ap-
proximate unit than we needed earlier, though we will see below how these various notions are
related. For now, given a (symmetric) spectral triple (A, H,D), we say that (u,) C A C Ais
an adequate approzimate unit if (uy) is a sequential approximate unit for A (in its C*-norm
topology) and sup ||[D*, up]|lcc < 00. This is a weaker notion than a bounded approximate
unit for A.

Proposition 2.1. Let (X,d) be a metric space, A = Lipy(X) be the algebra of Lipschitz
functions vanishing at infinity and A = Cy(X). Let (A, H,D) be a symmetric spectral triple
such that for all a € Lipg(X)

Cillallip.a < (I[P allloo < CallalLip.a

where 0 < C1 < Cy < 0o are constants and ||al|rip,q is the Lipschitz seminorm of a € Lipy(X).
If A has an adequate approximate unit, then (X, d) is metrically complete.

Remark 2.2. 1) The condition of the theorem implies that Connes’ formula, Equation (2.1),
defines a metric d© which is bi-Lipschitz equivalent to d.

2) The algebra Lipy(X) is typically not separable in the Lipschitz norm, [49], but our results
also apply to closed separable subalgebras of Lipy(X), such as our differentiable algebras, cf.
Definition 1.2. More examples are presented below.

Proof. We give the proof in the self-adjoint case, as the symmetric case is the same. We will
prove that if (X, d) is not complete then for any sequential approximate unit (uy) C Lipy(X) for
Co(X), the sequence ||[D, ug]|| is unbounded, and so (uy) can not be an adequate approximate
unit. Since the metric d is bi-Lipschitz equivalent to Connes’ metric, for any y, z € X we have

lur(y) — ur(2)] < C[I[D; up]lloo d(y, 2)

19



for a constant C' > 0. Now let = be in the metric completion X of X, and z & X. Let
1/2 > ¢ >0, fix y € Byp(r) N X and let k be large enough so that ug(y) > 1 —¢e. This is
possible since uy is an approximate unit. Now let z € By/,(x) N X be such that ug(2) < ¢,
possible since uy, vanishes at infinity. Then for this choice of k and y, z € By, (7) N X

2C
1= 2e < Jur(y) — uk(2)] < Cll[D, urllloo dly, 2) < —=I[D, ua]lloo-

Hence we see that for any n there is a k = k(n) such that

n(l — 2e)

o <D, ukl o

Since this is true for any approximate unit (ux) C Lipg(X), we are done. O

Corollary 2.3. Let (M,g) be a Riemannian spin® manifold, A = Co(M), A = Lipy(M),
and (A, L*(M,S), D) the Dirac spectral triple of the spin® structure. If A has an adequate
approximate unit then the Riemannian manifold (M, g) is geodesically complete, and D is
self-adjoint.

Proof. The point here is that (M, g) need not, a priori, be complete, in particular it may be
the interior of a manifold with boundary. First we recall that by [17], the norm ||[D*, f]||co is
equal to the Lipschitz norm of f (with respect to the geodesic distance) for all f € Lipy(M).
Thus we can apply Proposition 2.1 to obtain the first statement. In particular if such an
approximate unit exists, (M, g) is metrically complete, and so geodesically complete by the
Hopf-Rinow theorem.

The self-adjointness of the Dirac operator now follows as in [27, Prop 10.2.10]. O

In this last result we managed to deduce self-adjointness of a (potentially) symmetric operator
using just an adequate approximate unit, whereas Corollary 1.11 requires the existence of an
honest bounded approximate unit for the Lipschitz topology. This is essentially due to the
special form of the geodesic metric on a Riemannian manifold. The Hopf-Rinow theorem says
that completeness implies that ‘topological infinity’ is at infinite distance.

The issues are perhaps best seen as follows. For any metric space (X,d), we obtain a new
metric space of bounded diameter by taking the new metric d = d/(14d). Then one can check
that (X,d) is complete if and only if (X,d) is complete. The identity map on X is typically
not a bi-Lipschitz map between these metric spaces, and the property of having an adequate

approximate unit whose Lipschitz constants go to zero is not preserved by this operation.

We collect a few examples from the world of metric spaces about approximate units for Lipschitz
algebras and differentiable algebras. The first result is rather negative.

Lemma 2.4. Let (X,d) be a finite-diameter, noncompact, complete metric space. Then there
is no adequate approzimate unit in Lipy(X) whose Lipschitz constants go to zero.

Proof. Let (uy) be an approximate unit in Lipy(X). Since (uy) is a norm approximate unit,
for any x € X and 1/2 > 6 > 0 we can find N such that uy(z) > 1 — §. Since uy vanishes
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at infinity we can find y € X such that uy(y) < 0. Then un(z) —un(y) > 1 — 24, and as
d(z,y) < diam(X) we find that

un(x) —un(y) - 1-2¢ 1-25
d(x,y) d(z,y) — diam(X)

Hence the Lipschitz norm of the uy’s is bounded below. O

Hence finite diameter complete spaces do not have spectral triples which both recover the
metric and satisfy the conditions of Theorem 1.25. Also observe that we did not ask for
an approximate unit (uy) for Lipy(X) in the Lipschitz topology with ||up||Lip,a — 0. These
typically do not exist.

Lemma 2.5. Let (u,) C CX(R) be a differentiable approzimate unit for the supremum norm
topology on Co(R) such that the Lipschitz constants go to zero as n — oo (these exist). Then
(up) s not an approximate unit for the Lipschitz topology on Lipy(R).

Proof. Let f(z) = sin(x3)/(1 + 2?) € Lipg(R). The mean value theorem says that given
x,y € R there is some w between x and y such that

|(f = unf)(@) = (f = un )W) = (f —unf) (w)ld(z,y) = [(1=un(w)) f'(w) = vy, (w) f (w) |d(z, y).

Since the Lipschitz constants of the u, converge to zero, and u,, — 0 uniformly, we see that
ul, f — 0 uniformly. As the derivative of f is f'(z) = 322 cos(2?)/(1+2?%) — 2z sin(2?) /(1 +22)?,

and wu, vanishes at infinity for each n, we see that |[(1 — u,(w))f ( )| does not go to zero
uniformly. O

Remark 2.6. The function f(z) = sin(2?)/(1 + 2?) also appears in [14, p 43], to demonstrate
that derivatives must be controlled to handle summability in the nonunital setting.

Despite this lack of success, even with our strongest completeness condition, there are positive
results, and these demonstrate the need to take smaller algebras than Lipy(X). Recall, [20],
the pointwise Lipschitz constant of a function f at a non-isolated point z € X defined by

Lip(f)(x) := limsup ~————"*~
Y—T, yF£T d($7 y)

If x is isolated we set Lip(f)(z) = 0. Then we set
Loo(X) = {f € Lip(X) : f and Lip(f) vanish at infinity}.

The function Lip(f) need not be continuous, but we can still ask for it to be small outside
a compact set. The space Loo(X) is not always a Banach space in its natural norm || f||oc +
ILip(f)|loo, but we can take its completion, which is a subspace of Co(X). We denote this
Banach space by Lipyy(X).

Lemma 2.7. Let (X,d) be a metric space and (uy) C Lipyy(X) an adequate approximate unit
such that ||un|Lip — 0 as n — co. Then (uy) is an approzimate identity for Lipyy(X).
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Proof. We just need to show that for f € Lipyg(X) we have ||f — up f|lLip — 0. That is, we
need to show that

(f - unf)(x) - (f — Un f
d(z,y)

sup
TFY

)(y)'%()asn%oov

which is to say, we need to show that

(un(z) = un(y)) f(x) = (f(y) = f(@)(unly) = 1) ‘

sup
THY Cl((]?, y)
< unllLip [1f lloo + sup |Lip(f)(y)(un(y) — 1)| — 0 as n — oo,
y
the second term going to zero since Lip(f) vanishes at infinity. O

The last two lemmas show why we need to be able to restrict to closed subalgebras of Lip(D)
which may be smaller than Lip(D) N A, but which are still norm dense in A. For general
metric spaces it is not clear that one can always find suitable algebras which have adequate
approximate units. When the metric is suitably infinite and the metric space nice enough, we
can find approximate units for Lipyy(X). This result resembles the equivalences of Theorem
1.25, and captures the idea that topological infinity is at infinite distance.

Proposition 2.8. Let (X, d) be a metric space and xo € X such that the function x — d(zg, )
is proper. Then we obtain an approzimate unit for Lipyy(X) whose Lipschitz constants go to
zero. Hence (X, d) is complete.

Proof. Fix g € X as in the statement, and let
Ky={ze X :d(z,z9) <N}

Then the Ky form an increasing sequence of compact sets whose union is X. Define functions
on X by

1 r e Ky
un(e) = g (1 - d(f\?éx)> z € Ky2 \ Ky
0 x gKN2

Checking the various cases shows that each uyn € Lipyy(X) is a bounded Lipschitz function
whose Lipschitz constant is bounded by 1/N(N —1), and so ||un||rip — 0 as N — co. Moreover
it is clear that (uy) is a sup norm approximate unit for Cy(X ), and so by Proposition 2.1 and
Lemma 2.7 we are done. O

For R™, and more generally geodesically complete manifolds M, we can always construct an
approximate unit as in Proposition 2.8. As a consequence, we can construct a bounded approx-
imate unit for Lipyy(M), and then Corollary 1.11 tells us directly that Dirac-type operators
on M are self-adjoint.

Given a spectral metric space, we can still deduce the completeness of the state space S(A)
from the existence of an adequate approximate unit, as was first shown by Latrémoliére [39]
for the case of bounded metrics. As the context is somewhat different, we give the argument.

22



Proposition 2.9. Let (A,H,D) be a symmetric spectral triple for which Connes’ formula
d(o,7) := sup{|o(a) — 7(a)| : [[[D*, al|cc <1},

defines an extended metric on the state space S(A) (so d may take the value oo). If A has an
adequate approximate unit then (8(A),d) is complete.

Proof. Let (u,) be an adequate approximate unit. Let o; be a sequence of states that is
Cauchy for the Connes metric, i.e. for k < ¢

sup{|ok(a) — ov(a)] : [[D%; alfle < 1} =0,

as k — oo. Then o(a) := limy ox(a), for a € A, is a well defined map A — C. It is positive
since for positive a, o(a) is a limit of positive numbers. It remains to show that o has norm
1. To this end, let a € A be in the unit ball for the C*-norm. Then |o%(a)| < 1, so |o(a)] < 1,
showing that ||o|| < 1, and thus o extends to all of A. Now since u,, is an approximate unit,
we have oy (u,) — 1 for fixed k and n — co. Since [D*,u,] is bounded, we may assume that
I[D*, un]|lec < C for all n and some positive constant C. This means that for k < £

sup |og (un) — o¢(un)| — 0,
n

as k — oco. Hence there exist € > 0 and & sufficiently large such that for all n
| (un) — on(un)| < /2.
Now choose n large enough such that ||og(u,) — 1|| < /2. Then
|o(un) =1 < Jo(un) — ok (un)| + ok (un) — 1| < e.

This shows that o(u,) — 1, and in particular that ||o|| = 1 and o € §(A). O

In particular, the presence of an adequate approximate unit ensures that the metric topology
limit of states is a state, and so such a sequence is a tight set, [40, Definition 2.2]. It is likely
that our approach to completeness can further complement Latrémoliere’s approach to locally
compact quantum metric spaces.

Finally, let us consider what can be said about closed subalgebras of Lip(D) for a general
(symmetric) spectral triple (A, H, D).

Proposition 2.10. Let (A, H,D) be a symmetric spectral triple. Suppose that A has an
adequate approrimate unit (u,) C A such that [D*,u,] — 0 in operator norm. Then (uy) is
an approximate unit for A if and only if (uy) is an operator norm topology approximate unit
for the C*-algebra generated by A and the commutators [D* a], a € A.

Proof. This just boils down to asking when [D* au, — a] — 0 in operator norm. Using the
Leibniz rule,

[D*, au,, — a] = a[D*, uy] + [D*, a](u, — 1),

we obtain the result immediately. O
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3 Approximate units and connections on operator modules

Having demonstrated the usefulness of approximate identities in differentiable algebras, we
now refine our concepts to address the existence of connections on modules and the unbounded
Kasparov product. Using connections to identify explicit representatives of Kasparov products
has been used in several contexts, [13, 32, 41, 42], but doing this in a naive algebraic way leads
to problems, as shown in [30, 48].

3.1 Projective modules

For an operator algebra B with bounded approximate unit vy, the right B-module Hp := HRB
is called the standard rigged module, [8]. For notational convenience we write Z := Z \ {0}.
The module Hp can be concretely defined using an isometric representation 7 : B — B(H) as
the space of column vectors

{(bi)iez: bi € B, Zﬂ(bi)*ﬂ(bi) < oo},
iE€EZ

where the sum converges in norm. From now on we fix a Zs-graded C*-algebra B and an
essential unbounded (B, C') Kasparov module (B, F, D) with «y the Zo-grading operator!. We
fix the representation

7o (b) = ([@b,b] 'y?b)> €Endi(F®F), beB,

and we assume B to have a bounded approximate unit. The graded operator BT-module
Hyp+ is the graded Haagerup tensor product of the graded Hilbert space ¢2(Z) and the graded
algebra BT. Thus the module Hg+ is naturally Zs-graded via

L(bi);ez = (sign(i)y(bi));ez, (3.1)
and defining the self-adjoint unitary
SN j’f@Jr — J‘fB+, S(bi)iei = (Sign(i)bi)iGZ’

the grading operator (3.1) on Hg+ decomposes as I' := ediag(yz+) = diag(ys+)e. This allows
us to write the representation presenting Hg+ as a concrete operator BT -module as

e b i )a 6 Dl %)
et sign(é)[D, bilp+  sign(i)vp+(bi)/),c5  \0 ) \[D,bilz+ Yo+ (bi)/ ;o5
We will always consider Hp+ where B is the unitisation of the differentiable algebra B (cf.
Definition 1.18).

The compact operators K(Hg+) on Hyt are defined to be the Haagerup tensor product KB,
as defined in Equation (1.4). The algebra K(Hz+) has a bounded approximate unit

Xn= Y leieil,

1<[il<n

We recall that if C' is non-trivially Zs-graded then +y is not adjointable as an operator on Fc
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where e; is the standard basis of Hp+. In [32, 42] it was shown that the standard B-valued inner
product on the module Hz+ actually takes values in B*. Then one defines the adjointable
operators Endy, (Hp+) as the algebra of completely bounded maps T' : Hg+ — Hgpt that
admit an adjoint with respect to the standard inner product, so that

(Te, f) = (e, T*f). (3.2)

In [32] the class of submodules of Hg+ defined by projection operators in Endy, (Hg+) are
called operator *-modules, and were classified by Kaad in [29] for the case of commutative
B. The class of stably rigged modules discussed in [42] is essentially the same. In [13], this
class is enlarged by incorporating countable direct sums of projections in Endj (Hgz+). The
present paper further broadens the class of modules that can be used to construct the Kasparov
product, refining the approximate unit techniques of [42].

In [13] the notion of unbounded projection operator was introduced, in order to deal with the
differential structure on the C*-module arising from the Hopf fibration. In this section we
develop the theory of such modules beyond the case of direct sums of bounded projections.
This will be put to use to demonstrate existence of connections on projective operator modules.

Definition 3.1 (cf. [13]). Let B be an operator x-algebra. A projective operator module is an
inner product operator module € over B that is isometrically unitarily isomorphic to p Dom p
for some possibly unbounded even projection in Hg+, such that the canonical basis vectors
{€i};cs are contained in Dom p. Here € is regarded as a Bt-module in the usual way.

Note that a projective operator module € over B admits a canonical C*-completion, coming
from the inner product. Equivalently, this completion can be obtained as the Haagerup tensor
product EX B over the completely contractive inclusion B — B [13, Corollary 2.18]. We now
characterise when a given C*-module E over B admits a projective B-submodule. The algebra
of finite rank operators on E is denoted Fing(FE). By a (homogenous) frame for E we mean
a sequence (z;),.; with the property that

Z; ifi>0 .
VE(Ti) = {—:n i< andthat = > Jai)(zi| € Fing(E) (3:3)
! 1<|i|<n

is an approximate unit for Fing(E) with [[Xn[lgnayz) < 1 (that is (x») is contractive). We
refer to xy, as the frame approximate unit for (z;). All frames will be homogenous unless stated
otherwise, so that yg(z;) = sign(i)x;.

Proposition 3.2. Let B be a differentiable algebra and Ep a graded C*-module over the C*-
closure B. Then Ep is the completion of a projective operator B-module Eg C Ep if and only
if there is a frame (x;),.5 such that each of the column vectors v; = ((xi,x;)),cs has finite
norm in He+. We call such a frame (x;), and the associated approximate unit ., column
finite.

Proof. = When Eg is projective we may assume that g C Hg+ and {e;} is the canonical
basis of Hg+, then setting x; = pe; we observe that

Jim <P€z’7 Z pek(p€k7pej>>:kli_{go <p€z‘7 Z 6k<€k7pej>>7

1<]jI<k 1<]j|<k
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is norm convergent since pe; and pe; are in Hg+. So xy = Zl<\i|<n |pe;)(pe;| is a column
finite approximate unit for Fing(FE).
< We show that the matrix p = ((x;,2;));; is an even projection in Hz+ with domain

Domp := {(bi)iez € Hys :Viel klgrgo <1<zj:<k<a:i,xj>bj) € B}.

It is clear that p is densely defined, as the canonical basis vectors e; € Hg+ lie in the domain
of p by column finiteness. Moreover p is closed. To see this, first denote by ¢; the projection
onto the submodule spanned by the basis vector e;. By column finiteness, ¢;p € Endg (Hp+).
Now if He+ 3 2, — 2z and pz, — h, then ¢;pz, — q;h and ¢;pz, — ¢;pz. Thus ¢;pz = ¢;h for
all ¢ and pz = h € Hg+ so p is closed on its domain.

Next we show that the symmetric operator p is self-adjoint. Let z € Dom p*, i.e. there is
x € Hgp+ such that for all w € Domp we have (pw, z) = (w, z). Since the basis vectors e; are
in the domain, we can compute

1171;n Z qipz = li}ln Z eilei, @pz) = liﬁn Z ei(pe;, z) = 1i71;n Z eile;, ) = x.
1<i|<n 1<i|<n 1<]il<n 1<]i|<n
This means that pz = z, so z € Dom p and p is self-adjoint. Now define

Eg 1= {6 € Ep: (<$i,€>>iez S DOInp}7 (3.4)

and observe that x; € Eg by definition, so €5 is dense in Eg. The module €5 is closed in He+
because a convergent net ey € €3 in particular converges in Ep and therefore the limit must

be of the form ((z;,€)),7- O

Note that a column finite approximate unit is row finite as well, because of the relation between

the internal and external adjoint: (7o ((z, z;)))* = Ump((x;,z:))U*.

3.2 Connections and splittings

We refine the notion of a connection on a projective module defined in [13] by employing
approximate units. The main improvement over [13] is a new operator space topology on a
projective module g, which is precisely the (weak) topology making the natural Grassmann
connection continuous. Completing in this topology yields a possibly larger module €Y. We
will prove that for bounded projections, the modules &g and &Y are cb-isomorphic.

Recall from [13] the definition of the universal 1-forms Q!(B,B) associated to a unital differ-
entiable algebra B, defined to be the kernel of the graded multiplication map

m: BB — B, by ® by — v(b1)ba.
In the nonunital case we use Q'(B*, BT), so that the universal derivation
d:B—QYB",BY), b—1b—v0b) a1, (3.5)
is well defined. We will look at splittings of the universal exact sequence

0= E&pi QYBT,BT) - E&cBT X E — 0,
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that are compatible with the projective submodule €5 C Ep. Here m : EQcBT — E,
m(e@b) = y(e)b is the graded multiplication map. We adapt the algebraic notion of splitting
to our setting.

Definition 3.3. A completely bounded, graded, B*-module map s : &3 — EXRcBT is a
splitting if m o s coincides with the inclusion map &5 — Epg.

We can now prove the analogue of the Cuntz-Quillen characterisation of algebraic projectivity
[19, Proposition 8.1, Corollary 8.2] in the present analytic setting.

Proposition 3.4. Let (z;),.5 be a column finite frame as in Equation (3.3), defining a pro-
jective B-submodule E5 C Ep. The map

s: &g - EQ¢cBT, e Z’y (x;) @ (x4, €), (3.6)
i€z

defines a contractive Bt -linear splitting of the universal exact sequence.

Proof. First we show that for e € 3, s(e) actually defines an element of EQcB™. To this end
let € > 0 and choose n, m such that

| & oty me)] <

n<li|<m

which is possible because e € Eg. Now estimate

S e e <] 3w
h

ol 3 ottt

B+
n<l|i|<m n<|i|<m n<li|<m
<| X molw ey @), <e
n<|i|<m

which shows that the partial sums of the series defining s form a Cauchy sequence in the
Haagerup norm, cf. Equation (1.4). To show continuity of s we again estimate with the
Haagerup norm to see that

IsF < tim || 37 tedtal || D2 wollwse) (G )|, < llel?
(E) , B
1<|i|<k 1<i|<k

and we are done. O

Recall that a connection on a (graded, projective) operator module €3 is a completely bounded
linear operator V : €5 — E@p+QH(BT, BT) satisfying the Leibniz rule

V(eb) = V(e)b + v(e)@db,

where d is defined in Equation (3.5). Associated to a splitting s : €3 — E@cB™ is a universal
connection

Vs: &3 = EQp QY(BT,BT), e s(e) —y(e) ®1,
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which in the case of a column finite frame as in (3.3) takes the form

Vs(e) = s(e) — ®1—ZV (x;,e ®1—ZV () @ (w4, ) — y(zi(z45,€)) @ 1
= (@)1 @ (wie > 7((% ZV ) @ d{zy, €).
On the other hand, the frame (3.3) induces a stabilisation map
v:Ep = Hp+t e (T4, €))7

with adjoint
v* j‘fg-&- — 83 (bl)zez — Zl’lbz,
€L
and v*v = Idg. The associated projection p = vv*, is given by the matrix p = ((x;, x;)).

Recalling that the grading operator (3.1) on Hg+ decomposes as I' := ediag(ys+ ), the module
Hep+ admits a canonical connection ed : (b;) — e(db;). The isometry v induces a connection
v¥edv : € = E®@p+ QY (BT, BT), which we call the Grassmann connection. These considera-
tions prove the following lemma.

Lemma 3.5. Let (;),.5 be a (homogenous) frame and v : E — Hp+ the associated isometry.
Then v is even, that is, v(y(e)) = T'(v(e)). If (zi),c5 is column finite the connection Vs : E5 —
E®@p+ QY (BT, BT) associated to the splitting (3.6) equals v*edv.

In order to deal with unbounded projections we need to extend the techniques developed in [13]
and introduce a slightly different operator space structure. To this end we need to pass from
the universal derivation d to the represented derivation dp : b — [D, b] coming from the defining
Kasparov module (B, F, D) for B. Recall, Remark 1.19, that we assume [BFg| = F¢ and
define the unitisation BT according to Definition 1.18. The closed linear span of represented
1-forms is the operator space

Qb = {Zw(bi)[D,w(b;)] b, b € B} C End (F),
-bimodule. Using the universality of the derivation d, there is a completely

which is a (B,B)
B)-bimodule map

bounded (B,
jo : QY(BT,BY) — Q5

uniquely determined by db — [D,m(b)] since w(1) = 1, cf. [13, Prop 2.22]. In this way we
obtain a connection

Vo : &5 2% E&pQY (BT, BY) 1222,

E®BQ®7

sometimes referred to as a represented connection. In the case of a free module, the tensor
product He+ ®B+Q1® can be identified with the space 5{91 = CH@Q%D of square summable
sequences of forms (w;), where ), wjw; converges in Endc( ). Let (x;) be a column finite
frame for £g, and consider the space

ev.= {e € Fp: T}LH;O ( Z (xi,y(zx))[D, (xk,e)]>
1<|k|<n

€ Hay |- (3.7)
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This space &Y may be strictly larger than €g, and is an operator module in the representation

= v(e) 0 nd? ellev = ||mv(e
70 = (yyecity ne)) vioteyy) € DEGFSR), leles = lre@] 63

i€Z

where we have used slightly abusive notation for the entrywise graded commutator with D in
the indicated column vector. We will write ~ for diag(ys+) and D, for the self-adjoint regular
operator ediag(D) on Hp+@p+ F. There is an equality of domains Dom diag(D) = Dom D,,
and the closed graded derivations

[diag(D), T, := diag(D)T — vTydiag(D), [D.,T|r := DT —-TTI'D,, (3.9)

are related via [D.,T|r = [diag(D),eT], = e[diag(D),T],. Therefore these derivations have
the same domain inside End},(Hg+ @ g+ F). With regards to gradings on the module €V defined
in (3.7), observe that there is an identity

S o@D @e]) = 3~ e mr(an), 1)

1<|k|<n 1<|k|<n

— Z fy([D,(e,xk)](xk,’Y(ﬂ?i»)y

1<|k|<n

and thus for e € £V, the series of row vectors

> D, ey i) (@, y(w) (3.10)
1<|k|<n el
is convergent.

Lemma 3.6. Let p : Domp — He+ be a projection such that Eg = pDomp is a projective
operator module, and consider the operator module €V defined in Equation (3.7).

1) There is a completely contractive dense inclusion v : Ez — EV.

2) If p € Endy, (Hp+) then ¢ is a cb-isomorphism.

Proof. The estimate
v(e)

H(Uv*;[jﬂ(;)v(e)] 'V(v(ze)))H - H(g 2) (6[5,(526)] v(v%)))” = ‘ (6[9,1)(6)] 'V(v(ze))>

proves 1). For 2), observe first that I'p = pI', so pe = pyey = pI'y = I'py = eypy = e7(p) and

[De, plrv(e) = [diag(D), eplyv(e) = [D,ev(e)] — eypy[D, v(e)] = [D, ev(e)] — pe[D, v(e)].

)

Thus we can write

<vv*51[}£€,)v(e)] Wﬁ@)) - <—[Di,p]r (1)> <e[ﬂ§,(§)(e)] v(v?e)))’

1 0) is invertible. The assertion follows. [

and as [D,, is bounded, the matrix
{ p]r (_[D&ph—‘ 1
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Proposition 3.7. The module €V has the following properties.

1) The inner product &3 x E3 — B extends to an inner product Y x EV — B,

2) For each e € EV the operator e* : EY — B defined by f +— (e, f) is completely bounded and
adjointable, with adjoint b — eb, and satisfies the estimate ||e*|| < 2||e||ev -

Proof. For 1) we must show that for e, f € £V the inner product (e, f) € B. Let (z;)._» be a

defining column finite frame for £5. By definition the series of column vectors

Z(<xlv 7($j)>[Da <xjv 6>])i€Za

jez

i€Z

is norm convergent for e € €Y by (3.7). Consider the partial sums
D, > ez ] = D0 e @D, @y, H] + D, (e, 25) (@, f)-
1<lj|<n 1<|j|<n

The two terms on the right hand side are convergent sums, since (using the pairing of row and
column vectors)

Y e zDID e, Al =11 D Y (rle) zad(as, v(z)ID, (x5, I

1<lj|<n 1<]j|<n ez
=1 D (wiv@)ig - (@i @)D, (5 el
1<]jl<n
<llellz | Y (@i v(@DID, (5 ezl
1<]jl<n

and similarly for the other term. Since ), 5 (e, z;)(w;, f) converges to (e, f) and [D, ] is a
closed derivation, it follows that (e, f) € B. Therefore we can write

<[®<,e<’e{}>} 7<2f>)=2<<e’o“> <v<e?,xi>> <Zjez<xi,v<fi}{>>[ﬂ>,<xz-,f>] <a:z-,3<f>>)

€L
+<Zj€z["D,(e,:SJ-)](:vj,v(:m)) 8) <<7(x6)’f> <$z‘?f>>'

These series are convergent in view of (3.7) and (3.10) and the equalities also hold when f is
a matrix of elements of €V yielding the estimate

le*(Dlls < (lellellllfllev + llellew [ f1l2) < 2llellev ]l fllev,

whence [[e*||s < 2]le||ev. O

3.3 Complete projective modules

We now define several algebras of operators on the modules &g and €Y. Recall that &g C &Y
is a proper submodule in general by Lemma 3.6. As for C*-modules, we denote the space of
finite rank operators by Fing(€). We give Fing(€) the operator algebra structure determined
by regarding Fing(€) as an algebra of operators on £V:

vKv* 0 )

v (K) = <p[®5,va*]p oK (3.11)
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where D comes from the defining Kasparov module (B, Fo,D) for B and p comes from a
defining column finite frame (z;) For e, f € &g, consider the column, respectively row,
vectors

i€l

vle) = v(e) = (i ez (" = v(f)" = ((fo2a))’ s, (3.12)

which are elements of Hg+ and H%, respectively. Thus the rank one operator |e)(f] is such
that [D.,v(|e)(f])v*] is a bounded matrix. Therefore the representation (3.11) is well-defined
on Fing(€). We emphasise that we do not consider finite rank operators associated to vectors
coming from &V here. The ideal of compact operators K(EV) is defined to be the closure of

Fing (&) in the operator space norm ||7y(-)||c. We now address the issue of approximate units
for K(£Y).

Lemma 3.8. Let (B, Fo,D) be the defining Kasparov module for B, and Eg a projective
operator module. For a column finite frame approximate unit x, associated to the defining
frame (z:),.5, any K € Fing (&) satisfies

vKv* Dom D, C Dom De,
and [D.,vKv*] extends to a bounded adjointable operator in Endl(Hp@pF). Moreover

lim vx,v*[De, vKv*| = v0*[De, vKv*],

n—oo

lim [D., vKv*|lox,v* = [De, vKv*|ov*, (3.13)

n—oo

i operator norm.

Proof. It suffices to prove this for rank one operators K = |e)(f|. In that case, Equation (3.12)
shows that vKv* is given by the infinite matrix

(<xi> €><f, xj>)ij € K@B,

and thus is in the domain of the derivation [D,,-]. The norm limits (3.13) are given by

lim vxnv*[DeoKv] = Tim > (@i, v(2w)[D, (@, ) (f, 25)]

n— 00 n—oo
1<|k|<n i

= lim Y (i y(@))vien, e)[D, (f25)] + (zi, (@)D, (ax, )](f, z5)

n—00
1<[k|<n i

= ((xi’7(6>>[ﬂ)v<f>$j>])ij +nh—>rgo Z <$iv’7($k)>[Da<xk76>]<f7xj> )
where the first term is a well-defined infinite matrix because f € € and the second term is a
norm convergent limit because e € & C €Y. The other limit is handled verbatim. O

Given a frame approximate unit (x,) for K(Ep), denote by % (x») the convex hull of (x,).
This is the algebraic convex hull, and not the closed convex hull.
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Definition 3.9. Let (B, F, D) be the defining Kasparov module for B, and €3 a projective
operator module with column finite frame approximate unit y,. The module Eg is a complete
projective operator module if there is an approximate unit (u,) C € (x») for K(Ep) such that
the sequence of operators p[D., vu,v*|p: Hp+ @+ F — Hp+@p+ F converges to 0 strictly.

This definition should be viewed in the light of property 2) of Proposition 1.9 as well as
Corollary 1.11.

Proposition 3.10. Let Ex be a complete projective module over B. Then K(EV) has a bounded
approximate unit consisting of elements of Fing(&).

Proof. Let Xn = 3_1<|jj<y, |%i) (x| be the defining column finite frame approximate unit. Con-
sider an approximate unit (u,) € %(xn) as in Definition 3.9. It follows from the uniform
boundedness principle that sup,, |7 (u,)|| < co: this follows because for each x € Hpg+@p+ F
the sequence p[D, vu,v*|px converges, so that

sup ||p[De, vupv*|pz|| < 0o, and therefore sup ||p[De, vu,v*]p|| < .
n n

For K € Fing(€&) it then follows that
p[De, vun Kv*p = p[De, vupv* |[vKv* 4+ vunv*[De, vKv* p — p[De, vKv*p,

by Lemma 3.8. Now since Fing(€) C K(EV) is dense and 7y (u,) is uniformly bounded, it
follows that 7y (u, K) — 7w (K) and 7y (Ku,) — 7y (K) for all K € K(EV). O

Remark 3.11. Proposition 3.10 can be made into an if and only if statement when we restrict to
bounded approximate units contained in € (). Uniform boundedness of such an approximate
unit uy gives a uniformly bounded sequence p[D., vuiv*|p, which converges pointwise on the
algebraic tensor product Hg+ ® Dom D, and hence everywhere.

We now present some sufficient conditions for a projective operator module to be complete.

Proposition 3.12. For a projective operator module Ex = pDomp with defining column
finite frame (x;) and corresponding approximate unit (xn), each of the following conditions
imply completeness of the module Ex:

1) there is an approzimate unit (u,) € €(xn) for K(Ep) such that the operators p[D., un|p
converge to 0 in norm on the C*-module Hp+@p+ Fe;

2) the projection p is a countable direct sum of finite even projections py, € Moy, (B1);

3) the projection p is an element of Endyy (Hp+);

Proof. Because norm convergence implies strict convergence, 1) implies that the sequence
p[De, un|p converges strictly on Hp+, hence the module €4 is complete in the sense of Definition
3.9. Thus, to prove 2), it is enough to show that 2) = 1).

2) = 1) For a countable family of finite projections p; with [D.,p;] bounded, for each i we
have p;[De, pilp; = 0 and

=Y Ipef)(pefl.

1<]i|<my,

By identifying the direct sum @p2 ,(BT)*" with Hy+ and setting p = &°p;, we can define
an approximate unit u, = ®;_;p;. The explicit form of p; given above shows that u, is a
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subsequence of the approximate unit associated to the frame (pe};), and so in the convex hull.
Then p[D,un]p = Y21y p[D, pilp = Y27y pil D, pilpi = 0.
To show that 3) implies completeness, observe that p € Endy, (Hg+) if and only if p ® Idp

preserves the domain of D, and [D., p ® Idp] is a bounded operator. Let gy, i € 7, denote the
projection onto the submodule generated by the basis vectors e;, 1 < |i| < n, let xz; = pe;, and

Xn = D %) (il

Now on the image of p, a short calculation shows that x,y = xnpy = pgnpy. Then

P[De, Xnlp = p[De, panlp = p[De, planp-

The projections g, converge strongly to the identity on Hp+, and [D., p] is bounded. Therefore
it follows that for any = € Hp+, p[D., xn|pr = p[De, plgnpr — p[De, plpx = 0, and so Definition
3.9 is satisfied. ]

3.4 Self-adjointness and regularity

We now come to the study of self-adjointness and regularity of induced operators 1 ®v D on
tensor product modules. The setting for this construction is as follows. Let (B, Fo,D) be
the unbounded Kasparov module defining B, which we recall, Remark 1.19, is essential so
that [BF¢] = Fo. Given a projective module €5 C €V with grading v one obtains an odd
symmetric operator

1@y D:&®pDomD — EQpF, (3.14)

via the usual formula 1@y D(e® f) :=v(e) @ Df + Vp(e)f. We extend 1 @y D to its minimal
closure.

In [13] it was shown that this operator is self-adjoint and regular in the case where p is a
direct sum of bounded projection operators. In [30] it was shown that there exist unbounded
projections for which the resulting operator is not self-adjoint. The counterexample uses the
half-line, a noncomplete metric space. In this section we show that for complete projective
modules the induced operator is self-adjoint and regular, by an argument similar to that for
the Dirac operator on a complete manifold.

Write 0 := v(1 ®y D)v* with domain and definition
Domd = vDom(l ®y D) ® (1 — p)Hp+@p+Fo, I(vy+ (1 —p)z) =v*(1®v D)y. (3.15)
We have G(0) C (Hp+®p+Fo)®?, and the graph of the adjoint operator 9* is given by

G(9%) := UG(9)*, where we recall that U = <(1) _01>

Lemma 3.13. The operator 1 @y D is self-adjoint and regular on Dom(1 @y D) if and only
if the operator 0 is self-adjoint and regular on Dom 0.

Proof. Recall that a closed, densely-defined symmetric operator T : Dom T — FE is self-adjoint
and regular if and only if the operators 7'+ i : DomT — E have dense range, cf. [38, Lemma
9.7, 9.8] and [31, Proposition 4.1].

Suppose that 1 ®y D £ have dense range. Then, for z = vy + (1 — p)z with y € Dom(1 ®v D)
we have

Oxidr=v(leyDLtiy+i(l—p)z, 1@vD=Li)y=0v"(0=Li)z.

33



Since Im v and Im (1 — p) are orthogonal, it follows that 0 #+ i has dense range in Hp+ Qg+ Fo
if and only if (1 ®y D) & i has dense range in EQgF(. O

We now prove that 0 is self-adjoint and regular. Since the representation of B on F¢ is assumed
to be essential, we have the identification

Hp+@p+ Fo = @ Fo, (3.16)
i€l

and the self-adjoint regular operator D, coincides with the operator 1 ®4 D on Hp+@p+Fo
and ed the trivial connection.

Lemma 3.14. Let (B, F¢, D) be the defining unbounded Kasparov module for B, with [BF¢| =
Fg, and let Eg C EY be a complete projective module over B with grading v and defining frame
(2i);e7- For an elementary tensor e® f € E@g+Dom D, (1@vD)(e® f) is given by the formula

W)@ Df+V(e)f = >z ® (wi,y(e)Df +v(z:) @ [D, (i, )] f

i

= > 2@ @,7(€)Df + > 3 ® (zi,y(x;))[D, (xj,€)]f  (3.17)
i€ i,jeL

= Y i @Dly(mi),e)f =Y V(@) @ Diwi,e)f. (3.18)
i€ ic’,

More symbolically, 1 @v D = v*0v = v*D.v on € @ DomD and d = pD.p on v€ g+ Dom D.
The map

g: e965C(D) - G(1ey D), e® (5}) s <(1 ®V€§(J;®f)> , (3.19)

18 a completely contractive operator with dense range.

Proof. First we show that the sum (3.17) is convergent, so that the map (3.19) is well-defined.
The first term on the right hand side of (3.17) converges trivially. For the second term we
prove slightly more, estimating for finite sums ), e, ® f € &Y @5 Dom D

| S i) D, ogsefe]

< I el (55 ot i)
it jkez (3.20)

< Zﬁv(ek)ﬂv(ek)*ﬂ | Z<fk7 Tl
e [£(() ()

proving that both (3.17) and (3.18) are well-defined. The estimate (3.20) also provides half of
the estimates needed to prove continuity of the map g. The other half is proving continuity of
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e® f > y(e) @ Df. So, again, consider a finite sum 3, e, ® fi € €Y @3 DomD. We have the
2
< [ hteroent],,, | @s s

estimate
Tk
< Zwv ex)mv (ex)" || HZ <<ka> ’ <ka>>

by using the fact that the C*-module tensor product E ®p F' is isometrically isomorphic to
the Haagerup tensor product EQgF cf. [9, Thm. 4.3].

Combining the two norm estimates above and taking the infimum over all representations in
the tensor product shows that the map ¢ satisfies

(e ()] <2 [Eroteoe ()]

and we are done. O

<2

Lemma 3.15. Let Eg be a projective operator module with column finite frame (z;) and R €
€ (xn). Then

1) the operator vRv* maps Dom D, into Dom 9;

2) the operator vRv* maps Dom 0* into Dom D, ;

3) if Ep is complete, then vRv* maps Dom 0* into Dom D, N Dom d C Dom 0.

Proof. Tt suffices to show that the frame approximate unit x,, of (z;) has the properties 1), 2)
and 3), for then any finite convex combination R of x,’s also has these properties. For 1),
consider the adjointable operators

p — UX RV 0 ) 5 ®2 5 ®2
ﬂ-D(Xk) = <p[Dg,UXk'U*] UXkU*) . (}CB@BF) — (’UE@BF)

Forz =h® f € Hg ®3 DomD C Dom D., we have that

vxpv(z) = Z v @ (x, v (h)) f = Z v @ (v, h) f, (3.21)

1<|i|<k 1<i|<k

and since v(x;),h € Hp+, we have (vx;, h) € B and thus (vz;, h)f € DomD. Hence the finite
sum (3.21) is an element of v€ ®p Dom D C Dom 0. By Lemma 3.14 we get that

P r o\ VXU T [ vxpvtx
mp (Xk) (Dﬂ) o (p(DE)vka*x) a <(911ka*:5) ’
It follows from (3.16) that He @5 Dom D is a core for D,, for it contains the algebraic direct

sum @, 5 DomD. Thus the bounded operators 75 (xx) map a dense subspace of G(D;) into
G(0), and therefore they map all of G(D.) into G(9). This proves 1).
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For 2), consider the adjoint 7% (yx)*, which by 1) maps G(8)* into G(D.)*. The equalities
G(0)*+ = UG(0*) and G(D.)* = UG(D,) allow us to compute, for 2 € Dom 9*

. [—0"x oxv*  —[De,oxpv*p\ (—0*x
P
D(Xk) < T > ( 0 vxEU* T

) <vxka 7~ [De, vxeu V”) € UG(Ds).
VXEU T

Hence vxiv*x € Dom D, whenever x € Dom 0* which proves 2).

For 3) it suffices to show that vx,v* maps Dom 0* into Dom 0 and then use 2). Let z € Dom 0*
and, since £p is complete, let uy € €(x,) be the approximate unit from Definition 3.9. By
2) vxpv*x € Dom D, and by 1) vugv*vy,v*x € Domd. We have limy vu,v*vx,v*x = vx,v*z
in norm in Hp+@p+ Fo. Now the operator p[D., vugv*]p is defined on the dense subspace
v€ @p+ Dom D, and bounded there. Hence it extends to a bounded operator on the whole
module Hg+ @+ Fo. The relation

(Ovugv™ — vupv™De)p = p[De, vurv™|p, (3.22)

which is valid on the subspace Dom d N Dom D, N pHp+Xp+ Fe, along with the boundedness
of p[De, vurv*|p, imply that the left hand side of Equation (3.22) is bounded. Combining all
these facts with the strict convergence p[D., vuiv*]p — 0, we find that

h/]in Ovuv* vy vt = li}lﬂm VUV Do nv* T + Qvupv vxa v — vupv* Doy, v
= liin vupv* pDepuxnv* T + p[De, vurv*poXxpv*E

which since vugv* — p strictly, shows that the sequence converges. Since 0 is closed, vx,v*x €
Dom 0. O

The paper [31] introduces a local-global principle for regular operators on C*-modules, though
this had been independently developed by Pierrot in [45]. The main technical tool developed
is the following. Let Ep be a C*-module and ¢ : B — C a state and H, = L%*(B,o) the
associated GNS representation. The localisation E? is the Hilbert space completion of Ep
in the inner product (e, f)s := o((e, f)), and there is a dense inclusion ¢, : Eg — E? and a
x-representation 7, : End’;(Eg) — B(E?). Equivalently, E° = E®p L*(B, o), where L?(B, o)
denotes the GNS representation space of B defined by the state 0. A closed, densely defined
symmetric operator 7' on E induces a closed densely defined symmetric operator 77 in E?, by
defining it on the dense subspace t,(DomT) C E? and taking the closure. It then holds that
to(Dom T%) C Dom(77)*, cf. [31, Lemma 2.5].

Theorem 3.16 (Theorem 4.2, [31], Théoreme 1.18 [45]). Let T' be a closed densely defined
symmetric operator in the C*-module Ep. Then T is self-adjoint and regular if and only if all
localisations T are self-adjoint.

For an unbounded Kasparov module (B, Frr, D) and a state o : C'— C we obtain a contractive
map B — Lip(D7). This follows because by definition ¢, (Dom D) is a core for D7 and for all
b€ B and f € DomD we have 75(b)ts(f) = to(bf) € to(Dom D). Thus 7, (b) preserves the
core 1y(D) for D?. The commutator satisfies

D7, 7 ()i (HI* = llia (D, BLAI* = o ([D,0)f,[D, b)) < D, bllIPo (£, £))

3.23
DB ()] (3.23)
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and is thus bounded on this core. Thus [D7,7,(b)] = 7,(|D,b]) and we can write mpo (b) =
7o (mp (b)) and hence the map mp(b) — mpe(b) is completely bounded. We let B? be the
completion of B is the norm induced by 7pe, and define the localised module Ex- over B via
the map He+ — Hpo+.

Lemma 3.17. Let Eg be a complete projective operator module for (B, Fo, D) with column
finite frame (x;) and frame approzimate unit x,,. Then for all states o : C — C, the localised
module Epo is a complete projective module for (B?, F°,D?). Moreover, under the identifica-
tion EQpF° = (E®QpF)° we have 1 @y D7 = (1 @y D)° as unbounded operators. Therefore

1) for each m, the operator vy (xyn)v* maps Dom(97)* into Dom 07 ;

2) there is an approximate unit (un) C €(xn) such that p[DZ,vry(un)v*|p converges to 0
x-strongly on Hg+ Qg+ F°.

Proof. To check that Egs is a complete projective module, it suffices to show that the defining
frame (x;) of €z is column finite for B?, and that there exists an approximate unit (u,) €
% (xn) such that p[DZ, vu,v*]p — 0 *-strongly on Hp+@p+ F°. Column finiteness follows from
complete boundedness of the map 7 (b) — mpo(b), proved after (3.23) above. This is because
complete boundedness shows that for all e € Ep

[mpe ({zis €));czll < Mmp (@i, €)); 5l

and so in particular for all the vectors x;. Definition 3.9 gives an approximate unit (uy)
in the convex set €(xn) C Fing(€) for which the sequence p[D?,vu,v*|p converges to 0
strictly on Hpg+@p+ F and is therefore uniformly bounded in n. Thus the localised sequence
p[DI, 7o (un)|p = 7o (p[De, un|p) is bounded as well and converges strongly to 0 on the dense
subspace H g+ @ty (F) and thus on all of Hp+ @F°. Hence Ego is a complete projective module
for (B?, F?,D?), which in particular proves 2).

The operator 1 ®y D7 is defined on its core € @p+ Dom D while (1 ®y D)7 is defined on
to(Dom 1 ®y D). We claim that the subspace

X :=1,(E @3 DomD) = € @3 t,(Dom D) C 1,(Dom 1 @y D),

is a common core for (1 ®y D)? and 1 ®y D?. Since € ®3 Dom D is a core for 1 @y D, its
image under ¢, is a core for (1 ®y D)?. To see that it is also a core for 1 ®y D7, we use the
definition

1oy D7(e® f) =7(e) @ Df + Vop(e)f = () ® D7f + > 7(x:) @ [D, (ws, €)] .

and take a sequence fr € DomD converging to f € Dom D’ in the graph norm. The term
~v(e) ® D fi, will then converge to y(e) ® D7 f. The other term can be estimated using the
Haagerup norm

DIRICD (i el (fi = foll, < | Z |3) x"HK(E) (D, (i, ) (fr = £o))icall”
< [[(D, (@i )izl 1 —feHQa

and the norm of the column ([D, (z;, €)]),. is finite because e € £3. Therefore we can approx-
imate any y € € ®5 Dom D? by elements of X in the graph norm of 1 ®y D?. Thus the closure
of 1 ®y D? on X contains € ®p Dom D? which is the defining core for 1 ®y D?. Therefore X
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is a common core and since the operators (1 ®y D)7 and 1 ®y D? coincide on X, it follows
that (1 Qv D)U =1®y D°.

Statement 1) now follows by applying Lemma 3.15 to the frame (z;) of the complete projective
module Exo. U

We now come to the main application of complete projective modules: self-adjointness of
the connection operator 1 ®v D. A further application of the domain mapping properties of
approximate units then allows us to show that K(€V) is a differentiable algebra.

Theorem 3.18. Let Ex be a complete projective module for (B, Fo,D). Then the operator
1 ®v D is self-adjoint and reqular.

Proof. We must show that for all states o : C — C the operator 9° on the Hilbert space
(E®pF)” = EQpF7 is self-adjoint. Let (u,) C ¢ (xx») be an approximate unit as in Definition
3.9. By Lemma 3.17, vmy (uy,)v* maps Dom(97)* into Dom 0 and p[D?, vmy (uy, )v*|p converges
to 0 *-strongly on Hpg+®@p+F? . Using Lemma 3.14 we have that 0%z = pD.px for = in the
dense subspace Hg+ ® Dom D?, which is a core for 3?. Thus, suppressing 7, in the notation,
we have

[07, vugv*]|z = O%vugv*z — vugv*0°x = pDI pvugv*r — vupv*pDIpxr = p[DI, vurv*pr — 0,
(3.24)
in norm, and by uniform boundedness of p[D.,vurv*]p, the convergence holds for all z €
Hyp+ @F7. Since there is an equality of closures

[(09)*, vupv*| = [07, vugv*],

and the latter operator is bounded, it follows that [(07)*, vugv*] — 0 strictly on Hy+@p+ F.
Therefore if y € Dom(97)* then vugv*y € Dom 0% by Lemma 3.17, and vugv*y — y. Whence
by (3.24) we can compute

(07)*y = limvugv*(907)*y = lim 0% vukv™y — [(07)", vurv™]y = lim 07 vugv™y,

and it follows that 0%vugv*y is convergent to (07)*y since vugv*(97)*y is. So Dom 97 is a core
for (07)*, and as 07 is a closed symmetric operator, it is self-adjoint. The local-global principle
of [31, 45] now says that 0 is self-adjoint and regular. O

We now describe the algebra of adjointable operators on a complete projective module. Let the
isometry of C*-modules v : E — Hp+ be such that it induces a column finite frame (z;);5,
which in turn determines a complete projective submodule &; C &Y C Ep. The defining
representation
vKv* 0
K) =
v (K) (p[DE,UKU*}p ’UKU*> ’

preserves the submodule (pHp+ @5+ F) ® (pHp+@p+ F), and annihilates the orthogonal com-
plement.

Definition 3.19. The algebra of adjointable operators on the module €V is the idealiser of
v (K(EY)) in End((pHp+ @p+ F)®2). It is denoted Endj(EV).
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Proposition 3.20. If €3 is a complete projective module then Endj(EY) is an operator
x-algebra, isometrically isomorphic to M(K(EY)) and coinciding with a closed subalgebra of
Lip(1 ®v D). Hence K(E€V) is a differentiable algebra.

Proof. This essentially follows from Propositions 1.9 and 1.17. Since 1 ®y D is self-adjoint
and regular the commutators [1 ®y D, vKv*| coincide with the operators p[D., vKv*|p when
K is finite rank. Suppose now that 7" € End}(€Y), so there is a sequence of operators T},
such that for all K € Fing(€) we have T,,K € Fing(€) and both T,, K and p[D.,vT,, Kv*]p are
convergent. Then since

p[De, vT, Kv*]p = [0, vT, Kv*],

it follows that
O(vT,,Kv*x) = [0,vT], Kv*]z + vT,, Kv*0(x),

is convergent for all x € Domd. Thus T'K preserves Dom0 for all K € Fing(€) and
vFing(&)v* - Domd is dense in pDomd in the graph norm by definition of 1 ®y D. Thus
T preserves a core, and on this core the commutator

[0, vTv* lvKv*x = [0,vT Kv*|x — vy(T)v*[0, vKv*]z,

is a bounded operator. Thus vT'v* € Lip(0), which is equivalent to 7" € Lip(1®vy D) as desired.
The argument now proceeds as in Proposition 1.17. ]

4 Completeness and the Kasparov product

The constructive approach to the Kasparov product has appeared in several slightly different
versions in recent years, [13, 32, 42]. The variations have come from the assumptions imposed
on the correspondences (A, €z, S, V) which refine the notion of unbounded Kasparov module.
The most recent refinement in [13] was the inclusion of a class of unbounded projections
into the theory, required to deal with examples arising from the Hopf fibration. Unbounded
projections also appear in the construction of products for Cuntz-Krieger algebras [25], the
natural Kasparov module for SU,(2) [35, 48] and the differential approach to the stabilisation
theorem [30]. In the previous section of the present paper, the notion of complete projective
module enlarges the class of unbounded projections we can work with.

4.1 Constructing the unbounded Kasparov product

In this section we will show that the lifting constructions of [4, 37] can be refined in such a
way that we can lift a pair of cycles (A4, Ep, F1) and (B, F¢, F») to an unbounded Kasparov
module (B, Fo,T) and a correspondence (A, Eg, S, V) for (B, Fo,T). This has the advantage
that their Kasparov product as constructed through Theorem 4.4 is then well-defined. Since
we only have to lift two classes, we provide a significant improvement over the results of [37],
where it was shown that any three K K-classes, with one the product of the other two, can be
lifted to unbounded classes in a way compatible with Kucerovsky’s conditions for representing
products [36].

Our first task is to assemble the results in the literature and blend them with the present work
in order to give sufficient conditions under which the unbounded Kasparov product can be
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constructed. These conditions will allow us to show in Section 4.4 that any Kasparov product
can be realised as the composition of a correspondence and an unbounded Kasparov module.

Definition 4.1. Given (B, Fo,T') an unbounded Kasparov module with bounded approximate
unit for B, an A-B correspondence for (B, Fo,T) is a quadruple (A, £p,S, V) such that:

1) €3 is a complete projective operator module over the algebra B;

2) A is a *-algebra and A C End}(€Y) N Lip(S);

3) S : DomS — E is a self-adjoint regular operator such that (S +i)~! € Endj(€Y) and
a(S+i)7t € Kg(€Y) for a € A;

4) V : &V — E@pQL is a connection such that V((S+4)71€Y) C Dom S® 1 and the operator
[V, S)(S+i)~t: &V - Exz0L is completely bounded.

The correspondence is called strongly complete if there is an approximate unit (u,) for the
C*-closure A of A such that both [S,u,] — 0 and [1 ®v T, u, ® Idg] — 0 in C*-norm.

In condition 4), we regard V as an odd operator so the commutator is the graded commutator
[V,S] = VS —~(S)V. One of the key points in the construction of the Kasparov product is
the self-adjointness of the product operator, and this is deduced from the general framework
of weakly anti-commuting operators described in the appendix.

Lemma 4.2. Let (A,E5,S5,V) be an A-B correspondence for (B, Fo,T). The self-adjoint
reqular operators s :== S ® 1 and t := 1 @y T weakly anticommute in EQpF.

Proof. We will show that the conditions of Definition 4.1 imply those of Definition A.1. By
Lemma 3.14 the map

g: 8v®-BG(T) — G(l v T)7 e® ({Z{f) = <1 ®Veﬁg® f)) ’

has dense range. This means that the submodule X := €Y ®5 Dom T, is a core for 1 ®y 7.
Since (S £4)7' : €V — €V, the resolvents (s + i)~! preserve the core X, so 1) of Definition
A.1 is satisfied. By condition 4) of Definition 4.1 it follows that ¢(s +i)~'X C Dom s, so 2) of
Definition A.1 is satisfied as well. On the core X the graded commutator can be computed as

[t,(s+i) ) =t(sti) +(sFi) = (sFi) (t(si)+ (sFi)t)(s+i)!
— (s 5 0) s t)(s £0) 7,
and this is a bounded operator because
[s,t](e® f) = (S@1)(v(e) @ Tf + V(e)f) +7(Se) @ T'f + V(Se) ® f = [V, S](e) f.

Thus, (s44)~! preserve the domain of ¢ and [s, #](s414)~! are bounded there, proving condition
3) of Definition A.1. O

Lemma 4.3. Let (A, €3, S, V) be an A-B correspondence for (B, Fo,T). For any K € K(E)®1
and t :=1®vy T, the operators (t 1) 'K and K(t+14)~! are compact in EQpF.

Proof. For any e € & we have the norm convergent series > . _»[T¢, (z;, €)]*[T:, (2, €)], which
implies that the operator

tle) = y(eNT : f =Y ai@Tzie) —v(e) ©Tf =Y 2@ (T(wise) — (wi, v (e)T)f  (4.1)

i€Z

= le & [Tg, <-’Ei, 6>]f,
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is bounded. Moreover, for any e € E the operator |e)(T +4)~! : F — E®pF, is compact for if
uy, is an approximate unit for the C*-algebra B then |eu,) — |e) in norm and thus

leN(T i)t = lim |eu,)(T i)™ = |e)u, (T 1)L,
n—oo
is a norm limit of compact operators, whence compact. Therefore, by (4.1)

(t=4) " er)(ea| = Iy(e))(T£1) " eal + (t£0) " (le1)T —t|y(er)) £iler —y(en)))(T£0) ™ eal,

is a compact operator. Hence (t 4-4) "' K is compact for all K € K(F) ® 1. O

The following theorem encompasses and generalises the constructions of the unbounded Kas-
parov product that have appeared in [13, 32, 42].

Theorem 4.4. Let (B, Fo,T) be an unbounded Kasparov module and let (A, Eg,S,V) be an
A-B correspondence for (B, Fc,T). Then (A,(E®@pF)c,S® 1+ 1®y T) is an unbounded
Kasparov module representing the Kasparov product of (A, Ep,S) and (B, Feo,T).

Proof. The operator 1 ®y T is self-adjoint and regular in FQgF by Theorem 3.18, as is the
operator S®1. Now S®1 and 1®vy 1 weakly anticommute by Lemma 4.2, and hence their sum
is self-adjoint and regular in E®pF by Theorem A.4. Lemma 4.3 replaces [32, Proposition
6.6] so that the argument of [32, Theorem 6.7] shows that S ® 1+ 1 ®y T has locally compact
resolvent. Thus (A, (E®pF)c,S ® 1 +1 ®y T) is an unbounded Kasparov module. One
then shows, exactly as in [32, Theorem 7.2] and [42, Theorem 6.3.4], that the hypotheses
of Kucerovsky’s theorem, [36, Theorem 13], are satisfied. Hence this cycle represents the
Kasparov product. O

Now we embark on a series of lifting results of increasing sophistication, whose ultimate aim is
to show that any pair of composable K K-classes can be represented by unbounded Kasparov
modules satisfying the hypotheses of Theorem 4.4. Recall that for a bounded (A, B)-Kasparov
module (A, Ep, F') the associated ideal of A-locally compact operators is

JaA(EB) :={T € Endy(Ep) : aT, Ta € K(Ep) for all a € A}.

The operator F is in the idealiser of J4(Ep), for if T' € Ja(Ep) then FTa € K(Ep) since
Ta € K(Ep) and aFT = FaT — [F,a]T € K(Ep) as well. Moreover, 1 — F? and hence
(1-— FQ)% are both elements of J4(Ep). The C*-algebra J4(Fp) is not o-unital in general.
The following counterexample to o-unitality arose from discussions of the first author with J.
Kaad: Let I be an ideal in a unital C*-algebra B. Take E := Cy(N, I) viewed as a C*-module
over Co(N,I) and let A := Cy(N, B). Then Ja(E) = Cy(N, I) which is not o-unital.

Lemma 4.5. For a Kasparov module (A, Ep, F') with F* = F, define
Jr :=K(Ep) + C*(1 — F*) + FC*(1 — F?).

Then Jg is a separable C*-subalgebra of Ja(ER) containing K(Ep) as an ideal and with the
property that FJp, JpF, AJp, JFA C Jp.
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Proof. The space C*(1 — F?) + FC*(1 — F?) is a commutative separable C*-algebra. First, it
is a separable linear space. Second, because the operator F' commutes with C*(1 — F?), it is
*-closed. Finally, for a, b, ¢, d € C*(1 — F?), we have

(a + Fb)(c+ Fd) = ac + F(ad + bc) + F?bd = ac + F(ad + be) + (F? — 1)bd + bd,

which shows that C*(1 — F?) + FC*(1 — F?) is C*-algebra. It thus follows by [33, Section 3,
Lemma 2] that Jr is a separable C*-algebra containing K(Ep) as an ideal. Moreover, since
FK(Ep) C K(Ep) and F2C*(1 — F?) C C*(1 — F?), just as for F above, it follows that F.Jg
and hence also JpF are in Jp. That AJp, JpA C Jp is immediate. ]

In [4] it was shown that any bounded Kasparov module (A, Ep, F') can be represented by an
unbounded Kasparov module (A, Eg,D). The operator D is obtained from F' by construct-
ing a suitable strictly positive ¢ element in the ideal Ja(FEp) and then setting D := F¢~1.
The element ¢ is constructed from an approximate unit for Jp with certain quasicentrality
properties.

Definition 4.6. Let (A, Ep, F) be a Kasparov module with [AEp] = Ep, F = F* and
1 — F? > 0. A strictly positive element ¢ € Jr is admissible if:

1) F : /E — (E and there exists C' > 0 with +i[F, (] < C/?;

2) (1-— F2)%€*1 is bounded on the range of ¢ and has norm ¢ < 1;

3) there is a total subset {a;} C A for which a; : /£ — (E, the commutators [(~!,a;] and
[F,a;)¢~1 are bounded on the range of ¢, and so extend to operators in End;(E).

Theorem 4.7. If { € Jg is admissible then D := %(Fﬁ_l +07YF) is a self-adjoint regular
operator with the property that (A, Eg, D) is an unbounded Kasparov module defining the same
class as (A, Ep, F).

Proof. Because F preserves the image of ¢, the operator ¢~'F is defined on Im/, and in
particular F¢~! has a densely defined adjoint. Moreover,

(&i[F, 07 0e, Le) = (£il™L[F, fe, te) = (Fi[F, (7 ]e,e) < Clle, le),

so [F,£~1] is bounded on Im ¢. Tt is shown in [37, Lemmas 1.4, 2.2] that F//~! defines an almost
self-adjoint regular operator on Ep with resolvent in Jr and that it has bounded commutators
with all the a;. Thus (A, Ep,D) is an unbounded Kasparov module and it suffices to show the
equivalence of the Kasparov modules defined by F' and @(1 + @*@)_1/ 2 where D =F¢1. By
[6, Proposition 17.2.7], it suffices to show that

a(FD(1+ D*D)~ Y2 +(D(1 + D*D)~V/2F)a*
is positive modulo compacts for all a € A. Simplifying yields
FD(1+D*D)"Y2 + D1+ D*D)~/2F
= F27 Y1+ (FeY (FeY) Y2 4 Pt (U + (R (e b))~ Y2F
= F[F (14 (F ) (Fe )2 4 FEE, (L (R (FE)) 12
+ 2F V22 (L4 (Fe Y Fe Y Y2)F 4 2F0 V2 (1 (Fe Yy P~ V2- 12
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The first term on the right hand side of the last equality is compact when multiplied by any
a € A on the right and the last term is positive, so we are left with the second and third terms.
Now we compute the commutator in the second term using the integral formula for fractional
powers, [14]. So

1 / CATV2UE (A4 1+ (P (FE) Y d
0

™

CHE, (L + (Fe Y (Fe 1))~ =

= —% /OOO A V20 N4 1+ Y TR (FEY (FEY (A4 14+ 0 F2e 1) an

= —% /OOO A O B A e A R A ) O S A A IR\

— % /OOO A O R A A A ) AN A (O A A A IS

We observe that £~1(1 — F2)1/2 is bounded and of norm ¢ < 1 by Definition 4.6. It follows
that £~ F20~1 = 072 — =11 — F2)¢~1 > ¢=2 — ¢%1. The functional calculus then yields the

estimates [15, Appendix A] (for the norm of endomorphisms on Ep)

1

CHA4+A+02 =) < M — =
[ 1+ A+ 072 =) < <5

1
N |G ey Ny e
2V1+ X —¢2 It )

Thus the integral converges in norm. Since multiplying the integrand on right and left by an
element of A yields a compact endomorphism, the same is true of the integral. For the third
term the integral formula yields

6_1/2[6_1/2, (1 + €_1F2£_1)_1/2]

— 12l / A2+ A4+ 0 P2 T e 2 R (1 4 0P R - 0) T
0

s

In order to obtain the norm convergence of this integral, we write
£_1[€_1/2,F2]€_1 _ e—l/?(ﬁ—l(};@ - l)f_l) o (f_l(F2 - 1)£—1)€—1/2

and
8_1/2(1 + A +€_1F2€_1)_1 _ 6_1/2(1 + )\+€_1F2£_1)_1£_1/2£1/2.

Since £V2(14+ A+ 07 F20~ 1)~ 10=1/2 <711 + A+ £72 — )71, the same norm estimates we
used for the second term give us

[ 22 (L T ER ) )

02

o —1/2 2\—3/2 02”51/2” 12 2\—1

<— | X2a+a=-A)7Y d)\+/ AV21 40 =) < 0
2 0 4 0

and so the integral converges in norm. As multiplying the integrand on both sides by an

element of A yields a compact endomorphism, the same is true of the operator defined by the

integral. This completes the proof. O
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4.2 Quasicentral approximate units

The construction of an admissible multiplier ¢ needed in Theorem 4.7 uses quasicentral ap-
proximate units as in [4]. In order to lift Kasparov modules to correspondences, this notion
needs to be refined. The existence of quasicentral approximate units in C*-algebras has been
crucial for the development of K K-theory, notably in Higson’s proof of the Kasparov technical
theorem.

In this section B will always denote a unital operator algebra, and J C B a closed
ideal with bounded approximate unit.

For such g and B, we wish to prove the existence of quasicentral approximate units. We will
do this by using the argument of Akemann and Pedersen [1]. This method was employed
in [2, Theorem 3.1] to construct quasicentral approximate units for closed ideals in operator
algebras with contractive approximate units. By virtue of Proposition 1.7, the technique works
for operator algebras with bounded approximate unit.

In Theorem 4.15 below, we prove a strong form of quasicentrality, unknown even in the case
of C*-algebras. Namely, we will view the ideal § C B as sitting inside End%(Hg) as ‘scalar’
matrices J - Idg,. Although J is not an ideal inside End%(Hg), we will see that J admits
approximate units that are quasicentral inside Endy(Hz). That is [uy - Idg¢,, 7] — 0 in norm
for all T € End(Hg).

By an ideal in an operator algebra we will always mean a closed, two sided ideal. For an
operator algebra B its amplification is

B :={(bi);es, € [ [ B : sup l|ball < o0},

i i€Z

which is canonically an operator algebra in the indicated norm.

For a general operator algebra B, the module of infinite columns Hg is paired with the module

of infinite rows J{B via
t
((0)f 0 (Ci)yez) == D bics,

and Endj (Hg) is defined to be the algebra of completely bounded operators T": Hg — Hg for
which there exists T : HE — HE such that (z,Ty) = (Tx,y) for all z € HE, y € Hg, cf. [8,
Section 3]. For operator x-algebras, the spaces 3% and Hg are anti-isomorphic ([42, Lemma
4.4.1]) and this definition of Endj(Hz) is equivalent to the one given earlier in (3.2).

We wish to describe End%(Hgp) as an algebra of infinite matrices. Since B is unital, to an
element 7' € Endj(Hz) we can associate matrix coefficients (7;;) by using the canonical basis
e; of Hg. For an infinite matrix T := (Tij)ijez the N-truncation is the finite 2N x 2 N-matrix

Ty = (Tij)n = (Tij)i<jil,lj|<n-

Lemma 4.8. Let T' € Endi(Hg) and m: B — B(H) be a completely isometric representation.
Then the matrixz coefficients T;; € B satisfy

> w(Ty) w(Ty) < oo, > w(Tij)n(Tij)* < o,

i J
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where these series are norm convergent in B(H). For any (b;),.; € Hp the series
Yom(Tig)w(by), Y w(Tiy) (b
jei J
are norm convergent in B(H).
Proof. Using the basis vectors e; and considering
T(ej) = (Tij);es, € Ho, T(ej) = (Tji);ep, € Hi,

we obtain the stated conditions on the rows and columns of 7. Considering the series ) ; Tizby,
estimate the tails by

1" 7@ =1 > wlan) (L) = (T)m (b))

lj[>n 7], |k[>n
= | ((bk)) i - (7(Ti >*>|k|>n AT (T iz - (70)) 120l
<1 w @) m @) | (Tn) ) gzn - (7 (L)
= llzl5e, || D w(Tij)m(Tyy)*|| =0,
l7|>n

as n — oo because the the rows (Tij)jez are elements of Hg. The argument for the series
> m(T35)*m(T35) is similar, now using the condition on the columns of (75;). O

Given a closed, two-sided ideal § C B there is an embedding Hy; — Hg and we define the

subalgebra
Endy(Hg,d) = {T € Endy(Hp) : THgp C Hy}. (4.2)

Lemma 4.9. Every T € End%(Hg) has the property that THy C Hy. Consequently the
subalgebra Endy(He, J) is a closed two-sided ideal in Endy(Hep). The algebra Endy(Hs, J)
can be equivalently defined as the subalgebra of those T € Endy(Hs) all of whose matriz
coefficients T;; € J.

Proof. Let x = (bj)j c7, € Hy and e; the standard basis elements of Hz. We need to show that
for T' € Endy(Hsp), the coordinates (e;, Tx) are elements of J. For an isometric representation
m we have
m((ei, Tx)) = Zﬂ-(Tijbj) €d,
jEZ
which is a convergent series by Lemma 4.8. The elements of the series lie in g since b; € g, and
d is closed, so it follows that (e;, Tz) € J.

To see that Endj(Hsp,d) is closed, we use the fact that Hy C Hg is closed. For then if T}, is
a sequence in End}(Hsp,d) which is Cauchy for the norm on Endj(Hgp) then for each x € Hgp
the sequence T,z € Hjy is Cauchy. Hence the limit Tz € Hg is actually an element of Jj.
For S € End;(Hgp), T € Endy(Hsp,d) and x € Hg we have STz € Hy because Tx € Hy and
TSz € Hy by definition of Endg(Hg, J).

It is immediate that for T € End}(Hg, J) all the Tj; are in J. Conversely, if Tj; € J for all 4, j
then by Lemma 4.8 for any (b;),; € Hg we have T'(b;),.5 = (3 Tijbj),c5 which is an element
of Hz all of whose coordinates are in J and hence an element of Jj. O
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For a directed set A, the set
A = {(Al)zez T\ € A},

is a directed set with the partial order
(Ni) < (i) © Ni < g, forall a.
If {uy}aren is a bounded approximate unit for an ideal § C B, then
u(y,) = {diag (ux,);ezt(n)ens

is a net in End%(Hg, J) indexed by A*°. The diagonal matrices v, ) defined by

constitute a subnet. The algebra Endj(Hg,d) admits an approximate unit whenever J does.

Lemma 4.10. If (u))xea is a bounded approzimate unit for J, then:

1) the net (u(x,))(r;)en, s a bounded approzimate unit for Endy(Hs,d);

2) the subnet (v, x) is a bounded approzimate unit for K®J. In particular KRJ has a sequential
approzrimate unit whenever J does.

Proof. Given an operator T := (b;;) and € > 0, by Lemma 4.8 we can choose \;, j € 7, such
that the columns (b;;); satisfy

(bij — bijun,)il| < 2~ WG,

Since (Aj);c7 € A%, the matrix u(,) = diag(uy,) is an element of the directed set in 1). We
can estimate

[T diag(uy,) — T = [ (bij)diag(uy;) = (big)[| = | Z(bij% = bij)il

J
<> lbigun, — big)ill < S e2 WD <
J j

showing we have a right approximate unit. In a similar way one shows that the directed set is
a left approximate unit. The proof of 2) is similar but easier. O

We define two representations m : B — B(H,) and p : B — B(JH,) to be cb-equivalent if there
exists a cbh-isomorphism g : H; — ¥, such that 7= = g 'pg.

Lemma 4.11. Let 7 : Endy(Hg) — B(H) be a cb-representation. There exist idempotents
¢ € 7(Endy(Hgp)) C B(H) such that ), q; = 7(1) and sup; ||g;|]| < co. Consequently, m is
cb-equivalent to the representation

Endy(Hg) — IB%(@ qﬂf) (bij) = (qim(bij)gy)-
i€l
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Proof. Using matrix coefficients and embedding B in the (7,7)-diagonal slot of Endj(Hs)

we obtain from 7 a family of representations m; : B — B(H) satisfying mym; = 0. The
elements ¢; := m;(1) are the corresponding idempotents in B(JH). We also write ¢ = 7(1).
If we write 3{; := ¢;J(, then since ¢;q; = d;;, and ||¢;|| < ||7||, we have a cb-isomorphism

qH = P, .5, H; and so a cb-isomorphism g : 3 — (1—-q)HSEP, 5, H;. Using the identifications
[7(B)H] = qH and Nil 7(B) = (1 — q)H, this clearly gives a cb-equivalence between 7 and the
matrix representation (g;m(a;;)gq;). O

Lemma 4.12. Let J C B be an ideal in a unital operator algebra B and let (uy) be a bounded
approzimate unit for §. Let m : Endyx(Hg) — B(H) be a cb-representation. Consider the
subalgebras § = §J - Idgg,, C Endy(Hsp,d) C Endyz(Hz) and the representations 7 : § — B(H)
and 7 : Endy(Hp,d) — B(H), defined by restriction. Then:

1) there is an equality of essential subspaces [1(J)H] = [r(Endy(Hs, d))H];

2) the idempotent ¢ = w-limuy € B(H) from Proposition 1.7 commutes with w(T) for all
T € Endj(Hsp).

Proof. First we show that [7(J)H] = [7(Endy(Hs, d))H]. It is clear that
[7(3)H] C [r(Endg(Hs, 9))H],

so we proceed to show the reverse inclusion. By Lemma 4.11 we may assume that there
are idempotents ¢; : 3 — 3 such that H = P, H; and 7w(a;;) = (gim(aij)g;). We wish
to show that for (h;) € [m(Endj(Hsp,d))H], it holds that m(uy - Ids,)(hi) — (h;), so that
(hi) € [7(d-1dg(, )H]. Thus we must show that for every e > 0 there exists 1 € A such that for
all A > p it holds that || (uy - Idsc, )(hi) — (hi)|| < €. Solet € > 0 and choose N € N such that

H > (hisha)

1
2 < €
: 2(

[i|>N

Cllmll +1)°

where C' := sup, |luy||. We claim we can choose p such that for all A > pand 1 <|i| < N —1

3

l7r(ux - dsey ) (ha)yij<n — (Ri)ji<n |l < 557 (4.3)

To see this, first observe that (h;)i<jij<n € [7(Endg(Hg,d))I(]. This is the case because

qN) = Z q; € End%(j‘fg),
I<[i|<N

and (h;)1<jij<n = qn)(hi). Then, by Lemma 1.6 and Lemma 4.10
m(uy - Id%g)(hi)|z‘|<N — (hi>|i|<N7

and since we only deal with finitely many entries (at most 2/V), this means we can choose p
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as in Equation (4.3). Thus we have for A > p that

[l (wx - Idgey, ) (hi) — (Ra) || < [l (- Idgey, ) (ha)1<pi<nv — (Ri)i<jij<nll
+ [l (ux - Idgeg ) (Ri) >N — (Ra) s w |l
< > lImilun - Idogy )hi — b

1<[i[<N

N|=

< g + ([l (ux - Idgeg )|l + 1) H Z (i ha)
[i|>N

£y ([l (ux - Idgey )| + 1)
2 2(C||| + 1) ’

<

showing that m(uy)(h;) — (h;).

In the same vein [7(J)*H] = [r(Endy(Hsp,d))*H]. As Endy(Hsp,d)) is an ideal in Endj(Hg),
the subspace [7(End%(Hgz,d))H] is Endy(Hgp)-invariant. The topological complement, given
by [7(Endj (Hsp, d))*H]*L, is Endj (Hsp) invariant as well. For if v € [r(Endj(Hsp, d))*H]*+ and
h € [m(Endy(Hs,d))*H], then ©(T)*h € [r(Endy(Hsp,d))*H] because Endy (Hsz, J) is an ideal
and thus

(m(T)v, h) = (v,7(T)*h) = 0.

That is 7(T)v € [r(End}(Hsz,d))*H]*. From 3), 4) of Proposition 1.7, we see that
gr(T)g =n(T)g, (1 —=g)n(T)(1—q) ==(T)(1 - q),
from which ¢n(T) = w(T')q follows readily. O

Lemma 4.13. Let (uy) be a bounded approximate unit for an ideal I in an operator algebra B.
Then for all T € Endjy(Hsp), [ux -Idse,, T) <> 0. That is, uy - Idge, commutes with Endj(Hsp)
weakly asymptotically.

Proof. The argument we give is modelled on the proof of [1, Lemma 3.1]. We assume that
End%(Hg), and hence § and B are completely isometrically embedded in B(H). Let the linear
functional ¢ : End%(Hg) — C be continuous. By the Hahn-Banach theorem we may extend ¢
to the enveloping C*-algebra C*(End;(Hsp)), the C*-algebra generated by Endj (Hg) C B(FH).
Since every element in the dual of a C*-algebra is a linear combination of four states, it suffices
to prove weak convergence with respect to all states of C*(End%(Hz)). If we denote by
my : C*(End%(Hp)) — B(H,) the universal GNS-representation of C*(End%(Hgz)), the state
¢ has the form b — (v, m,(b)v), where v is a vector in the GNS-space H,. Since (u)) is an
approximate unit for J, m(u)) converges strongly to an idempotent ¢ onto [7(J)H,]. By Lemma
4.12, ¢ commutes with m(a;;). Hence

liin d(Jun - Idge,, T)) = (v, [q, 7, (T)]v) = 0. O

Definition 4.14. Let J C B be an ideal and u) a bounded approximate unit for J. The
bounded approximate unit uy is said to be Endy(Hsp)-quasicentral if for all T € Endy(Hs)
we have limy ||[T, uy - Ids,]|| = 0.
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We are now ready to establish the existence of Endj(Hsp)-quasicentral approximate units. It
should be noted that this result is new even for C*-algebras.

Theorem 4.15. Let (uy)xen be a bounded approrimate unit for a closed ideal J in a unital
operator algebra B. Then there is an Endg(IHgp)-quasicentral approximate unit (vy,)uem for d,
contained in the convex hull of (uy).

Proof. The proof is formally identical to that of [1, Theorem 3.2]. We assume End%j(Hg) is
isometrically isomorphically embedded in B(3(). Denote by € (uy) the convex hull of (uy-Ids,, ).
Choose elements b1, ..., b, € Endj(Hg), v € € (uy) and € > 0. Consider

% (ux) C Endj(Hz)" = @D Endj (Hs),
=1

by diagonal embedding and set b = diag(by, ..., b,). Theset €, := {[u,b] : u € € (uy)} is convex
and hence its norm and weak closures in B(H") coincide. By Lemma 4.13, [uy - Idg, , b] =0,
and hence 0 must be a norm limit of elements of ¥;. That is, there exists v € %}, with
l[v,b]]| < e. Letting 2 denote the set of finite subsets of End3(Hz), the argument shows that
for each pair (\,w) € A x Q there is a vy, € € (u, : A < p) for which

o Bl <

jwl

for all b € w. The relation
Aw) <N, w)e A< N andw C W,

defines a partial order on A x €2, with respect to which (vy) is a bounded approximate unit. [

The next theorem considers quasicentral approximate units for algebras of multipliers, relative
to a second ideal. This result is not as general as the above theorem, but provides the statement
we need for our refinement of the Kasparov technical theorem in the next section.

Theorem 4.16. Let B be a unital operator algebra and X an ideal with bounded approzimate
unit (vyp). Assume that J, A C B are subalgebras such that J is an ideal in B, JA, AJ C K and
KA = AKX =K. If A has a bounded approzimate unit (uy) then there exists an Endy(Hsz,J)

quasicentral approximate unit for A contained in the convex hull of (uy).

Proof. Assume without loss of generality that End} (Hg) is completely isometrically embedded
in B(H) and let C*(Endz(Hg)) C B(H) denote its enveloping C*-algebra in this representation.
We wish to prove that for all functionals ¢ : End%(Hp,XK) — C, and all T' € Endy(Hs, d) we
have ¢([ug,T]) — 0.

As in the proof of Lemma 4.13, it will suffice to prove this for vector states ¢ = (v,-v) on
C*(End}%(Hg)) coming from the universal GNS representation 7, : C*(Endg(Hg)) — B(H,).
Since both K and A have bounded approximate units, Proposition 1.7 gives two idempotents:
p mapping onto

[ (K - Idge,, ) Ho] = [ (Endg (Hs, K))Ho],

(cf. Lemma 4.12) and ¢ mapping onto [m, (A - Idg, )] as the strong limits of (vy,) and (u)
respectively. Since AK = K, we have [, (A)[7, (K)FH,]] = [7,(K)FH,] and thus ur, — 1 strongly
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on [my, (K)H,] = pH,, again by Proposition 1.7. We claim that pg = gp = p. To see this, first
observe that pqg = ¢p, since by Lemma 4.13, p commutes with all elements of B and hence in
particular with A. Therefore, for any h € H, we have

gph = lim ugph = lim pugh = pqh.
Then since (uy) converges strongly to 1 on [m,(X)H,] it follows that
qph = lim 7 (uy,)ph = ph,

which proves our claim. Now let T' € End%(H,J) and consider [ug,T] € Endy(Hp, K). The
operator T commutes with p and since [ug, T| € Endj(Hg, K) this operator equals plug, T']p,
and

lim ¢([uk7T]) = lim<va77u([uk,TDU> = lim<U,p7Tu([uk,T])pU>
- <’U,p[q,7ru(T)]pv> = <U, [paﬂ'u(T)]U> =0.

Thus, the commutators [ug, T'] converge to 0 in the weak topology of Endj(Hsp, K). The same
argument as in the proof of Theorem 4.15 now shows that the convex hull of (uj) contains an
approximate unit that is quasicentral for Endj(Hg, J). O

4.3 Completeness and the technical theorem

Having established the existence of quasi-central approximate units in operator algebras with
bounded approximate unit, we can formulate an extension of Kasparov’s technical theorem in
the spirit of Higson, [26]. For practical purposes we state the following corollary of Theorem
4.15 as a Lemma. When (u,,) is a sequential approximate unit, we say that (v,) € €' (ug) is a
sequence of far out convex combinations if (vy,) € €' (ug : k > n).

Lemma 4.17. Let J be an ideal in a separable unital operator algebra B, (u,) a sequential
bounded approzimate unit for J. Let (z;)ien C B a countable norm bounded subset of B and
1 > e > 0. There exists a B quasicentral, sequential bounded approximate unit (v,) for d,
contained in the convex hull of (uy), such that

sup || [vn+1 — vn, 2i] || < ™.

1€EN
Proof. Assuming B separable and (u,) countable, the new approximate unit can be chosen
in such a way as to satisfy the asserted properties. This is done by choosing a countable
dense subset {b1,bo,...} of B, embedding B in B> diagonally as usual, and considering
z = diag(z1,...,2i,...) € B®. From the proof of Theorem 4.15 we obtain an Endj(Hs)
quasicentral approximate unit v, indexed by N x €, with €2 the set of finite subsets of
Endj(Hsp). Now choose vg := vyy,) and inductively assume vy := vn, o, € € (un) was chosen
from vy, in such a way that

Vg = Zkeiui, 0; €10, 1], Zk@i:l,

=Ny i=ny

for some ny, m; € N. Now choose

Vk41 := vnk+17{27b17-~-7bnk+1}?
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where ngy1 > my, yielding a sequential approximate unit for g, which is quasicentral for the
(b;) and hence for B, as well as for the element z € B>°. It should be noted that quasicentrality
does not necessarily hold for all of B>°. By choosing a subsequence, we can realise that

(w1 =vn)-1dscy, 2]} = 1[(vn1 = vn) - Tdacs, diag(zn, - 20, ] = sUP [[[ongr = vm, 2 < &7,
S

for the given sequence z; as desired. O

Theorem 4.18. Let B be a unital operator algebra, X C B an ideal with countable bounded
commutative approrimate unit and A,J C B closed separable subalgebras with AJ, JA C K,
K Cd and AKX = KA =K. Suppose we are given

1) a bounded total subset {a;} C A and countable bounded approximate units (uj,) C A, (v,) €
d, and

2) F € B such that 1 — F? € §,F3,JF C J, [F,A] C X and limy_,« ||[F,u}]|| = 0.

For any 0 < € < 1, there exist countable bounded approzimate units (vy,), (ux) contained in
the convex hull ‘g(vfc) and Cﬁ(ugg) respectively such that for d, := vpi1 — v, the following
convergence properties hold:

1) ||[dn, FI|| < €

2) |ldn, ai]|| < e2n for all i;

3) ||[dn, ur]|| < €2 for all k;

4) dn, ug]|| < €% for all n;

5) ||dn[F, ad|| < €™ forn > i;

6) ||dn[F,ui]|| < € for all n;

7) |dn[F, ug]|| < €2 for n > k;

8) ||uga; — as)| < g2k for k> i;

9) \|dn[F, ura; — ai]|| < €827 for n >k > i;

10)||[dy, uga; — ag]|| < ght2n formn >k >i.

In fact these properties continue to hold for any subsequence (vy,) := (vg,) and the conclusion
holds for any finite number of subalgebras A1, ..., Ay, satisfying the hypotheses on A.

Proof. The case of a finite number of algebras A, ..., A, is reduced to that of a single algebra
by setting A := ®}_ | A; C @] ;B and ®}_,J. We thus prove the theorem for a single algebra
A.

The hypotheses imply that J=1+F+JCBisan algebra and that J is an ideal in J.
Theorem 4.15 gives us an F-quasicentral approximate unit for J. Using this approximate unit,
consider B := 1+ A + d C B, in which J is an ideal as well. Embed B and hence X, J and A
into End (5{ ) as multiples of the identity operator Idsc; . The elements

a:= diag(ay,...,a;,...) and w:=diag(ul,..., u,...),

are elements of End%(i?{@) as well. Thus by Theorem 4.15, there exists a countable, com-
mutative, approximate unit (v,) C %(v),), which is quasicentral for a, u, whilst retaining
quasicentrality for F.

Write d,, := vp41 — vp,. By quasicentrality for F, a and u, we can re-index the (v,,) if necessary,
and we may assume that

l(dn, F1II, Nl alll, [l[d, ul| < €, (4.4)
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which in particular means that
ey il 1y ail]] < €27, for all i, .

This proves the estimates 1), 2), as well as 3) for for the approximate unit u}.

Next we construct an approximate unit (ux) C € (u},) satisfying 3) and 4). We again consider
the algebra B := 1+ A +J C B, in which J is an ideal. The uniformly bounded sequence
d, € J defines an element d := diag(di,...,dn,...) € End*@(ﬂ{@,ﬂ). Apply Theorem 4.16
to the approximate unit (u}) to obtain a countable approximate unit (ux) C € (u),) which is
quasicentral for d. Thus we may assume that

|[dn, ug]|] < E%, for all n.

Property 3) is preserved under convex combinations, and is thus valid for wy.

For 5), since [F, a;] € X C J, we may reindex v, and assume that

|dn[F, ;]| < 2", whenever n > i, (4.5)
as desired.
To prove 6), observe that because by assumption limy_,« ||[F, u}]|| = 0, we may assume that
o2k
IE wll < 5

with C := supy, ||vy||. Then since ||d,| < 2C the claim follows.
For 7) we use that [F,uy] € X C J so d,[F,uz] - 0 for each k, which, by passing to a

subsequence of the d,, if necessary, amounts to

|dn[F,us]|| < %", whenever n > k.

k .
For each a; we have the norm convergence uga; — a;. Therefore, given 0 < € < 1, we may
re-index the approximate unit uy for A such that

|ura; — ag|| < €, whenever k > i.

Note that such a re-indexing does not affect the norm convergence [F, uy] £, 0 nor the properties
3),4) and 6). To preserve property 7) we may need to pass to a reindexing of v,, which can be
done without affecting properties 1) — 6). This means that we may assume that for all k& > i
we have ||uga; — a;|| < €2*, which proves 8).

For 9) and 10), we can, since 8) is true, assume that for all i € Z we have that
z; := diag (W) € A% C Endj(Hsp).
k

Apply Lemma 4.17 to obtain an approximate unit (v,) for J which is quasicentral for all the
zi, and we may achieve
|[dn, zi]|| < €*, whenever n > 1, (4.6)

as well. Note that the estimates (4.4), (4.5), (4.6) remain valid when (v,) is replaced by a
subsequence or a sequence of far out convex combinations. The same is true when (ug) is
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replaced by a subsequence (i) := (up,), so that u is replaced by @ := diag(tx)x and z; by
i (Bt

Ildn, all] = sup ldn, @il = lldn, @n, ][l < sup [du, ur]ll < €*",

and

Uga; — a; Up, @i — 0
— ———

URQ; — a;
ek k

|[dn, Zi]| = Sup Il [dn, I < Sup [l [dn, | < Sup [l [dn, || <.

Lastly, since for fixed i, k we have [F, “%=%] € J, the sequence

Ura; — a;

dn[F, ] &0,

ck

which means that another re-indexing achieves
Up Qi — a4 2
ldn[F, ———]Il <&,
€

for n > k£ > 7 and thus

\|dn[F, uga; — a;]]| < ¥, whenever n > k > i.

This completes the proof of 9) and 10). O

For our first lifting result, we need the following elementary result concerning the strict topology
on a C*-module.

Lemma 4.19. Let (T;,) C K(EB) be a sequence converging strictly to T' € K(Eg). Then there
exists a sequence (Sy) C €(T},) such that S,, — T in norm. Hence for any essential Kasparov
module (A, Ep,F), A has an approzimate unit (uy,) such that [F,u,] — 0 in norm.

Proof. We need to show that T,, — T in the weak topology of K(Ep), for then there exists
a sequence in the convex hull of the T;, that converges to S, in norm. Since every linear
functional on a C*-algebra is a linear combination of four states, it suffices to show that for
all states o : K(Ep) — C we have o(7,,) — o(T'). Any such o can be realised as a vector
state for a vector v, in the universal GNS-representation H, of K(E). The representation
T K(Ep) — B(H,) is essential, so m,(T;) converges to m,(T) weakly in B(H,). Thus
o(Ty) = (Vo Ty (Th) V5 )y = (Vg Ty (T) V), = o(T) and we are done.

Let (A, Ep, F') be a Kasparov module for which the A representation is essential. Any approx-
imate unit (u,) for A will converge strictly to the identity operator on Ep and [F,u,] — 0

strictly in Ep. Therefore the previous argument yields a contractive approximate unit (u/,)
for A such that [F, ] — 0 in norm. O

Proposition 4.20. Let A, B be separable C*-algebras. Any class in KK (A, B) can be repre-
sented by an unbounded Kasparov module (A, Ep,S) such that A admits an approximate unit
(un) with [S,u,] — 0 in norm.
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Proof. Let (A, Ep, F) be a Kasparov module for which the A representation is essential. Let
(u},) be an approximate unit for A such that [F,u,] — 0 in norm, as in Lemma 4.19. Let vj,
be a contractive approximate unit for Jg, where Jg is defined in Lemma 4.5.

Applying Theorem 4.18 with B = Endj(F), X = K(F), J = Jp, A = A, we obtain approxi-
mate units (vy,) for Jg and (uy) for A with the properties 1)-10) of Theorem 4.18. Recalling
that dy, := vp+1 — vp, we define
oo
l=c:= Zs_"dn,
n=0

which is an unbounded multiplier of the ideal Jg. By 2) of Theorem 4.18, [(~, a] is bounded
on Im/ for a dense set of a € A, and by 5), [F,a]¢~! is also bounded on Im /¢ for the same

dense set of a € A. By 1) [F,¢~!] is bounded on Im ¢ and since (1 — FQ)% € Jr we may also

assume (1 — )l€*1 to be bounded of norm < 1. Thus ¢ is admissible and by Theorem 4.7
the operator S := L(F¢~! + ¢~'F) lifts (Ep, F) to an unbounded Kasparov module.

Thus it only remains to check that [S,ux] — 0 and that [S,ura; — a;] £ 0 for all i. The
properties 3),4),6) and 7) now imply that

IF ]|l = [F w] + [Foude ™ =] ZFa [dn, wi] + 7" [F, ug]dy|
<> Fe ™ dn, ug] + & " [Fwgldnl| + 1| Y Fe™"[dn, ug] + £ [Fy ug]dn]|.
n<k n>k

Now applying properties 4) and 6) to the first term and properties 3) and 7) to the second we
estimate

I[Fetu ||<2252k ”+225 225 +Z25 ) < CeF,

n<k k>n n<k

and thus limy_,[S, u] — 0. Lastly, observe that by 8) we have |ura; — a;|| < €?* whenever
k > i. Then for k > i we can estimate

IFe upa; — ai] || < |I[F, upa; — a7 + | FlE, upa; — ail|
< e Fldn, ugai — ai| + & " [Fy urai — aildn||
< e TP [dn, ukai — ail|| + £ [F, ura; — aildn|

n<k
+ Y e M Fldn, ukas — ai|| + & || [F, ugai — asldn||
n>k
<y cetrgy centt by 8), 9) and 10)
n<k n>k
< 20eR,
and thus [S, uga; — a;) £ 0 for all 4. O

In the case of Fredholm modules, the absence of technicalities related to complementability of
submodules allow for a better version of the above proposition. For an A-Fredholm module
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(A, H, F), we write p for the projection onto [r(A)XH], also note that [F,p| € J since

[F,plm(a) = [F,pr(a)] — p[F,7(a)] = [F,7(a)] — p[F,x(a)].

Lemma 4.21. Let A be a separable C*-algebra, (A, H, F') be a Fredholm module with F = F*
and F? < 1. Let p be the projection onto [r(A)H]. There exists h € J such that:

1) h has dense range;
9) [pFp,h] = 0.

Proof. Since the module (3, pF'p) is a compact perturbation of (K, F'), and 1—p € J, it suffices
to construct h € B(pH), since h + (1 — p) € B(H) then has the desired properties. Thus, we
replace 3 with pH = [7(A)H] and F with pFp, so we may assume p = 1. The operator 1 — F2
is in J and H splits as

H=[Im(1 - F?)] @ ker(1 - F?).
The operator F' respects this decomposition since F' is self-adjoint. Choose a strictly positive

k € K(ker(1—F?)), and consider k+ FkF : ker(1— F?) — ker(1— F?). This element commutes
with Flyer(1—p2) since F? =1 on this subspace. Now define

h:=(1—-F%+k+ FkF € J,

which commutes with F. Moreover h > 0 since 1 — F2 > 0 and h has dense range because it
is an orthogonal sum of elements with dense range in their respective subspaces. O

Using this particular h, one can lift the Fredholm module directly to a self-adjoint element,
and one does not need to assume that the representation is essential.

Definition 4.22. Let A, B, C be separable C*-algebras (A, Ep, F) an essential (A, B) Kas-
parov module and (B, Fo,T) an essential unbounded Kasparov module such that B has
bounded approximate unit.

Suppose we are given a complete projective B-submodule €5 C Ep with Grassmann connection
A\VA 8% — E®BQ%F so that 1 ®y T is the associated self-adjoint regular operator on EQpFc.
The pair (€3,V) is compatible with (A, Ep, F) if

1) Fol,(1-F2%)2 @1 € Lip(l®y T);

2) there are bounded total subsets {a;} C A and {c;} C Jr consisting of self-adjoint elements
such that for all ¢,j, the elements a;,c¢; € Lip(1 ®y T') and the closed subalgebras A,J C
Lip(1 ®y T') generated by {a;} and {c;} satisfy Ad, A, FJ, JF C J;

3) there is an approximate unit (uy) C A for which

lim ||[1 ®y T,ugl|| =0, lim [|[F,ug]|| = 0, and for all 4, lim [|[1 ®vy T, ura; — a;]|| = 0;
k—o0 k—o0 k—o0
4) there is an approximate unit (wy) for Jp such that lim,_, [|[1 ®y T, wy,]|| = 0 and for all

7, limp o0 ||[1 @ T, wnej — ¢]|| = 0.

The proof of the next result brings together our various technical innovations. First, the
characterisation of our strongest form of completeness from Theorem 1.25 is present to ensure
that the operator [s,t](s & i)~! is bounded. Our version of Kasparov’s technical theorem,
Theorem 4.18, is used only for C*-algebras, but we use quasicentrality for a differentiable
algebra J in precisely one place, to ensure that [F,¢~!] is not just bounded, but even in
Lip(1®v T).
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Theorem 4.23. Let A, B be separable C*-algebras, B a differentiable algebra of an unbounded
Kasparov module (B, Fo,T) and (A, Ep, F) a bounded (A, B) Kasparov module. If Eg admits
a compatible complete projective submodule Eg C Ep, then (A, Ep, F) can be lifted to a corre-
spondence (A, Eg,S,V) for (B, Fo,T).

Proof. Since we are given a compatible complete projective submodule €5 C Ep we use the
notation and data of Definition 4.22. By Proposition 3.20 the elements a; and c; are in
End}(€Y). Denote by A and J the closed subalgebras of Endj(€Y) defined under 2) and let

V: &Y = E&pQt,

be the Grassmann connection.

We proceed in two steps. By hypothesis, there is a countable approximate unit (w,) for g
satsifying condition 4) of Definition 4.22 and FJ, JF C J. By Theorem 4.15 there is an
F quasi-central approximate unit v}, for J contained in the convex hull of w,, and we set
dy, = v}, .1 — v}, and we can assume [|[F,d}]|; = ||[F, d}]|ligyr < €2, cf. Theorem 4.18. Since
(v,) = D212, Osw; is built from far out convex combinations of wy,, this approximate unit will
in particular again satisfy

Mn
L@y T,o] =Y 6l @y T,wi] -0,
i=kn

in norm. We may without loss of generality assume that ||[1 @y T,v.]|| < €2". Thus we have
NF ver — hllhogr < &, 1@y T, 04l < &2 (47)
In particular (v))) is an approximate unit for the C*-algebra Jp. By applying Theorem 4.18

with B = Endz(E), § = Jrp, A = A, and X = K(Ep) we obtain the approximate unit (v,) for
Jr with the properties 1)-10) of Theorem 4.18.

It is important to notice that this can be achieved without losing the properties (4.7), because
these are stable under far out convex combinations. Thus, by Theorem 1.25 we obtain the
positive unbounded multiplier

l=c:= E e "dy, dp, = Upy1 — Un

for the algebra J, with the property that [I ®y T,¢ '] is bounded. Because the (v,), as
an approximate unit for the C*-algebra Jp, have properties 1)-10) from Theorem 4.18, the
argument from the proof of Proposition 4.20 can be repeated to see that the self-adjoint lift
S = Z(F¢~' + ¢~1F) makes (A, Eg, S) into an unbounded Kasparov module such that A has
an approximate unit with [S,u,] — 0 in norm. So 1) of Definition 4.1 is satisfied, and 2) is
satisfied by the assumption that €3 is complete and 3) by assumptions 2) and 3) of Definition
4.22. We now turn to proving 4) of Definition 4.1.

It follows from the properties (4.7) that [F,¢~1] € Lip(1 ®y T). To see this, observe that the
finite sums Zﬁzo e "[F,d,] preserve the domain of 1 ®y T, and using the properties (4.7) we
find that

Ity TR = 1) e "Ly T, [Fdl <Y el oy T, [Fdll <) " < oo
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Now compute on Dom 1 ®vy T

Moy T,S|(S+i) =1y T,S|(S+i) ' =1evT,Ft ! —[F)(S+i)™!
=Ly T,FC(S+i) " —[ley T,[F 1S £,
by which it suffices to show that [l @y T, F£~!](S+i)~! is bounded. Note that we may assume

that ||[F,£71]|| < 1 and thus that F¢~!14i: Im ¢ — Ep is surjective and has adjointable inverse
(F¢=' +£4)~1. Then by the resolvent equation

1 1

(S+i) ' = (Fet - 37 i) =Fr 1)+ §(F€_1 +4) R (S +£40) 7Y,

and it suffices to show that [1 ®vy T, F£~1](F¢~' £4)~! is bounded on Dom 1 ®y 7. Then

Loy T, Fe ) (Fet+i)y =T, Fle ' (Fri+ i)+ Flloy T, (Fet £i)7!
=[l@vT,FlI(Fti) '+ Flloy T, (Frt £t

which is bounded on Dom 1 ®y T'. Therefore (A, £g,.5,V) has the required properties. O

4.4 Lifting Kasparov modules to correspondences

In view of Theorem 4.23, in order to lift a pair of Kasparov modules (A, Eg, G1) and (B, F¢, G2)
so that we can construct their Kasparov product, we need to find an unbounded representative
(B, Fo, T) such that (A, Ep,G1) admits a compatible pair (€3, V) of a complete projective
submodule and connection in the sense of Definition 4.22. We begin with a Lemma about a
special subalgebra of the multipliers of the linking algebra. Recall that the linking algebra
L(Ep) of the C*-module Ep is the algebra of compact endomorphisms of Ep @ B.

Lemma 4.24. Let Ep be a C*-module and A C Endj(FE) an essential C*-subalgebra with
self-adjoint contractive approzimate unit (u?), and let (uB) be an approzimate unit for B.
Then the collection of operators

La(ER) = {(” K €>> ca€ A K eK(Eg), be B, e, f € EB} C Endiy(E @ B), (4.8)

(fl b
is a C*-subalgebra containing the linking algebra L(ERB) as an ideal and uy, := (u(;)‘} uo ) s an

B
approzimate unit for LAo(Eg). The algebra £ 4+ (Eg+) coincides with the unitisation £ A(Eg)™.

Proof. A quick computation shows that £ 4(Ep) *-algebra. Since K(Ep) is an ideal in Endj(E)
it follows that A + K(Ep) is a C*-algebra. Moreover, because A is essential, [AEp] = Ep, it
follows that ui(e| = (ule| — (e| and |e)us} = |ufe) — |e) for all e € Ep. Thus ufK — K
for all K € K(Ep), and u;} is approximate unit for A + K(Ep). Using the corresponding
”LLA
0
The statement on the unitisation is immediate. O

properties for 2, the same argument shows that ( u%) is an approximate unit for £ 4(FE).

We now recall a definition from [18], where the notion of connection was introduced in the
bounded picture of K K-theory.
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Definition 4.25. Let (B, F¢,G) be a (B, C) Kasparov module and Ep a C*-module over B.
An operator G € Endi(E ®p F¢) is a Ga-connection if for each e € E the operator

[(% GOQ),(:;' |8>>]6Endg(E®BFc@Fc),

It is well known that Ga-connections always exist, by realising Fp as a complemented sub-
module of Hp+ via v : Ep — Hp+ and defining G := v*ediag(Ga)v =: v*Gav. It is useful to
observe that in End§(E®@pF @ F) we have the identity

9-56)E D )

which can also be written as a matrix product

¢ ) (oo 2) ()

of a row, a diagonal matrix and a column.

is compact.

Lemma 4.26. Let A C Endz(ER) be an essential subalgebra with approzimate unit (i) and
(B, Fc,G2) a Kasparov module. Let (x;),.5 be a homogenous frame for Ep with stabilisation
isometry v : Ep — Hp+ and associated Ga-connection G = v*ediag(Ga)v. Then there is
a G-quasicentral approximate unit (u) for A contained in the convex hull € (uy,): that is
(G, un] — 0 in norm.

Proof. This will follow from a direct application of Theorem 4.15. Consider the algebra

L 4+ (Ep+) and the ideal £ 4(Ep+) as defined in (4.8), with its approximate unit u), = <U0n (1]> :

We view the row, respectively column,

) == (8 |:f)i>);z’ (o] := (<§z‘! 8)@’

as elements in End2A+(EB+)(J{LA+(EB+)). By Theorem 4.15, the convex hull € (a,,) contains

. . . 0
an (z|, |x)-quasicentral approximate unit u! = <u0" 1). Observe that

: 0 0

Writing w!! for w! - Idg o (Bpt) when necessary, we can compute

(5 0= 1 o). (5 )
G B) (oo ) (o) (5 0)
LG5 D] (el i) (80)

o) (oo )1 o) (5 0)

o8




which converges to 0 in norm by Theorem 4.15. Therefore [G, u,] converges to 0 in norm. [

Given a *-homomorphism B — End{ (F'), the algebra End;(Ep @ B) is naturally represented
on the C*-module EQpF @ F. In particular, the linking-type algebras defined in Lemma 4.24
act on E@pF @ F. We prepare the setting for the proof of our final lifting result, which
is yet another application of Theorem 4.18. Recall that given a bounded Kasparov module
(A, Ep,G1), we define Jg, to be the C*-algebra generated by K(Ep) and Idg, — G2.

Lemma 4.27. Let (A, Ep,G1) and (B, Fc, G2) be Kasparov modules and (;), 5 a homogenous
frame for Ep with stabilisation isometry v : Ep — Hp+ and associated Ga-connection G =
v*Goev. Write G := (§ &) and Gy = (Gl@l 0). As in Lemma 4.24 consider the algebras

Ao :=La(FB), Aj:= Lia, (EB).

For p = 0,1 define the C*-algebras J, generated by K(Eg) ® 1 ® K(F¢), [G, A,), [G G1] and
1—G? on EQFc @ Fe. Let B be the C*-algebras generated by ldpg . pep, Ap and J Let K,
be the C*-subalgebra of B, generated by A, J and J Ap. Finally, define J, = K, + J . Then:
1) A, admits GG ® 1—quasicentml approm'mate units uﬁ of the form

- A -1
oy _ (tn O 1y _ (W, O
W= (% )@= )
~B

A, (@B), (wl) are approzimate units for A, B and Jg, respectively;

where (u},
2) J, admits an approzimate unit (vh) = (ﬁf 1%) where (0h) is an approzimate unit for the
algebra generated by [G, A,), [G,G1 ®1], 1 — G? and K(Eg) ® 1 and (w2) is an approzimate
unit for Ja,;

3) K, is an ideal in B,;

4) ApK)p, = KpA, = K, that is K, is Ap-essential;

5) Apdp, JpAp C Ky C Jp;

6) [G,Ay] C K,

Proof. To prove 1), we show that both Ay and A; admit approximate units (u0), (ul) that
are quasicentral for G and G; ® 1. Since both A and Jg, are essential on Ep, by Lemma 4.26
there exist approximate units (%2), (w}) for A and Jg,, respectively, that are quasicentral

for G. Since [G1, 4], [G1,Ja,] C K(Ep), the approximate units (%), (@.) can be chosen
G1-quasicentral as well by Lemma 4.19. For the same reason B admits a G5 quasicentral

approximate unit (#?). By Lemma 4.24 setting

= (5 ) = ).

n

yields é, G1 ® 1-quasicentral approximate units for Ag and Aj.

To prove 2) we first show that any é—quasicentral approximate unit (vh) for j is an approxi-
mate unit for .J,. Since J, is essential (it contains £(Ep) ), existence of such (vn) is guaranteed
by Lemma 4.26. Tt is clear that (vf) is an approximate unit for J, and J,A4,. For A,J, it
suffices to show that

Pa[G,b] = v2[G, ab] — vP[G, a]b — 0,

vPalG, Gy = [G,vPaGY] — [G,vP)aGy — vP[G,a]Gy — 0,
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vPa(l — G?) =P (1 — G?a+ [G,vP][G, a] — Gu,|G, a) — vP[G,a]G — 0,
which all follow from G-quasicentrality of (vh).
Now we proceed to the statement of 2). Consider the subalgebra of End§(E®F) generated
by [G,4,], [G,G1®1], 1— G? and K(Ep) ® 1, and choose a G-quasicentral approximate unit

(oh) for this algebra, as well as a Gy-quasicentral approximate unit (2) for the algebra Jg,.

Then (vh) := diag(@h,w2) is clearly an approximate unit for the diagonal entries of J,. For
the off-diagonal entries, it suffices to show that for all e € Ep, (vh) is a two-sided approximate

unit for the operators

K%; (;)2> | <8 ]g>)] _ Z (8 |$i>[G26<56i,6>]) . (4.9)

1EL
Since e € Ep, the series ). _5[Ga, (74, €)]*[G2, (zi, €)] is norm convergent in K(F¢) C Jg,.
Therefore (vh) is a right approximate unit for the operator in Equation (4.9). On the other
hand, since the series Y, 5 |i)[Ga, (i, €)] is norm convergent and (?7,) is an approximate for
K(EB) ® 1, it follows that (vh) is a left approximate unit for operators of the form (4.9).

For 3) it is sufficient to observe that Af, is dense in A4, and jg is dense in jp. Thus the

subalgebra generated by Apjp, ijp is indeed a two-sided ideal in Bp.

For 4), to show that A,K, = KpA, = K, it suffices to show that ijp C A,K, and Apjp -
K,A,. To show that J,A, C A,K,, it suffices to show that for all a,b € A, we have

uP[G,alb — [G,alb, wP[G,G®1]a— [G,G1®1]a, uP(1—-G%a— (1-G?a.
These limits all follow directly from G, G} ® 1 quasicentrality of (u3).
Property 5) is immediate from the definition of K, and J,.
Property 6) follows from the convergence uy[G, a] = [G, uha] — [G,ub]a — [G, a] for all a € Ay,
since uh[G,a] € ApJ, C K. O

Lemma 4.28. Let (A, Ep,G) be a Kasparov module, {a;} C A a bounded self-adjoint total
subset for A, and o := alg{a;}, the (non-closed) subalgebra generated by {a;}. There exists
a bounded self-adjoint total subset {c;} for Jg, as defined in Lemma 4.5, such that 7, the
(non-closed) linear span of the {c;}, satisfies

od F, Jd,GYF, IGC 7.

Proof. Choose some total subset {c} for Jg and let #y be the (non-closed) algebra generated
by (1 - G?), {c}} and [G, &/]. Now consider the (non-closed) algebra 7 and linear subspace
Z given by

= alg{ 2o, I Py, fod A Fod} C Jg, J =span{G_#, /1G,G_#1G} C Jg.

Since .7 is an algebra, /% C &/ and thus o7 F1 C _#1 and similarly for the reversed product
set. Since _#7 is an algebra and thus

G =G -1) 1+ 1 C N

we have G_¢ C ¢ and since |G, o] C _#y C #1 we have &/ _# C _#. Since # is countable,
{c}} can be extended to a bounded self-adjoint set {c;} such that span(c;) = 7. O
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Proposition 4.29. Let A, B,C be separable C*-algebras, and let (A, Ep,G1), (B, Fo,G2) be
essential Kasparov modules. Then (B, Fo,G2) can be lifted to an unbounded Kasparov module
(B, Fc,T) such that B has an approzimate unit (u,) with [T,u,] — 0 in norm, and moreover
Ep admits a compatible complete projective B-submodule Eg C Ep in the sense of Definition
4.22.

Proof. To prove the theorem, we have to lift Go to an unbounded representative 1" with
resolvent in Jg,, such that B admits a differentiable subalgebra with an approximate unit
(uB) such that [T,uZ] — 0 in norm. Moreover, the lift T should also satisfy Definition 4.22.
This means we have to provide a column finite frame (z;),.; for Ep such that the resulting
submodule £g is complete, as well as satisfying properties 1)-4). These properties imply that,
for V the Grassmann connection associated to the frame (;), 5, the operators Gy and (1—G%)%
are elements of Lip(1 ®vy T') and the algebras A and Jg, admit differentiable subalgebras A
and Jg,, generated by (1 — G?) and K(Ep), with approximate units (u:) and (wd) such that
limy, oo [l @v T, u] = limy, y00[l ®v T, wd] = 0. In order to achieve this, we once again employ

linking-type algebras.

Choose a stabilisation isometry v : Ep — Hp+. Consider the frame (z;),.5 = (v*€;);.5 and
the corresponding frame approximate unit (y,) := > |x;){x;|. By Lemma 4.26 there exists
an approxmate unit (w,) € € (x,) with [G,w,] — 0 in norm. We proceed with the notation
introduced in Lemma 4.27, and apply Theorem 4.18 with

G 0
0 Goe

which by Lemma 4.27 satisfy AJ, JA C K, AKX = KA = K and the algebra B is unital.
Since the approximate units (u)) for Ay and (w,) for K(Ep) are G-quasicentral, and (v5)
are approximate units for J,, we can apply Theorem 4.18 by setting (u},) = (u2) @ (u}),
(vl)) = (v2) @ (v}). In doing so we obtain approximate units (uy), (vy) satisfying properties
1) — 10) from Theorem 4.18. In addition to these properties, with dh = vaJrl — v}, we may also
assume that:

B=Bo®B1, J=Jo® ], F=é=< >, A=A @A, XK:=Ky® Ky,

11) Hd#[@,diag(wk, 0)]|| < &%* for all n;

12) ||dL[G, diag(wy, 0)]|| < €2F for n > k;

13) |[dy,, diag(0, (xs, )5l < € for n >
14) ||dL (G, diag(0, (zi, 2k)) 5|l < €2 for n > k;
15) [[[dn, ]l < >

Properties 11) and 12) can be achieved because K(Ep) ® 1 & 0 C Ji, so this only requires
a further convexity argument when running the proof of Theorem 4.18. Properties 13), 14)
and 15) are a direct application of Theorem 4.15 by viewing the columns (z| and ({x;, zx))
as elements in Endy 5 1+ (Hg(mp)+)-

i€l

The (vh) so obtained from Theorem 4.18 define two unbounded multipliers on EQF¢ @& Fo

_ kL0 oh 0
hplzzcndgz < Z()) el)a ng ((;L w2>7 dgzvg—i-l_vga
n n

which we use to lift G in two ways. That we obtain the same ¢~ for p = 0, 1 follows from the
form of (v}), that is, the approximate unit (w2) for Jg, occurs in both lower right corners.
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From the specific form of the (u}) and (vh), cf. Lemma 4.27 2) and 3), it follows that we
obtain new approximate units (uZ2) for A, (w)) for Jg, and (vh) for the algebras generated by
G, Ap], [G,Gi®1],1— G? and K(Ep) ® 1.

This allows us to define unbounded lifts T, 0:=Gky L and Tl = Gk} L Choosing total subsets
{a;} and {c;} as in Lemma 4.28 one proves, as in Proposition 4.20, that A admits a differ-
entiable subalgebra A for which (u:) is an approximate unit with lim[Tp, u] — 0 in norm.
For Jg, the same statement holds with respect to Ty. Moreover, 11) and 12) ensure that
[T 1, wy] — 0 in norm as well, again with the same proof as Proposition 4.20. Furthermore
properties 13) and 14) guarantee that the columns [T, (z;, zy)],; are elements of Hendz (7)-
That is, the frame (z;) is column finite for 7.

It must be noted that our method does not allow us to obtain a uniform bound on the norms
of these columns, and thus we are not able to produce a projection operator in Endj(Hgp).
Later, we will see that we do obtain a complete projective module.

We now compare the connection operator 1 ®y 1" of the frame (:ci)iez to the operators Tp,
p =0, 1, which we have used to lift the bounded connection G. Condition 15) guarantees that
[h, !, (x|] is a bounded operator. Since

[h;17 <x’] = (<$i|kp1 2£1<x2‘ 8>iez’ (4.10)

i‘E follows that vImk, C Im¢ and v*Im¢ C Imk, We wish to show that the difference
T, —1®y T is bounded. To this end we compute

v* Gl v — Gk;l = |2)Gacl x| — \x>G2,5<x]k;1 = \x>G2,g(€71(x\ — <m\k;1), (4.11)

which is bounded by construction. Note that this implies the self-adjointness of 1 ®v T', and
also that T and 77 have the same domain.

It now follows that A and J are the closures of {a;} and {c;} inside Lip(1 ®y T') respectively,
and thus by Lemma 4.28 it follows that AJ,JA, FJ,JF C J.

Since [T1,un] — 0 in norm and u, — 1 strictly on EQgF, it follows that [1 ®v T, up] — 0
strictly, and so is a bounded sequence. Hence p[T;, vu,v*|p = v[v*T.v, u,|v* — 0 on a dense
subspace of H z+®F, and by boundedness of the sequence, strictly on all of H g+ ®F. Hence the
frame (z;) defines a complete projective submodule £ C Ep, which also (and independently)
proves the self-adjointness of 1 ®v 7.

Lastly, we must show that there are approximate units (u) € € (u?) for A and (w,)? € € (w))
for Jg, that satisfy
lim[l ®v T, u?] = lim[1l @y T, wl] — 0, (4.12)

in norm. Observe that we can obtain the strict convergences of Equation (4.12), for both (uZ)
and (w)) converge strictly to 1 on EQpF and the lifts Ty and T} are bounded perturbations
of 1 KRv T.

The column in Equation (4.10) is an element of End} (Hp , Jp), because for each i we have
D P

[hyt, (i]] € Jp. Thus by Theorem 4.16 there exist [k, ", (x[]-quasicentral approximate units

in the convex hull ¢ (u}), which at the same time remain G-quasicentral. The resulting ap-
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proximate units will again be of the form indicated in Lemma 4.27, 1). Now compute

(G =[G vt ()]

and the same computation works for (w?). O

Theorem 4.30. Let A, B,C be separable C*-algebras, ©* € KK(A,B) and y € KK(B,C).
There ezists an unbounded Kasparov module (B, Fc,T) representing y and a correspondence
(A, Eg,8,V) for (B, Fo,T) representing x. Consequently (A, EQgFc, S®1+1@vT) represents
the Kasparov product x @p y.

Proof. First represent x and y by essential Kasparov modules. By Proposition 4.29, for any
pair of essential Kasparov modules, the second module can be lifted such that the first module
admits a compatible complete projective submodule. Now apply Theorem 4.23. O

By the same method, and lifting simultaneously with n + 1 Kasparov modules instead of 2,
one can prove that for classes zp, ..., zo with z; € KK (A1, A;), one can find an unbounded
Kasparov module (A1, Ex,, Tp) representing ¢ and correspondences (Aj11,€x;, T}, V;) repre-
senting x; such that for each 1 < j <n, (Aj11,&4,,T}, V;) is compatible with

J
<®(‘Ai+1a ‘Sflw Tia vz)) ® (‘Alv EA0> TO)'

i=1
A Weakly anticommuting operators

Definition A.1 (cf. [31]). Let Ep be a graded C*-module and s,t odd self-adjoint regular
operators such that for all A\, u € R\ {0}:

1) there is a core X for ¢ such that (s 4 \i)"'X C Domt;

2) t(s + Xi)"1X C Doms;

3) [s,t](s £ Xi)~! is bounded on X.

Then we say that the pair (s,t) weakly anticommutes, or that t anticommutes weakly with s.
Note that this relation is not symmetric in s and ¢, and that the graded commutator is defined
on Im (s + X)L X.

It was proved in [31] that the sum of weakly anticommuting operators occurring in odd Kas-
parov products is self-adjoint and regular on Dom s N Dom¢. Since we are concerned here with
the general graded case, a few words are in order.

Lemma A.2. If (s,t) is a weakly anticommuting pair then the operators (s £ \i)~! preserve
the domain of t and [s,t](s £ Xi)~! is bounded on Domt. Consequently

s((s— Xi)~t Dom t) C Domt, ¢ (Im(s— Ai)"'Domt) C Doms. (A1)

Therefore [s,t] is defined on (s — i)~ Domt = Im (s — \i) = (t — pi) L.
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Proof. For x € X, the commutator [t, (s + X\i)~!] can be expanded as
[t, (s X))o = (t(s £ M) x+ (s F i) o= (s F ) (s F A+ t(s+N))(s+ M) e
= (s F Xi) s, t](s £ Xi) " a,

and by 2) of Definition A.1 this operator is bounded. Thus by [22, Proposition 2.1] (s 4 Ai)~!
preserves the domain of t. Since X is a core for t, for every £ € Dom ¢ we can choose a sequence
z, € X such that x,, — = and tx,, — tx. Then

t(s — Ni) "ty = — (s 4+ Ni) Hwy + (s + X)) s, 1) (s — Ni) e,
— —(s4+ M) "Mtz + (s + M) s, t](s — M) "'z € Dom s,

which is a Cauchy sequence, so the limit equals ¢(s — A\i) "'z € Doms. The statement that
s ((s — i)' Domt) C Domt follows directly from the equality

s(s— X)Lt — pai) ™t = (¢ — pi) L4+ Ni(s — Xi) Tt — pa)7E
This proves (A.1). O

Lemma A.3. For |\ > 1 there is a constant C such that ||[s,t](s £ Xi) Y| < C. Thus, for ||
sufficiently large, we may assume ¢ := ||(s F i) " [s, t](s £ i)Y < 1.

Proof. Let C :=2||[s,t](s +14)7!| and write
(s+ X))t =(s+i) = (s+i) A= 1)i(s + i)~
Using this, estimate

s, t(s + M) M < N[, 8)(s + )7 = [s,8)(s +9) 7 (A = 1)ils + X)) 71|
< lls 8)(s + D)7+ s, 1] + D) THIIA = 1)is + X)) |

C A —1]
< =11
= 2( DY )<C’

since |A| > 1. Consequently, using that ||(s 4= Ai) 7| < ﬁ, we find that

- - C
(s F Xi)"L[s, t](s £ Xi) 71| < o <1,

for |A| sufficiently large. O

Theorem A.4 (cf.[31]). If (s,t) weakly anitcommutes, then s+t is closed, self-adjoint and
regular on Dom s N Domt, and Im (s £4) "1 (t £4)~! is a core for s +t. The same holds for
s —1t.

Proof. 1t was shown in [31] that the sum s + ¢ of such operators is closed, self-adjoint and
regular on Dom s N Dom ¢ by a localisation argument. However, to get the statement on the
core, we proceed by adapting the spectral argument given in [42]. Choose A large enough as
in Lemma A.3. The operators

x:=(t+ ,ui)_1 —(s— )\z')_l, yi=a"=(t— ,ui)_l — (s+ )\i)_l,
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have dense range. This follows because xz* is strictly positive by esitmating

= (@ + )T W )T = ()T (s M) T = (s = X)) TH(E - pd)
= (WP H )T+ (W8T = (4 i) (s M) T (s, 1] = 20) (s — Ad) T (E— i)
= (2 + )7 (AZ +8%) 7 22t 4 i) TN+ 87) Tt — )
— (t+ i) (s 4+ N) T s, (s — M) Tt — i)t
> (=) + 1)+ W+ 8% 20t + pi) T A+ 57 (- i)

using A.1 and Lemma A.3. Since the latter operator is strictly positive, so is zz* by [38,
Corollary 10.2]. The same holds for z*z. The rest of the proof now follows by using the
factorisations

r=(s4+t+ (u—Ni—(5+X)"([s,1] — 22)) (s — Xi) "L (t — pi) 7L,

y=(s+t+\—p)i—(s— )" ([s,t] — 2u)) (5 + Xi) " (t 4 pi) 7L,

as in [42, Theorem 6.18], and applying [42, Lemma 6.1.7]. The statement for s — ¢ is obtained
by observing that (s, —t) weakly anticommutes. O
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