Dense domains, symmetric operators and spectral
triples
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ABSTRACT. This article is about erroneous attempts to weaken the standard definition of
unbounded Kasparov module (or spectral triple). This issue has been addressed previously, but
here we present concrete counterexamples to claims in the literature that Fredholm modules
can be obtained from these weaker variations of spectral triple. Our counterexamples are
constructed using self-adjoint extensions of symmetric operators.
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1. Introduction

In this note we show, by counterexample, that weaker definitions of unbounded Kasparov
module, and so spectral triple, may not yield K K or K-homology classes. In particular, we
consider counterexamples arising from extensions of symmetric operators. These counterex-
amples address errors both in [4, pp 164-165] and subsequent errors in [3]. These issues have
previously been raised by Hilsum in [8, Section 4|, where it is shown that the definition in [4,
pp 164-165] leads to contradictions in index theory.! It is the purpose of this note to present
a set of elementary, concrete counterexamples which avoid the need to appeal to index theory,
while shedding further light on the fine structure of unbounded K-homology.

The principal requirement of any definition of unbounded Kasparov module is that it defines
a K K-class. This requirement constrains how far the definition can be extended. The work
of Baaj-Julg, [1], provides sufficient conditions for this to be guaranteed. Different conditions
apply to the definition of relative Fredholm modules, which can be obtained from symmetric
operators, as shown by [2].

The definition of spectral triple that does give a well defined Fredholm module reads as
follows (see [1, 7] and section 2 of the present paper):
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Hilsum shows [8, Example 10.3] that some of the topological results in [3] relying on earlier errors are
nonetheless valid.
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Definition 1.1. A spectral triple (A, H,D) is given by a Hilbert space H, a *-subalgebra
A C B(H) acting on H, and a densely defined unbounded self-adjoint operator D such that:
1. a-domD C domD for all a € A, so that [D,a] is densely defined. Moreover, [D,a| is
bounded on dom D and so extends to a bounded operator in B(H) for all a € A;
2. a(1+D?)"1/2 € K(H) for all a € A.

We say that (A, H, D) is even if in addition there is a Zy-grading such that A is even and D
is odd. This means there is an operator v such that v = v*, 42 = Idy, va = ay for all a € A
and Dy + D = 0. Otherwise we say that (A, H, D) is odd.

It is asserted in [4, pp 164-165] that condition 1. of the definition may be weakened to

1.” there is a subspace Y of dom D such that Y is dense in H, a-Y C dom D, and [D, d]
is bounded on Y.

Moreover [4, Proposition 17.11.3] asserts that condition 1’ ensures that (A, #,D(1 + D?)~1/2)
is a Fredholm module. Our first and fourth counterexamples prove that this is false, by
showing that if the algebra A does not preserve the domain of D, then the commutators
[D(1+4 D?)~1/2 4] need not be compact, even when (1 + D?)~/2 is compact.

In [3, Theorems 1.2, 1.3, 6.2], the authors assert that a Fredholm module can be obtained
from any self-adjoint extension of a symmetric operator D satisfying certain spectral-triple-
like conditions, [3, Definition 1.1, Definition 6.3]. In particular, condition 1’ is invoked to
handle commutators with algebra elements not preserving the domain of the operator D. They
further claim that the resulting K-homology class is independent of the particular self-adjoint
extension. Both these claims are false, as our counterexamples show.

To obtain counterexamples to [3] and [4], we also consider self-adjoint extensions of sym-
metric operators. To address both the cases of finite and infinite deficiency indices, we need
two examples. It might be thought that by restricting to one or other of these two cases one
could justify weakening the definition of spectral triple. Our counterexamples show that this
is not the case.

Acknowledgements. We would like to thank Alan Carey for useful discussions at an early
stage of this project. The first and third authors were supported by the Australian Research
Council, while the second author was supported by the EPSRC grant EP/J006580/2.

2. From spectral triple to Fredholm module

The idea of the (hard part of the) proof that a spectral triple (A, H, D) defines a Fredholm
module, due originally to Baaj and Julg, [1], is to write, for a € A,

(2.1) [D(1 +D?)~Y2 4] = [D,a](1 4+ D*)~/2 +D[(1+D?>)"'/?,q].

As we want to show that the left hand side is compact, the aim is to show that both terms on
the right are compact. For the second term, one writes

1 o
/ A2+ 0+ DY) ha),

™ Jo

(1 + DQ)—l/Q _
then takes the commutator with a and multiplies by D yielding

(2.2) DI +D?) 12,4 = 1D /OO A U2[(1 4 A+ D), a] d.
™ Jo
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A careful analysis of the naive equality

D[(1+D?) /2,4 :‘1/ A2
0

(23) (D*(1+A+D) 7D, a1+ A+ D)~ + D1+ A+ D) [D,a]D(1 + A+ D?)7") d

appears in [7, Lemmas 2.3 and 2.4]. There, and in the intervening remarks, it is proved that
this equality is valid when a preserves the domain of D. A similar analysis, employing the
Cauchy integral formula, appears in [2, Proposition 1.1]. The remainder of the proof is to
show that the right hand side of Equation (2.3) is a norm convergent integral with compact
integrand, thus showing that the left hand side is compact.

The proof of [7, Lemma 2.3] makes it clear that the equality (2.3) requires careful domain
considerations, and that (2.3) does not hold simply for algebraic reasons.

Thus we see that the Baaj-Julg approach to proving compactness of [D(1+D?)~1/2, a] using
Equations (2.1) and (2.2) requires the assumption that a preserves the domain of D. As a slight
generalisation, it is asserted in [7] that the Baaj-Julg proof can be pushed through provided a
maps a core for D into the domain of D. We amplify on this in the next Proposition, which
generalises [8, Lemma 2.1].

Proposition 2.1. Let D :dom™D C ‘H — H be a closed operator, let X C dom D be a core for
D, and let a € B(H) satisfy

(1) a- X C domD, and

(2) [D,a] : X — H is bounded on X and so extends to an operator in B(H).
Then a - domD C domD so that [D,a] : domD — H is well-defined. If moreover there is an
H-norm dense subspace Y C domD* such that a* - Y C domD*, then [D,a] : domD — H
extends to an operator in B(H).

Proof. Since X is a core for D, it is dense in dom D in the graph norm. Let € dom D, and
choose a sequence {x,}5°; C X such that =, — x in the graph norm, which is equivalent to
zn, — x and Dz, — Dz in the usual norm. Since a € B(H), ax, — az, and {Dax,}7>, is
Cauchy in the usual norm since

|Dax,, — Daxy,|| = ||aDzy, — aDxy, + [D, alzy, — [D, alzy||
< l[alllPzn — Dzl + [[[D, al|lzn — zmll — 0.
Hence {az,}72 ; is Cauchy in the graph norm, and since D is closed, there is some y € dom D
such that az,, — y in the graph norm. This implies that az,, — y in the usual norm, and since
axy, — az in the usual norm we see that y = ax. Hence az € dom D.

Now suppose that Y € domD*, a* - Y C domD*. To show that [D,a] : domD — H is
bounded, it is enough to show that [D,a] is closeable, since then [D,a] D [D,a]|x which is
everywhere defined and bounded. Let £ € domD and n € Y. Then

([D,a]§;m) = (a&, D*n) — (D§,a™n) = (§,a"D*n) — ({,D*a’n) = ({, —[D", a"]n) .

Hence dom([D, a])* D Y. Since [D,a] is closeable if and only if (|D,a])* is densely defined, if
Y is dense in H then [D,a] is closeable and thus extends to an operator in B(#). O

Corollary 2.2. Condition 1. of Definition 1.1 is equivalent to

i. for all a € A there exists a core X for D such that a - X C dom D, and such that
[D,a] : X — H is bounded on X.

To simplify some later computations with bounded transforms F' = D(1 + DQ)_l/ 2 of un-
bounded self-adjoint operators, we include the following elementary Lemma.
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Lemma 2.3. Let D be an unbounded self-adjoint operator on the Hilbert space H, and suppose
that (1 +D?)~'/2 is compact. Then with F = D(1+ D?)~1/2, P, = X[0,00)(D), P- =1— Py,
and A C B(H) a C*-algebra, the operator [F,al] is compact for all a € A if and only if PraP-
s compact for all a € A.

Proof. The phase of D is

Ph(D) = P, — P_,

and is a compact perturbation of F = D(1 4+ D?)~/2, so for a € A, the commutator [F,a] is
compact if and only if [Ph(D), a] is compact. Since Py + P_ = 1, we see that

[Ph(D),a] = (Py + P_)[Ph(D),a|](P+ + P_) = 2PraP_ — 2P_aP,,

so that [Ph(D),a] is compact if and only if PLaP_ — P_aP; is compact. If PraP_ — P_aPy
is compact, then so are

P,(PyaP_ — P_aPy)=P.aP- and — P_(PyaP_— P_aP;)= P_aPy,

so [F, a] is compact if and only if PyaP_ and P_aP, are compact. Since (PraP_)* = P_a*Py,
we have [F a] is compact for all @ € A if and only if P,aP_ is compact for all a € A. O

3. The counterexamples

In this section we produce counterexamples to statements appearing in [3, Theorems 1.2, 1.3,
6.2]. The first and fourth of our counterexamples below also show that the definition of spectral
triple using condition 1.” in place of condition 1. does not guarantee that we obtain a Fredholm
module.

3.1. Finite deficiency indices: the unit interval

Initially, the authors of [3] confine their attention to symmetric operators with equal and finite
deficiency indices, [3, Definition 1.1, Theorem 1.2]. We begin with our counterexample to their
claims that a Fredholm module is obtained from any self-adjoint extension of such an operator
(which must also satisfy spectral-triple-like conditions). Our extension will also satisfy the
definition of spectral triple using condition 1.”. In particular, [4, Proposition 17.11.3] and [3,
Theorem 1.2] are false.

The basic properties of the following example are worked out in [11, Volume I|. Let H =
L?([0,1]) and let AC([0,1]) be the absolutely continuous functions. Set

_1d
ida’

domD = {f € AC([0,1]) : f" € L*([0,1]), f(0) = f(1) =0},

so that D is a closed symmetric operator with adjoint
1d

domD* = {f € AC([0,1]) : f € L?*([0,1])}, D*= o

The deficiency indices of D are both 1. The operator D*D has normalised eigenvectors
D*D <\/§ sin(wnx)) = 1°n%V2sin(rnz), n € Z,
which are known to be complete for L2([0,1]). Since n?72 — oo as |n| — oo, it follows that

(1+D*D)~ Y2 e K(H).
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It is clear that C°°(]0, 1]) preserves both dom D and dom D*, and that [D*, a] is bounded for
all a € C*°([0,1]). In particular, the data (C°°([0,1]), L?([0, 1]), D) satisfy [3, Definition 1.1].
Let Dg be the self-adjoint extension defined by

domDy = {f € AC([0,1]) : f € L*([0,1]), £(0) = f(1)}.
The eigenvectors of Dy are
D0€27rina: — 27 6271'1'71907 ne Z,

which by Fourier theory form a complete basis for H. Hence the non-negative spectral projec-
tion Py associated to Dy is the projection onto span{e?™"® : n > 0}.

Since Dy has compact resolvent and is self-adjoint, any failure to obtain a Fredholm module
(and so K-homology class) must arise from some function f € C([0,1]) having non-compact
commutator with F' := Dy(1 + Dg)*l/Q. Indeed this is the case, and to see this let = be
the identity function on [0, 1], which generates C([0,1]) along with the constant functions.
Lemma 2.3 shows that to prove that [F,x] is not compact, it suffices to prove that P,xP_ is
not compact. We observe that the noncompactness of PzP_ can also be deduced from [12,
Theorem 1.(iv)]. This is described in detail in the appendix to [10], in which it is shown that
the compactness of PrzP_ and P_xz Py is equivalent to the vanishing mean oscillation (VMO)
of z viewed as an L* function on the circle [10, Theorem A.3]. Since z is not VMO, P,z P_ is
not compact. The calculations below have the virtue of making this explicit, and also indicate
how we will deal with further counterexamples in higher dimensions where we do not have the
VMO characterisation at our disposal.

Elementary Fourier theory shows that for Y, o, fne?™"* € L*([0,1])

2mwine 2milx
. e = + =9 .
x an Z fn (27_‘_2 n E) Zn)
nez nJl€Z
With P, the non-negative spectral projection associated to Dg and P— = 1 — Py, we find that
P.xP - 2mine _ -n 271'1;(:)3.
woP- ) fae = > e
nez n>1,£>0

Then for m € N we define the sequence of vectors

)
§ _ 7\/771 6—27rinz
m = .

Lemma 3.1. The sequence {£m,}00 1 is bounded.

Proof. We have

o

&2 = m Zmn my ! (m +1),

where ¢*) () = (d**! /dz**+1)(log(T))(z) is the polygamma function of order k. As m — oo,
(m+1)yvpM(m+1) =1, so
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With ¢, = PraP_£&, and () (z) = (d/dz)(log(T"))(z) the digamma function, we find that

00 o) 2 m—1 00 2
m 1 m 1
||Cm”2:477r2 (Z (n+m)(n+£)> Zﬁz <Z (n+m)(n+£)>

n=1

mm1<w<0><m+1>—w<°>w+1>>2_m”” ! (m“ | )

2 _ 2 AW/
Am? o~ m—{ Ar? o~ (m—1) = kAt
m—1 2 m—1
m 1 m—{ m 1 1
31) > _m 11
(3:-1) T A = (m () <€+(m—€—1)+1> 47r2;m2 472

Lemma 3.2. If {Gn},—1 has a norm convergent subsequence {(m;}72, then G, — 0.

Proof. We show that lim,, <Cm ]ezmpx> = 0 for all p € Z, which shows that if ¢, — ¢,
then ¢ = 0. We have

00 —/m
(G |77 = | Zont Frirmry P20
0 otherwise.
Thus we can ignore the case p < 0. Computing further gives

2mipr\ _ _2\7/”‘E (¢<0>(m+2:$(0>(p+1)) p=0,p#m
<Cm ’ e > - —ym

211

w(l)(m +1) p=m.

Since (@ (m + 1) ~ log(m + 1) as m — oo, we see that in all cases ((n |€2™P) — 0 as

Corollary 3.3. The sequence {(n}oo_; has no norm convergent subsequences.

Proof. If ¢;, had a convergent subsequence {(m,}52,, then ¢; — 0 by Lemma 3.2. But by
Equation (3.1), ||Gm, || /# 0, which is a contradiction. O

Corollary 3.4. The operator PyxzP_ is not compact.

Proof. By Lemma 3.1, {§,}5°_; is bounded, but {PyxzP_§,,}5°_; contains no convergent
subsequence. Hence Pz P_ is not compact. [l

In summary we have shown the following:

Proposition 3.5. The self-adjoint extension Dy of the closed symmetric operator D has com-
pact resolvent, and for all a € C*°([0,1]), the commutators [Do,a] are defined on domD, and

are bounded on this dense subset. The bounded transform F := Dy(1 +D(2])7% has the property
that the commutator [F,z] is not a compact operator. Therefore (C([0,1]), L?([0,1]), F) does
not define a Fredholm module.

3.2. Infinite deficiency indices: the unit disc

The next three subsections produce counterexamples to three statements appearing in [3,
Theorems 1.3, 6.2]. These theorems rely on both the finite deficiency index case, and the
extended definition in [3, Definition 6.3], which allows for symmetric operators having infinite
(and equal) deficiency indices. The third of the counterexamples below again shows that the
definition of spectral triple using condition 1.” in place of condition 1. does not guarantee that
we obtain a Fredholm module.
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The counterexamples below will be described using a single basic example. For this we let
D be the closed unit disc in R?, and take the Hilbert space L?(ID, C?) with the measure

1

2w r1
C(D)Bfﬁzﬂ/o ; f(r,0)rdrdo.

Write D := D \ 0D for the interior of D. We will use the Dirac operator on D for our exam-
ple. This is a densely defined symmetric operator on L?(ID, C?), which is given in local polar
coordinates by

— 0 e (=0 +ir™0)\ | oorr 2 oo () 2
D, := (eie(&n +ir19y) 0 : C°(D,C?) — C°(D,C?).
Let D be the closure of D, and observe that its domain is given by

domD = {f € L*(D,C?) : 3f, € C°(D,C?), fu— f, Defn— g L*D,CH}.

This is also referred to as the minimal domain (or minimal extension) of the Dirac operator.

The mazimal domain (or maximal extension) of the Dirac operator is the domain of its
adjoint D*. This extension can be described using distributions. The symmetric operator D,
induces a dual operator

D} : 0 (D,C) - ¢ (D, C?)f,
on the space of distributions Cg° (]D), C?)", uniquely determined by the formula
(Do, f) = (6. Dcf), &€ CEM,CO), feCED,C).
A similar formula embeds L?(ID, C?) into the space of distributions. Using these identifications,
the domain of D* is given by
domD* = {f € L*(D,C?) : DI f € L*(D,C?)}.

The domain of D* coincides with the first Sobolev space H!(ID, C2), [6, Proposition 20.7]. With
this characterisation it is straightforward to check that for any smooth bounded function a on
the disc, @ : domD — domD and a : domD* — domD*, and [D*,a] is bounded on both
dom D and dom D*.

Lemma 3.6. The operator (1 + D*D)~/2 is compact.

Proof. The eigenvectors of D*D are

Jn(rog, ke 0 ' B
{( 0 ) Jn(TOémk)ei"e RGZ,]C— 1,2,... R

where ay, ;, denotes the k-th positive root of the Bessel function J,,. These eigenvectors are

complete for L?(ID, C?) by arguments similar to those in section 3.5: namely {e" : n € Z} is
complete for S1, and {J,,(ray, k) : k > 1} is complete for L2([0, 1], dr) for all n € Z, [5].

We note that
D*D <J"(m767k)6m9) =al (J"(m’g’k)em6> :

* 0 2 0
D*D (Jn(ramk)ein@) - an,k <Jn<7"04n7k)€me> )

so the eigenvalues of D*D are {ai’k}%":&k:l. Each of these eigenvalues has multiplicity 4.

Since ay, ), — 00 as n, k — o0, it follows that (1 + D*D)~1/2 is compact. O
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Since (1 + D*D)~'/? is compact, the data (C*(D), L?(D, C?), D) satisfies the definition of
symmetric unbounded Fredholm module in [3, Definition 6.3]. The closed symmetric operator
D has infinite deficiency indices, since one may check directly that

N +ie™0 1, (r) +ie /DI ()
ker(D* F ¢) D Span { <ei(”+1)91n+1(r) , e=n01, (1) :neNp,
where the I,, are modified Bessel functions of the first kind. Thus D has self-adjoint extensions.

It is a well known general fact that any closed symmetric extension De,; of D must satisfy
domD C dom D,y C dom D*, [11].

3.3. An example with noncompact resolvent

The arguments in the proofs of [3, Theorems 1.2 and 6.2] purport to show that all self-adjoint
extensions of an operator such as D above give rise to a Fredholm module (for C*°(ID) in this
example). As in the finite deficiency index case, this fails, but it can fail in more ways.

The issue of (relatively) compact resolvent is addressed on [3, page 198]. The assertions
about extensions used there are false?, and we now show how to obtain an extension with

noncompact resolvent. Write
0 D_
D= (m > ) |

Then define a self-adjoint extension of D by

(0 D
Dezt = <D+ 0 > )

where Dy = (D4 )min is the minimal extension, and ((D4)min)* = (D-)mas is the maximal
extension of D_, [6, Proposition 20.7]. As in Equation (3.2) in the next section, it is easily
checked that

ker(D_)maz = W{r”e_mo :n=0,1,...},
thus D, has infinite dimensional kernel and so the resolvent is not compact. As the constant
function 1 € C*°(D) acts as the identity on the Hilbert space, this shows that we fail to obtain
a spectral triple for C°°(ID). Since this also means that

(1 - F%ext) Dezt( + Demt) (1 + Dext)

is not compact, we do not obtain a Fredholm module for C(DD).

3.4. The dependence of K-homology classes on the choice of extension

Next we show that the claim in [3, Theorem 6.2] that the K-homology class of a symmetric
operator with equal deficiency indices is independent of the self-adjoint extension is false. This
example also shows that [3, Theorem 1.3] is false.

To define our self-adjoint extensions, we use boundary conditions. The trace theorem,
[6, Theorem 11.4], gives the continuity of f — f|sp as a map domD* — H'/?(dD,C?) C
L?(S',C?). Thus we can use the boundary values to specify domains of extensions of D inside
dom D*.

We consider APS-type extensions arising from the projections Py : L?(S') — L2(S1),
N € Z, defined by

Py (Z ckeik9> = Z e che e L*(Sh).

keZ k>N keZ

2There are no non-trivial self-adjoint extensions of a self-adjoint operator.
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We use Py to define self-adjoint extensions by setting

dom Dp,, := {(2) € domD* : Py(&i1lon) =0, (1 — Pyy1)(&2lon) = 0}
Dp,& = D¢, for £ € domDp,,.

The self-adjoint extensions above do define Fredholm modules and so K-homology classes for
the algebra of functions constant on the boundary, since these functions preserve the domain,
but each Dp,, defines a different class. This is easy, and not new: see [2, Appendix A], since
the index (that is the pairing of the K-homology class with the constant function 1) is easily
computed to be

Index((Dpy)+) = N.

The reason is that

n ,ind
(3.2) ker(D*) = span { <T g ) , <r”e(1i”9> 'n=0,1,2,... } ,

and so

_ [ {9 N<0
ker((DPN)+) - { m{r"eme 0<n< N} N >0,

whilst

B {O} N > -1
ker((DpN)f) = { Spm{rnefine :0<n<—-N-— 1} N < —1.

3.5. Another noncompact commutator

In subsection 3.1 we showed that the weakened definition of spectral triple does not suffice
to guarantee that we obtain a Fredholm module. The example there also showed that [3,
Theorem 1.2] is false. Now we show that the problem of noncompact commutators persists
in the infinite deficiency index case. This shows that [3, Theorem 6.2] can not be repaired by
requiring that the self-adjoint extensions employed have compact resolvents.

In this section, Dp shall denote the self-adjoint extension Dp,. As Dp is an extension of D,
we find that [Dp,a] is defined and bounded on the domain of D, for all a € C*°(D). As in
subsection 3.1, we need to compute commutators with the phase of Dp.

For k > 1, let o, denote the k™ positive zero of the Bessel function J,,. Then the eigen-

vectors of D%) are
Jn(rc)zn_ljk)e_i’“9 0 A >
0 "\ Jn(ray_14)e™ el

(3:3) { (Jn(mv(z),k)t?M) ’ <Jn(mn,ok)€_m9> }:o—o,k—l .

Lemma 3.7. The eigenvectors (3.3) of D% span L*(D,C?). The corresponding set of eigen-
values is {a% Koo k1, and hence the resolvent of Dp is compact.

Proof. With the measure rdrdf, we can take D = [0,1] x S!/ ~, where ~ is the identification
(0,2) ~ (0,1) for z € S'. Tt is well known that {e™}22__ is complete for L?(S'), so it is
enough to show that

(a) {r = Jn(ram—1x)}3°, spans L([0,1],rdr) for all n =1,2,..., and

(b) {r — Jn(ran )}, spans L*([0,1],7dr) for all n = 0,1,2,....

o0
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Statement (a) is true by [5, Theorem 6], and (b) is true by [5, Theorem 2].> Hence the eigen-
functions above are the entire set of eigenfunctions, and the set of eigenvalues is {04721 P S
Each of these eigenvalues has multiplicity 4. In particular Dp has no kernel, and since’amk = 00
as n,k — oo, (1+D%)~1/? is compact. O

To facilitate our computations we now describe an orthonormal eigenbasis for Dp.

Proposition 3.8. The vectors

1 Tn(rag,_1p)e”m?
1lnk )= ——— e L .
‘ T > Jn(an—l,k) (iJn—l(Tanl,k)e_l(n_l)e ’
1 In—1(rap_1 k)ei(”_1)9>
2,n,k, )= —""— " n=4 . ,
‘ > Jn(an—l,k) ( :FJn(Tanfl,k)eme
n,k=1,2,.... form a normalised complete set of eigenvectors for Dp. The corresponding set

of eigenvalues is given by
Dp|j,n. k,£) = top_14|j,n, k, £) .

Proof. From Lemma 3.7 it is straightforward to show that the eigenvectors and eigenvalues
of Dp are

Tn(ram -1 k)e” ™ _ Tn(rag -1 k)e” ™
br (iJnl(Tan—l,k)e_i(”_l)e = Fon-14 +Jn 1 (rag_yg)e D0 )

Jn—1 (ran—l k)ei(n1)9> <Jn—1(r05n—1 k)ei(n1)9>
D ) . =ta,_ ’ ) ,
F ( FIu(rag_1)e™ R\ Fanran_ p)em?

forn,k =1,2,.... Note that these eigenvectors are complete for L?(ID, C?) since we can recover
our spanning set (3.3) from linear combinations of these.
To normalise these eigenvectors, we use the following standard integrals which can be found

in [13]:
Jn(ranfl,k)eima Jn(ranfl,k)e*m"
1 (P e 00 )\ £, (ray, g ) e 1P
1 21 1
=5 / (J2(ran—14) + J2_1(ran_1))r drdf
27T 0 0 ’ )

1
=3 (J2(an-1k) + S (an—1k)) = J3(0n-1k);

and similarly
i(n—1)0 i(n—1)0
Jn—l(ranfl,k’)e iy : Jn—l(ranfl,k)e iy _ Jg(an—l k) n
+Jn(rom—1)e +Jn(rom—1)e '
Our purpose is to find a function a € C(D) for which the commutator [F,a] is not compact,
where F' = Dp(1 + ng)_l/ 2 is the bounded transform. Let Py be the non-negative spectral
projection associated to Dp, and let P =1 — P,. By Lemma 2.3, we need only show that

there is some a € C(D) for which the operator PyaP-_ is not compact.
In terms of the eigenbasis of Dp, for any a € C'(D) we can write

(3.4) PiaPo= Y Y ik ) (in,k Haljm 6 =) (Gom, L~
4,j=1,2 n,m, k=1

3In [5], Boas and Pollard take the usual measure on [0,1] instead of rdr and a slightly different set of
functions, but it is easy to see that the two approaches are equivalent.
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Now we fix a = re~%. The function re~% generates C'(D) (along with the constant function
1), and fails to preserve the domain of Dp; for instance e -|2, 1, k, ) ¢ dom(Dp). To show
that Py re”P_ is not compact, we will construct a bounded sequence of vectors &,, with the
property that Pyre~ P_ maps &, to a sequence with no convergent subsequences. In order to
find the sequence &,, we first derive an explicit formula for P re % P_.

Lemma 3.9. The operator Pyre " P_ can be expressed as

o

; 2c k
Pore p. = UL IL,m+ 1,k +){1,m, L, —
* mkzl;l (am,k - am—l,Z)(am,k + am—1,€)2 | > < ‘
20, ¢
+ : 2,n,k,+)2,n+1,0,—
nkzz: , (@ne1k = an)(ane + an-1x) | A |

1 1
+y — 1Lk )21, =+ Y —— |1, 1, k) (2,1, k, .
g&;ao,k‘Fao,z’ ) ( | kZlOZ’kI ) ( |

Proof. In view of Equation (3.4), we first compute the operators (i,n, k, +|re=% |j, m, £, —)

for 7,5 = 1,2. Using integration by parts and standard recursion relations and identities for
the Bessel functions and their derivatives, [13], we find:

(1) Caset =j = 1:

(L,n, k,+| re=" |1, m, ¢, —)

1 2 r1 5
= i(n—m—1)60 J J
re (T — (70—
27 Jn(atn—1,c) Jm (Qm—1,0) /0 /0 ( ( 1k) I 1,6)

- Jn_l(ran_l,k)Jm_l(rozm_Lg)) dr df

671 m+1 ! 2 2
= : m m — - m m m— m— d
Tt (o) I 1()/0 T Imt1(roum k) I (Tom—1,0) — 7T (T ) Jrn—1 (T Qn—1,¢) dr

2am,k6n,m+l .
(am,k - am—l,f)(am,k + am—l,é)z’

(2) Casei=1,j =2:

(1,n,k,+|re” 19|2m€

27
2 z(m+n 2)6 J J
27TJ (on—1,1)Im(m—1,) / / ( n(ram—1.k) Jm—1(ram—1,)

+ Jn—l(ran—l k)J (Tam—l Z)) drdf

_ { mfo r J1(7"040 k)JO((;"OéOK) +r2JO(T@0 k)Jl(TOéof) dr n; =1
otherwise
1 _ _
m n=m=1 and k ;é E

@,k
0 otherwise;
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(3) Case it =2,j =1:
(2,n, k,+| re" |1, m, ¢, —)
1 27 pr1 ) ) 0
/ / r e—z(n-‘,—m) (Jnfl(Tan—l,k)t]m(ram—l,ﬁ)
(Oém—l,e) 0 Jo

B 271'Jn(OCn—l,k:)Jm
+ Jn(ran,M)Jm_l(rozm,Lkg)) dr do

—0;
(4) Casei=j =2
(2,n, k,+|re [2,m, ¢, —)
1 2 p1
(am—l Z) /0 /0 T‘2el(m—n—1)9 (Jnfl(ran—l,k)!]mfl(TOém_Lg)

- QWJn(an_l,k)Jm
— Jn(ran,Lk)Jm(ram,Lg)) dr do

1
- Jn(anfj:jiil(an,ﬂ) /0 rZJn_l(ran,l,k)Jn(ranyg) — r2Jn(ran,1,k)Jn+1(ran7g) dr
. 2an745m,n+1
B (O‘nfl,k - an,f)(an,f + anfl,k>2.
The desired equation is now obtained by using these cases in combination with (3.4). g

For convenience we write
|, =) :=12,1,¢,—), |k, +) = |1,1,k,+),

and define the sequence

[e e} \/ﬁ
n = l,—), =1,2,....
¢ ;n—FE’ ) "

Lemma 3.10. The sequence {£,}52; is bounded.

Proof. As in Lemma 3.1 we have

[e.e]
1

1€nll* = ”Z m+ 02 =npM(n +1),

(=1
where (™) (z) = (d™+! /dz™ 1) (log(T))(z) is the polygamma function of order m. As n — oo,
(n+ D)W (n+1) =1, so [|&]]> — 1. O

To simplify the computations, we subtract the operator

o)
1
K = — 1,1,k 2,1k, —
;2a‘7a7+><777’

from P,re”P_, since K is obviously compact. To this end, define
(o = (Pyre PP — K)E,.

Our purpose is to show that (,, has no convergent subsequence. To this end we investigate its
limiting behaviour.

Lemma 3.11. .
im i > —.
liminf ||al| 2 o
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Proof. We have

n
P e S o )
It is proved in [9, Lemma 1] that for all £ > 1,
(3.5) Tl —1/4) < ape < m(l—1/8),
yielding the inequality
vn vn

> .
(n+O)(aok +aoe) = (n+O)(aok + (€ —1/8))
This allows us to estimate the coefficients of (, via
(n+€)(a0k+aog (n+0)( a0,k+7r(f—1/8))

/=1 E:l

7(n — aofjﬂ—l— 1/8) g <€+O&07k}7"— 1/8 n—1|—€>
vn °°( 1 11 1 )
=1

w(n—aok/ﬂ+1/8) E+oz07k/7r—1/8_z+z_€+n

(n—aok/w+1/8 ( ao’k/w+7/8)+w(0)(n+1)>

:Lw '(n+1) = pO(ags/m +7/8)
m n—aok/T+1/8

which in turn allows us to bound ||¢,|| by

- 2
EE)> ( YO +1) =y <aok/7r+7/s>>

n—aOk/ﬁJrl/S

2
(3.6) > % Z <¢(O)(” +1) — ¢ O(ag /7 + 7/8))
k=1
by

n—aogr/m+1/8

Now, oo i/m € (k—1/4,k—1/8)
so for £ < n we have
0<p@n+1) = Ok +1) <@ +1) — Ok +3/4) <O (n + 1) — O (ag /7 + 7/8).
For k < n,

Equation (3.5), and ¥(?) increases monotonically on (0, c0),

n—k—1

POn+1) = Ok +1) Z Tt

1’
J= J+

and so
n—k—1 1
< S (0) 1) — »© .
€ X gy <) - en 1)

For k£ < n we also have
0<n-—oor/m+1/8<n—Fk+3/8,
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allowing us to obtain the estimate

n 2 n n—kK—
5 PO (n +1) — O (agp/m + 7/8) .S 1 e
— n—agp/m+1/8 — (n—k+3/8)? = E+j+1
n—k SR (n — k)2 1
> = . v =
_g n—k+3/8) ( n—k—1)+1 ;(n—k+3/8)2n2
- k)? 1 I ~(G-12_ 1n-1
. > = — > — .
(3.7) _Zn—k—l—l n2 j2 T n? 4
k=1 =2
Thus combining Equations (3.6) and (3.7) ylelds
n g~ (O +1) — O (ag/m +7/8) n—1
3.8 W2 > — > :
(3:8) [ w2 ;( n—a07k/ﬂ+1/8 ~ 4nm?
As n — oo,
1
.. 25 &
liminf [|Ga[|* = 71— .

Next we analyse the possible limits of convergent subsequences of (,, should they exist.

Lemma 3.12. If {G,};2 has a norm convergent subsequence {Cn; }52, then G, — 0.

j:l)

Proof. We show that lim, oo (¢n |k, +) = 0 for all k = 1,2, ..., which shows that if ¢,,, — ¢,
then ¢ = 0. We have

- vn
n |k, =
(Cu [ 4) ; (n 4+ O) (o + o)
Since ag i, € (mk — 7/4, 7k — 7/8) by Equation (3.5), we have
1 1
Qok + Qo = m(k+0-1/2)
Hence
VN — 1 B NG - 1 1
O§<C”‘k’+>§n;(n+€)(k+€—l/2) _W(n_k+1/2);<k+£—1/2_n+£>
- v (O —©
= kg P vk 1),

As n — o0, 19 (n) ~ In(n), showing that

/i o (Aln(n s 1) — Ok 1/2)
A =kt 1/2) (6004 1) =00 +1/2)) = lim ( w(n—k+1/2) )

=0.
Hence lim,,,~ (¢y | k,+) = 0. O
Corollary 3.13. The sequence {(,}22 1 has no norm convergent subsequences.

Proof. If ¢, had a convergent subsequence {(,,}32;, then (,; — 0 by Lemma 3.12. But by
Lemma 3.11, ||y, || # 0, which is a contradiction. O

Corollary 3.14. The operator Pyre " P_ is not compact.
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Proof. By Lemma 3.10, {£,}52, is bounded, but {(Pyre~P_ — K)&,}°2, contains no con-
vergent subsequence. As P.re ®p_ differs from P,re P_ — K by a compact operator,
P,re~"P_ is not compact. (]

In summary we have shown the following:

Proposition 3.15. The self-adjoint extension Dp of the closed symmetric operator D has
compact resolvent, and for all a € C*(D), the commutators [Dp,a] are defined on domD, and

are bounded on this dense subset. The bounded transform F := Dp(1+D%)_% has the property
that the commutator [F,re="] is not a compact operator. Therefore (C(D), L*(D, C?), F) does
not define a Fredholm module.
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